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Preface 


To paraphrase a comment in the introduction to a classic point—-set topology 
text, this book might have been titled “What every young topologist should 
know.” It grew from lecture notes we wrote while teaching algebraic topol- 
ogy at Indiana University during the 1994-1995 and 1996-1997 academic 
years. 


The amount of algebraic topology a student of topology must learn can 
be intimidating. Moreover, by their second year of graduate studies students 
must make the transition from understanding simple proofs line-by-line to 
understanding the overall structure of proofs of difficult theorems. 


To help our students make this transition, the material in these notes 
is presented in an increasingly sophisticated manner. Moreover, we found 
success with the approach of having the students meet an extra session per 
week during which they took turns presenting proofs of substantial theorems 
and wrote lecture notes to accompany their explanations. The responsibility 
of preparing and giving these lectures forced them to grapple with “the big 
picture,” and also gave them the opportunity to learn how to give mathe- 
matical lectures, preparing for their participation in research seminars. We 
have collated a number of topics for the students to explore in these ses- 
sions; they are listed as projects in the table of contents and are enumerated 
below. 


Our perspective in writing this book was to provide the topology grad- 
uate students at Indiana University (who tend to write theses in geometric 
topology) with the tools of algebraic topology they will need in their work, 
to give them a sufficient background to be able to interact with and appre- 
ciate the work of their homotopy theory cousins, and also to make sure that 
they are exposed to the critical advances in mathematics which came about 
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with the development of topology in the years 1950-1980. The topics dis- 
cussed in varying detail include homological algebra, differential topology, 
algebraic K-theory, and homotopy theory. Familiarity with these topics is 
important not just for a topology student, but any student of pure mathe- 
matics, including the student moving towards research in geometry, algebra, 
or analysis. 


The prerequisites for a course based on this book include a working 
knowledge of basic point-set topology, the definition of CW-complexes, fun- 
damental group/covering space theory, and the construction of singular ho- 
mology including the Eilenberg-Steenrod axioms. In Chapter 8, familiarity 
with the basic results of differential topology is helpful. In addition, a com- 
mand of basic algebra is required. The student should be familiar with the 
notions of R-modules for a commutative ring R (in particular the defini- 
tion of tensor products of two R-modules) as well as the structure theorem 
for modules over a principal ideal domain. Furthermore, in studying non- 
simply connected spaces it is necessary to work with tensor products over 
(in general non-commutative) group rings, so the student should know the 
definition of a right or left module over such a ring, and their tensor prod- 
ucts. Basic terminology from category theory is used (sometimes casually), 
such as category, functor, and natural transformation. For example, if a 
theorem asserts that some map is natural the student should express this 
statement in the categorical language. 


In a standard first-year course in topology students might also learn 
some basic homological algebra including the universal coefficient theorem, 
the cellular chain complex of a CW-complex, and perhaps the ring structure 
on cohomology. We have included some of this material in Chapters 1, 2, 
and 3 to make the book more self-contained and because we will often have 
to refer to the results. Depending on the pace of a first-year course, a course 
based on this book could start with the material of Chapter 2 (Homological 
Algebra), Chapter 3 (Products), or Chapter 4 (Fiber Bundles). 


Chapter 6 (Fibrations, Cofibrations and Homotopy Groups) and Chap- 
ter 9 (Spectral Sequences) form the core of the material; any second-year 
course should cover this material. Geometric topologists must understand 
how to work with non simply—connected spaces, and so Chapter 5 (Homol- 
ogy with Local Coefficients) is fundamental in this regard. The material 
in Chapters 7 (Obstruction Theory and Eilenberg-MacLane Spaces) and 8 
(Bordism, Spectra, and Generalized Homology) introduce the student to 
the modern perspective in algebraic topology. In Chapter 10 (Further Ap- 
plications of Spectral Sequences) many of the fruits of the hard labor that 
precede this chapter are harvested. Chapter 11 (simple-homotopy theory) 
introduces the ideas which lead to the subject of Algebraic K-theory and 
to the s-cobordism theorem. This material has taken a prominent role in 
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research in topology, and although we only cover a few of the topics in this 
area (Kı, the Whitehead group, and Reidemeister torsion), it serves as a 
good preparation for more advanced courses. 


These notes are meant to be used in the classroom, freeing the student 
from copying everything from the chalkboard and hopefully leaving more 
time to think about the material. There are a number of exercises in the 
text; these are usually routine and are meant to be worked out when the 
student studies. In many cases, the exercises fill in a detail of a proof or 
provide a useful generalization of some result. It goes without saying that 
this subject, like any subject in mathematics, cannot be learned without 
thinking through some exercises. Working out these exercises as the course 
progresses is one way to keep up with the material. The student should keep 
in mind that, perhaps in contrast to some areas in mathematics, topology 
is an example—driven subject, and so working through examples is the best 
way to appreciate the value of a theorem. 


We will omit giving a diagram of the “independence” of various chapters, 
or suggestions on which topics could be skipped, on the grounds that any 
teacher of topology will have their own opinion based on their experience and 
the interests of the students. (In any case, every topic covered in this book is 
related in some way on every other topic.) We have attempted (and possibly 
even succeeded) to organize the material in such a way as to avoid the use of 
technical facts from one chapter to another, and hence to minimize the need 
to shuffle pages back and forth when reading the book; this is to maximize 
its usefulness as a textbook, as well as to ensure that the student with a 
command of the concepts presented can learn new material smoothly and the 
teacher can present the material in a less technical manner. Moreover, we 
have not taken the view of trying to present the most elementary approach 
to any topic but rather we feel that the student is best served by learning 
the high-tech approach, since this ultimately is faster and more useful in 
research. For example, we do not shrink from using spectral sequences to 
prove basic theorems in algebraic topology. 


Some standard references on the material covered in this course include 
the books [8], [13], [43], [36], [31], [7], and [16]. A large part the material 
in these notes were distilled from these books. Moreover, one can find some 
of the material covered in much greater generality and detail in these tomes. 
Our intention is not to try replace these wonderful books, but rather to offer 
a textbook to accompany a course in which this material is taught. 
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We recommend that students look at the article “Fifty years of Homo- 
topy Theory” by G. Whitehead [44] for an introduction to algebraic topol- 
ogy, and look back over this article every few weeks to see how much of 
it they are learning. The books a student should read after finishing this 
course (or in conjunction with this course) are Milnor and Stasheff Char- 
acteristic Classes [30] (every mathematician should read this book) and 
Adams Algebraic Topology: A student’s guide [1]. 


The authors would like to thank Eva-Marie Elliot and Mary Jane Wilcox 
for typing early versions of the manuscript. Special thanks are due to our 
colleagues Ayelet Lindenstrauss and Allan Edmonds for their careful proof- 
reading of our manuscripts; all remaining mistakes and typographical errors 
are entirely the authors’s fault. The second author would like to thank 
John Klein for teaching him algebraic topology while they were in graduate 
school. Special thanks to Marcia and Beth. 
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Projects 


The following is a list of topics to be covered in the “extra” meetings and 
lectured on by the students. They do not always match the material of the 
corresponding chapter but are usually either related to the chapter material 
or preliminary to the next chapter. Sometimes they form interesting sub- 
jects which could reasonably be skipped. Some projects are quite involved 
(e.g. “state and prove the Hurewicz theorem” ) and the students and instruc- 
tor should confer to decide how deeply to cover each topic. In some cases 
(e.g. the Hopf degree theorem, the Hurewicz theorem, and the Freudenthal 
suspension theorem) proofs are given in later chapters using more advanced 
methods. 


e Chapter 1. 
1. The cellular approximation theorem. 


e Chapter 2. 
1. The acyclic models theorem and the Eilenberg-Zilber map. 


e Chapter 3. 
1. Algebraic limits and the Poincaré duality theorem. 
2. Exercises on intersection forms. 


e Chapter 4. 
1. Fiber bundles over paracompact bases are fibrations. 
2. Classifying spaces. 


e Chapter 5. 
1. The Hopf degree theorem. 
2. Colimits and limits. 


e Chapter 6. 
1. The Hurewicz theorem. 
2. The Freudenthal suspension theorem. 


e Chapter 7. 
1. Postnikov systems. 


e Chapter 8. 
1. Basic notions from differential topology. 
2. Definition of K-theory. 
3. Spanier-Whitehead duality. 


e Chapter 9. 
1. Construction of the Leray-Serre-Atiyah-Hirzebruch spectral se- 
quence. 


e Chapter 10. 
1. Unstable homotopy theory. 
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e Chapter 11. 
1. Handlebody theory and torsion for manifolds. 


Chapter 1 


Chain Complexes, 
Homology, and 
Cohomology 


1.1. Chain complexes associated to a space 


Here are 3 examples of chain complexes associated to a space: 


1. The singular chain complex (S,(X), 0) of a topological space X. 
2. The cellular chain complex (Cj(X),0) of a CW-complex X. 
3. The simplicial chain complex (A,(/‘), 0) of a simplicial complex K. 


Their constructions are as follows. 
1.1.1. Construction of the singular chain complex. The (geometric) 
q-simplez A? is defined by 
A1 = {(to,t1,---,tg) E RIHEti = 1, ti > 0 for all i}. 


The face maps are the functions 


ft: At = ad 
defined by 
(to, tives ,tq-1) = eee Sb 0 gbayes tgi) 


+ m" coordinate 


A singular q-simplex in a space X is a continuous map a : AY > X. 
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fo 
€2 
fi o ~~o 
e————_® 
€o €1 €0 €i 
f x 


Let R be a commutative ring with unit. Denote by S,(X;R) the free 
R-module with basis the singular qg-simplices {o : A? — X} and define the 
differential 0: S,(X;R) — Sg-1(X; R) to be the R-linear map defined on a 
singular simplex ø by 


alo) = X (10 o fh, 
m=0 


Thus, on a chain Si riði, O has the formula 


£ 4 q 
ð (> va = ee > (=1)” o; 0 rs) 
i=1 i=1 m=0 
One calculates that 0? = 0. 
Recall that S,(—;R) is a covariant functor, that is, a continuous map f : 
X — Y induces a homomorphism of free modules f, : S4(X; R) > S,(Y; R). 
One defines f, by 
feo) = foo 
on a singular simplex o, and extends by linearity. 
Definition 1.1. The complex (S,.(X; R), 0) is the singular (simplicial) chain 
complex of X with coefficients in R. Its homology 
ker 0: Sg(X;.R) > Sq_1(X; R) 
Im 0: Sg (X; R) > Sq(X; R) 
is denoted by H(X; R) and is called the singular homology of X with co- 
efficients in R. When R = Z, we omit the reference to R. Homology is a 
covariant functor from the category of spaces to the category of R-modules. 


We next recall the definition of the relative singular chain complex of a 
pair of spaces (X, A). 
If A C X, define 
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Thus S,(X,A;R) is a free R-module; a basis element is represented by a 
singular q-simplex in X whose image is not contained in A. One obtains a 
commutative diagram with exact rows 


0 Sq(A; R) Sq(X;R) — S,(X, A; R) 0 
| | | 
0 Sq_1(A; R) — q-1(X; R) TR q-1(X, A; R) 0 


Exercise 1. Show that 0 : S,(X,A;R) > S g-1(X, A; R) is well-defined 
and 0? = 0. 


The complex (S,(X,A;R),O) is called the singular chain complex for 
the pair (X, A) with coefficients in R. 
Its homology is defined by 


py _ ker: Sg(X, A) > Sg-1(X, A) 
Hee) Im 0: Sayı (X, A) > $,(X, A)’ 


1.1.2. Definition of a CW-complex. CW-complexes form a nice collec- 
tion of topological spaces which include most spaces of interest in geometric 
and algebraic topology. 


Definition 1.2. Let X be a topological space and let A C X be a closed 
subspace. We say X is obtained from A by adjoining n-cells {e? bier if: 


1. For each index 7 € J, eẹ is a subset of X, called an n-cell. 


2. Letting ðe? denote the intersection of e? with A, we require e!’ — de!’ 


to be disjoint from e} — ðe} for i # j. 
3. A subset B C X is closed if and only if its intersection with A and 
with each e” is closed. 


4. X= AU; e. 


a 
5. For each 7 € I there exists a continuous surjective map 
Qi : (DS) (ee), 
called a characteristic map for the cell e}, so that the restriction of 
Qi to the interior int( D”) is a homeomorphism onto e} — de”. 


6. A subset B C e? is closed if and only if ¢;'(B) is closed in D” and 
B N ðe? is closed in de’. 


The characteristic maps themselves are not part of the definition; only 
their existence is. The restriction of the characteristic map to S”~! is called 
the attaching map for the n-cell. Notice that adjoining 0-cells to a space is 
the same as taking a disjoint union with a discrete set. 
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Definition 1.3. A relative CW-complex (X, A) is a topological space X, a 
closed subspace A, and a sequence of closed subspaces Xn, n = —1,0,1,2,--- 
called the relative n-skeleton so that 


1. X_1 = A, Xo is obtained form A by adjoining O-cells, and X, is 
obtained from Xn-1ı by adjoining (n — 1)-cells. 

2. X =U Xj. 

3. A subset B C X is closed in X if and only if B U Xn is closed in Xn 
for each n. 


The largest n so that X = Xn, if it exists, is called the dimension of 
(X, A). If such an n does not exist, we say (X, A) is infinite-dimensional. If 
A is itself a CW-complex we call (X, A) a CW-pair. 

If A is empty X is called an (absolute) CW-complex and Xn is called the 
(absolute) n-skeleton. 


1.1.3. Definition of the cellular chain complex of a CW-complex. 
If X is a CW-complex and Xn C X is the the n-skeleton of X, denote by 
Ca(X; R) the relative homology group 


Cal X; R) = Hg(Xq, Xq-1; R). 


If (X, A) is a CW-pair, then you have seen an argument (using excision 
for singular homology) which shows that H(X, A; R) = H,(X/A, A/A; R). 
Applying this to (X4, Xq-1), it follows that C4(X; R) is the free R-module 
on the q-cells of X. 


Exercise 2. What is the excision argument? How can one use characteristic 
maps @ : D1 — X7 for cells to give basis elements? 


The differential 0 : Cy(X;R) — Cg_1(X; R) can be defined in two ways. 
The first is purely algebraic, the second is geometric and involves the notion 
of the degree of a map f : S” — S”. If you don’t know what the degree 
of such a map is, look it up. If you know the definition of degree, then 
look up the differential-topological definition of degree for a smooth map 
f:S"™ o. 


First definition of 0. 
Take 0 to be the composite 
i 
Hy(Xq, Xq-1; R) > Hq-1(Xq-1; R) > q-1(Xq-1, Xq—-2; R) 


where 6 is the connecting homomorphism in the long exact sequence in 
singular homology for the pair (X4, Xq—1) and i is induced by the inclusion 
(Xq-1, $) g (Xq-1, Xq-2). 
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Second definition of 0. The quotient X,—1/X, —2 is homeomorphic to a 
one-point union of (q — 1)-spheres, one for each (q — 1)-cell of X, since the 
boundary of each (q—1)-cell has been collapsed to a point, and a (q—1)-cell 
with its boundary collapsed to a point is a (q — 1)-sphere. For each q-cell e1 
consider the the attaching map S17! — X,_1. The composite of this map 
with the quotient map to Xg-1/X,-2 defines a map from a (q — 1)-sphere 
to a one-point union of (q — 1)-spheres. Taking the degree of this map in 
the factor corresponding to a (q — 1)-cell ef! gives an integer denoted by 
[et ve? 

Now define the differential 0 : C,(X; R) > Cg_1(X; R) on a q-cell e? by 

alen) = J le? : ef "ef 
(the sum is over all (q — 1)—cells et), and extend to all chains by linearity. 
Exercise 3. Prove that the two definitions of the differential 
ô : Ca(X; R) > Cy-1(X; R) 

are the same. (Hint: H, ( D”, S"~*) $; n—1(9”7}) is an isomorphism.) Use 
the first definition to show that 0? = 0. 

The cellular homology groups are the homology groups of the complex 
(C.(X; R), ð): 

ker 0: Cy (X -ı(X 
mane o a 
Im ô : Cg41(X) > Cy(X) 

Definition 1.4. A cellular map f : X — Y is a continuous function between 
CW-complexes so that f (X4) C Yq for all q. 


A cellular map induces a chain map f, : C,(X;R) > C,(Y; R), since f 
restricts to a map of pairs f : (X4, Xq-1) — (Yq, Yg-1). Thus for every q, 
cellular homology is a functor 


{CW-complexes, cellular maps} — {abelian groups, homomorphisms} 


The proof of the following theorem can be found in any standard first-year 
algebraic topology textbook. 


Theorem 1.5. The cellular and singular homology of a CW-complex are 
naturally isomorphic. 


So for example, the circle St has a cell structure with one 0-cell and 
one 1-cell. The boundary map is trivial, so H,(S') S Z. A generator 
[S1] € H,(S") is specified by taking the 1-cell which parameterizes the circle 
in a counterclockwise fashion. We can use this to define the Hurewicz map 


pP: mı(X, xo) = H(X; Z) 
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by 
pla) = a,([S"]). 
Here 7(X, xo) denotes the fundamental group of X based at xp E€ X 


_ {Homotopy classes of maps 
(X20) = (gt ay (X90) T 


Recall that the fundamental group of a space is a non-abelian group in 
general. Hurewicz theorem for the fundamental group is the following. 


Theorem 1.6. Suppose that X is path—connected. Then the Hurewicz map 
p : mı(X, xo) > Hı(X; Z) is a surjection with kernel the commutator sub- 
group of nmı(X, xo). Hence Hı(X; Z) is isomorphic to the abelianization of 
mı(X, zo). 


1.1.4. Construction of the simplicial chain complex of a simplicial 
complex. 


Definition 1.7. An (abstract) simplicial complex K is a pair (V, S) where 
V is a set and S is a collection of non-empty finite subsets of V satisfying: 


1. Ifv € V then {v} € S. 
2. If7 Co € S and rT is non-empty, then T € S. 


Elements of V are called vertices. Elements of S are called simplices. A 
q-simplez is an element of S with q + 1 vertices. If o € S is a q-simplex we 
say dim (ø) = q. 


Put a (total) ordering on the vertices V. 

Define the simplicial q-chains A4(K; R) to be the free R-module with 
basis the q-simplices of K. Denote a g-simplex by (o) = (vo, V1,-.- , Uq) 
where the vertices are listed in increasing order. Define the differential 
0: A,(K; R) > Aq- (K; R) on a g-simplex by 


q 


Olloa = A (HL a e 


m=0 


where m means omit the m-th vertex, and then extend by R-linearity, i.e. 


£ £ q 
ð (> no) -Yr (Ziaran) 
i=1 i=1 m=0 

The homology of this chain complex is denoted H,(K; R). Notice that these 
definitions are purely combinatorial; the notions of topological space and 
continuity are not used. The connection with topology is given by the next 
definition. 
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Definition 1.8. The geometric realization of a simplicial complex K is the 
quotient space 


Hs Adim (o) 
|K| = —— 


In other words, we take a geometric q-simplex for each abstract q-simplex 
of K, and glue them together. The identifications are given as follows: if 
OS AVG V1,... gg) E S and if T = (v0,01,... 3 Um ps ss , Vq) Is a face of o, 
then identify the geometric simplex A“™ (7) corresponding to 7 with a face 
of the geometric simplex A%™ (2) corresponding to o using the m-th face 
map frh. In other words, the equivalence relation is generated by x ~ fa (x) 
for x € (v0, U1,.-- ,Um,--+,Uq). (Look at [26] for a deeper perspective on 
this construction.) 


If one chooses another ordering of the vertices, then one can, with some 
fuss about orientation, define a canonical isomorphism between the simpli- 
cial chain complex (or geometric realization) defined using one ordering to 
the simplicial chain complex (or geometric realization) defined using the 
other ordering. 


A triangulation of a topological space X is a homeomorphism from the 
geometric realization of a simplicial complex to X. 


Exercise 4. Find a triangulation of RP? and compute its simplicial ho- 
mology. 


The homology H,(A; R) of an abstract simplicial complex K is isomor- 
phic to H,(|K|; R), the singular homology of its geometric realization. This 
can be seen by noting that |K] is naturally a CW-complex, the q-skeleton is 
the union of a simplices of dimension < q, the q-cells (which are always open 
by definition, remember?) are the interiors of the q-simplices. The cellular 
chain complex of | K| is isomorphic to the simplicial chain complex of K. 


Another construction of homology uses the cubical singular complex 
(this is the point of view taken in Massey’s book [23]). This gives yet 
another chain complex associated to a topological space. It is not hard, 
using the acyclic models theorem, to show that the simplicial and cubical 
singular homology functors are naturally isomorphic. 


1.2. Tensor products, adjoint functors, and Hom 


1.2.1. Tensor products. Let A and B be modules over a commutative 
ring R. 
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Definition 1.9. The tensor product of A and B is the R-module A pr B 
defined as the quotient 
F(A x B) 
R(A x B) 
where F(A x B) is the free R-module with basis A x B and R(A x B) the 
submodule generated by 
1. (a1 + a2, b) — (a1, b) — (a2,b) 
2. (a, by + b2) — (a, b1) — (a, b1) 
3. r(a,b) — (ra, b) 
4. r(a,b) — (a,rb). 


One denotes the image of a basis element (a,b) in Apr B by a&b. Note 
that one has the relations 

1. (a1 + a2) 8 b =a, ©b+ a2 8 b, 

2. aQ (b1 + bz) =a 8 bı +a 8 bo, 

3. (ra ® b) = r(a 8 b) = (a 8 rb). 

Informally, A pr B is the largest R-module generated by the set of 
symbols {a ® b}acA beg satisfying the above “product type relations”. Any 


element of A ® B can be expressed as a finite sum J`; a; Q bi, but it may 
not be possible to take n = 1, nor is the representation as a sum unique. 


Recall that a function ¢: A x B > M is R-bilinear if M is an R-module 
and 

1. O(a, + a2, b) = (a1, b) + (az, b) 

2. o(a, bi + b2) = (a, b1) + O(a, b2) 

3. d(ra,b) = rd(a,b) = d(a,rb). 

For example, the map 7: Ax B > A Qpr B, (a,b) = a@b is R-bilinear. 


The universal property of the tensor product is that this map is initial in 
the category of bilinear maps with domain A x B. 


Proposition 1.10. Given a R-bilinear map @: AxB — M, there is unique 
R-module map ¢: Ar B —> M so that dor =@. 


Ax BM 


5 


alg 


No) 
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Proof. If ¢ exists, then ¢(>> a; 2 bi) = D> lai Q bi) = D5 Go Tla; Q bi) = 
>> o(a;, bi). Thus uniqueness is clear. For existence, define Q: F(A x B) —> 
M on basis elements by (a,b) ++ ¢(a,b) and extend by R-linearity. The 
bilinearity of ¢ implies b(R(A x B)) = 0, so ĝ induces 6: A Qp B > M by 
the universal property of quotients. 


Proposition 1.10 is useful for defining maps out of tensor products, and 
the following exercise indicates that this is the defining property of tensor 
products. 


Exercise 5. Suppose p: A x B — T is an R-bilinear map so that for any 
R-bilinear map yw: Ax B — M, there is a unique R-module map Y% : T > M 
so that Y o p = p. Then T= A QR B. 


AxB E M 
E 
sag 
T 
For the rest of this section, we will omit the subscript R from the tensor 


product. The basic properties of the tensor product are given by the next 
theorem. 


Theorem 1.11. 
1.A@®BSEBeA 

. RƏBB 

. (A®B)@CZ=AQ(BEC) 

. (BaAa) ® B= Gal(Aa Q B) 


. Given R-module maps f : A — C andg: B — D, there is an R- 
module map fg: AQ B—C8QD so thata®b+ f(a) @ g(d). 


6. The functor — & M is right exact. That is, given an R-module M, 
and an exact sequence 


o A Ww N 


AD BEC Sh: 
the sequence 
AgM 24 Bom Æ$ cam—o 


is exact. 


Proof. 
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1. There isa map A® B — B&A witha®br ba. More formally, 
the map A x B > B@A, (a,b) ++ a 8 b is bilinear, for example, one 
sees (a1 + a1,b) > b Q (a1 + a2) = b 8 a1 +b 8 a2. By the universal 
property there isa map A & B —> B & A with X` a; 8 bi > J` bi Q ai. 
The inverse map is clear. 


2. Define RQ B — B by r&b rb and B — R8 Bbyb= 18b. 
3. (a®b) 9c ag (bgc). 
4. (Daa) Qb > @ (aa Db). 
5. Ax B— C&D, (a,b) f(a) ® g(b) is R-bilinear. 
6. We explicitly define an isomorphism 
—— = B&M 
g @Id: Godas M) > C8 M 


Since (g ® Id) o (f & Id) = (go f) & Id = 0, the map g & Id descends 
to the map g ® Id by the universal property of quotients. The inverse 
map is given by defining an R-bilinear map C x M > T ASM) by 


(c,m) = [8m] where g(ê) = c. Note that the map is independent of 
the choice of lift ĉ, indeed if ĉ is another lift, then ĉ—ĉ € ker g = Im f, 
so [ê 8 m] — [7 89 m] = 0. 


Example 1.12. Let M be an abelian group. Applying properties 5 and 2 
of Theorem 1.11 we see that if we tensor the short exact sequence 


0> Z% Z> Z/n>0 
by M we obtain the exact sequence 
M 4 M > Z/ngz M — 0. 


Notice that Z/n @z M = M/nM and that the sequence is not short exact 
if M has torsion whose order is not relatively prime to n. Thus — ® M is 
not left exact. 


Example 1.13. If V and W are vector spaces over R with bases {e;} and 
{fj} respectively, then V &r, W has basis {e; ® fj}, thus dim(V &r W) = 
(dimV )(dimW). 


Exercise 6. Compute A ®z B for any finitely generated groups A and B. 


1.2.2. Adjoint functors. Note that a R-bilinear map 8 : A x B —> C is 
the same as an element of Homg(A, Homr(B,C)). The universal property 
of the tensor product can be rephrased as follows. 
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Proposition 1.14 (Adjoint Property of Tensor Products). There is an iso- 
morphism of R-modules 


Homg(A pr B,C) = Homg(A, Home(B,C)), 
natural in A, B, C given by 6 (at (be (a@b))). 


This is more elegant than the universal property for three reasons: It is 
a statement in terms of the category of R-modules, it gives a reason for the 
duality between tensor product and Hom, and it leads us to the notion of 
adjoint functor. 


Definition 1.15. (Covariant) functors F : C — D and G: D — C form an 
adjoint pair if there is a 1-1 correspondence Morp(Fc, d) — More(c, Gd), 
for all c € Ob C and d € Ob D, natural in c and d. The functor F is said to 
be the left adjoint of G and G is the right adjoint of F. 


The adjoint property says that for any R-module B, the functors 
— 8r B: R-MOD — R-MOD 


and 

Homp,(B,—) : R-MOD — R-MOD 
form an adjoint pair. Here R-MOD is the category whose objects are R- 
modules and whose morphisms are R-maps. 


It turns out that right exactness of — Qr B and the left exactness of 
Homp,(B, —) is a formal consequence of being an adjoint pair, but we won’t 
pursue this. A random functor may not have a left (or right) adjoint, but if 
it does, the adjoint is unique up to natural isomorphism. 


Exercise 7. Let SETS be the category whose objects are sets and whose 
morphisms are functions. The forgetful functor R-MOD — SETS takes a 
module to its underlying set. Find an adjoint for the forgetful functor. Find 
another adjoint pair of your own. “Adjoints are everywhere.” 


1.2.3. Hom. 


Exercise 8. For any finitely generated abelian groups A and B, compute 
Homz(A, B), the group of all homomorphisms from A to B. 


For an R-module A, define A* = Homp(A, R). The module A* is often 
called the dual of A. For a R-module map f : A — B, the dual map 
f* : B* — A* is defined by f*(y) = yo f. Hence taking duals defines a 
contravariant functor from the category of R-modules to itself. 

More generally, for R-modules A and M, Homg(A, M) is the R-module 
of homomorphisms from A to M. It is contravariant in its first variable 
and covariant in its second variable. For an R-map f : A — B, we have 
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Hompr(f, M) : Homg(B, M) — Homp,(A, M), defined by y > yo f. Usually 
we write f* for Homr(f, M). The following computational facts may help 
with Exercise 8. 


1. Homg(R, M) = M. 
2. Homgr(a Aa, M) S ] [a Homg(Aa, M). 
3. Homg(A, ] [a Ma) S [ [n Homr(A, Ma). 


The distinction between direct sum and direct product in the category 
of modules only is relevant when the indexing set is infinite. 


1.3. Tensor and Hom functors on chain 
complexes 


We will turn our attention now to the algebraic study of (abstract) chain 
complexes (C4, 0) of R-modules. We do not assume that the chain groups 
are free R-modules, although they are for the three geometric examples of 
Section 1.1. 


The starting observation is that the singular (or cellular) homology func- 
tor is a composite of two functors, the singular complex functor 


Sx : { spaces, cts. maps } — { chain complexes, chain maps } 
and the homology functor 
H,,:{chain complexes, chain maps}—>{graded R-modules, homomorphisms}. 
The strategy is to place interesting algebraic constructions between Sx 
and H,; i.e. to use functors 
{Chain Complexes} — {Chain Complexes} 


to construct new homology invariants of spaces. The two families of functors 
we use are the following. 


1. Forming the tensor product of a chain complex and an R- 
module M. 
This is the functor 


(C,,8) > (C. @ M, 3 Qld) 


(A @ Ia) © S mi) = Y (8c) ® mi. 


Since (0 @ Id)? = 0, (C, ®@ M, ðQ Id) is a chain complex. You should 
show that this is a covariant functor , i.e. write down the formula for the 
map C, & M — C! & M induced by a chain map C, — C! and check that 
it is a chain map. 


with 
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Definition 1.16. Taking the homology of C, & M yields the homology of 
C with coefficients in M: 


kerO0:C,@M > C 8M 
HOMIS COMS CEM 


Applying this to the singular complex of a space leads to the following 
definition. 


Definition 1.17. The homology of S,(X;R) & M is called the singular 
homology of X with coefficients in the R-module M and is denoted by 
H,(X;M). 


In the same way one can define H,(X,A;M), the relative singular ho- 
mology with coefficients in M. A similar construction applies to the cellular 
complex to give the cellular homology with coefficients. 


2. Taking the R-linear maps from C, to an R-module M. 
This is the functor 
(C,,0) + (Hompr(C,, M), ô) 
where the differential 6 is the dual to 0; i.e. 6 = Hompg(ô, M) (sometimes 
denoted by 0*). Explicitly 6 : Hompr(C,, M) — Homper(C,, M) is defined by 
(df)(c) = f(dc). 
Then 6? = 0 since (6?f)(c) = (6f)(0c) = f(02c) = 0. There are two 
important facts to notice about this chain complex: 


1. The differential 6 of this complex has degree +1, and not —1 as in 
the three examples we encountered before. What this means is that 


6: Hompy(Cy, M) > Home»(Cy41, M). 


2. The functor is contravariant, in contrast to the tensor product functor 
we considered above. The point here is that for any R-—module M 
the functor Hom(—, M) is a contravariant functor. 


A useful terminology is to call a chain complex with degree +1 differen- 
tial a cochain complex. 

This leads us to the definition of the cohomology of a chain complex 
with coefficients in M: 


Definition 1.18. 


Lie _ kerd : Hom(C,, M) => Hom(C,, M) 
AGM Im 6 : Hom(C,, M) > Hom(C,, M) 
is the cohomology of (Cx,0) with coefficients in M. 
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1.4. Singular cohomology 

Applying the construction of the previous section to a space X one obtains 

the singular cochain complex of X with coefficients in the R-module M 
(Homp(Sq(X; R), M), 8). 

This cochain complex is denoted by S*(X; M). (Note that we can take 


M = R.) Similar constructions apply to the cellular chain complex and the 
simplicial chain complex. 


Exercise 9. For a useful way to think about singular cochains, show that 
SI(X; R) = Homz(S4(X; Z), R) 
and also show that 
S1(X; R) =functions({singular simplexes}, R). 
Definition 1.19. The singular cohomology of X with coefficients in the R- 
module M is 
H(X; M) = ker ô : Homg(S4(X, R), M) > Homg(Sg+1 (X, R), M) 
> Im 6: Homr(Sq-1(X, R), M) > Homg(S4(X, R), M) 


Similarly one defines the cellular cohomology of a CW-complex and the 
simplicial cohomology of a simplicial complex. 


Exercise 10. What is H?(X; Z)? Show that Ho(Q; Z) #% H° (Q; Z), where 
we consider the rational numbers Q as subspace of the real numbers R. 


The primary motivation for introducing cohomology comes from the fact 
that H*(X; R) admits a ring structure, while homology does not. This will 
be discussed in Chapter 3. 

Recall that for a chain complex (Cx, 0), a cycle is an element of ker 0 and 
a boundary is an element of Im 0. The terminology for cochain complexes 
is obtained by using the “co” prefix: 


Definition 1.20. A cocycle is an element in the kernel of 6 and a coboundary 
is an element in the image of ô. 


Exercise 11. Show that a cocycle applied to a boundary is zero and a 
coboundary applied to a cycle is zero. Deduce that there is a bilinear pairing 
(the Kronecker pairing) 
H” (Cx; R) x Hn(Cx; R) > R 
given by the formula 
(al, [la]) = pa). 


Deduce by taking adjoints that the Kronecker pairing defines a map 
H” (C,; R) > Homg(Hn (Cx; R), R). 
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The Kronecker pairing on the homology and cohomology of a space 
should be thought of as an analogue (in fact it is a generalization) of inte- 
grating a differential n-form along an n-dimensional submanifold. (See the 
paragraph on the DeRham complex on page 16.) 

We will study the Kronecker pairing in detail for R a P.I.D. in Section 
2.6. It is important to note that cohomology is not the dual of homology in 
general. The map H"(C,; R) > Hompy(H,(C;; R), R) need not be injective 
nor surjective. The following example illustrates this. A precise relationship 
between the dual of homology and cohomology is provided by the universal 
coefficient theorem (Theorem 2.29) when R is a P.LD.. 


The cellular chain complex of RP? is 


OSGi Ol as EE Le Dog 


I 
II 
II 


-0 lh a Zo Z -0 
so 
Ho(RP®;Z) = Z, 
H (RP?; Z) = Z/2, 
H (RP?; Z) = 0. 
The corresponding cochain complex is 
5 C3 5 c? 5 Apt Pi. 0 
A A Ae Ae 
a to o 
---«—— Hom(C3,Z) « Hom(C2,Z) « Hom(C1,Z) « Hom(Co, Z) 0 
A 4 4 A 
i= L Y Y 
oa 0 < Hom(Z, Z) + Hom(Z, Z) + Hom(Z, Z) 0 
4 4 4 4 
t (a + t 
S 0 ~ Z - x2 Z - x0 Z - 0 
Thus 


H°(RP?;Z) =Z 
H}(RP?;Z) =0 
H’ (RP?;Z) = Z/2. 
In particular H?(RP?;Z) #4 Homz(H2(RP?;Z),Z). Hence the Kronecker 


pairing is singular. 


Exercise 12. We will show that if R is a field then homology and cohomol- 
ogy are dual. Verify this for RP? and R = Z/2. 
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Recall that if f : X — Y is continuous, then fs : Sg(X) > S,(Y) 
is defined via f.(Urioi) = Urif o ci. Since f, is a chain map its dual 
f* : S9(Y) — S4(X) is a (co)chain map. Hence the singular cochain functor 
is contravariant. This implies the following theorem. 


Theorem 1.21. Singular cohomology is a contravariant functor 


{ spaces, continuous maps } — {graded R-modules, homomorphisms }. 


Remark for those readers who know about differential forms. 
Suppose X is a smooth manifold. Let Q9(X) be the vector space of differ- 
ential q-forms on a manifold. Let d : QI(X) — Q%+'(X) be the exterior 
derivative. Then (Q*(X),d) is an R-cochain complex, whose cohomology 
is denoted by Hp, (Q*(X),d) and is called the DeRham cohomology of X. 
This gives geometric analogues: g-form and q-cochain, d and 6, closed form 
and cocycle, exact form and coboundary. 

DeRham’s theorem states that the DeRham cohomology of a manifold 
X is isomorphic to the singular cohomology H*(X;R). More precisely, let 
pmet ©.4 ;R) be the free R-module generated by smooth singular simplices 
g : AY — X. There is the chain map 


smooth (X: R) > S,(X;R) 
given by inclusion and the cochain map 
Q(X) > smooh( X; R) 
given by integrating a q-form along a q-chain. DeRham’s theorem follows 


from the fact that both maps are chain homotopy equivalences, i.e. they 
have inverses up to chain homotopy. 


1.4.1. Relative cohomology. Recall that the relative singular chain com- 
plex of a pair (X, A) is defined by taking the chain groups S,(X,A) = 
Sq(X)/Sq(A). Similarly, let M be an R-module and define the relative sin- 
gular cochain complex by 


S9(X, A; M) = Homgr(S4(X, A; R), M) 
ô = Homg(ð, M), d(y) = vod. 
Theorem 1.22. The diagram 
0 — $9(X,A;M) — S%X;M) — S%(A;M) — 0 


lô 16 16 
0 — 991(xX,A;M) — St1(X;M) — S4%(A;M) — 0 


commutes and the horizontal rows are exact. 
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The proof will depend on a few exercises. 
Exercise 13. The diagram commutes. 


Exercise 14. Given any short exact sequence of R-modules 
0 > A ’> B >C > 0 


show that 

0 — Hom(C, M) — Hom(B, M) — Hom(A, M) 
and 

0 — Hom(M, A) — Hom(M, B) — Hom(M,C) 
are exact. 


We recall what it means for homomorphisms to split. 
Definition 1.23. 


1. An injection 0 — A > B is said to split if there isa map 6: B —> A 
so that ô o œ = Id4. The map ô is called a splitting. 


2. A surjection B W C —> 0 splits if there is a map y : C — A so that 
boq = lde. 


A surjection B — C — 0 splits if C is free (prove this basic fact). In gen- 
eral, for an injection 0 — A -> B the dual Homg(B, M) > Hompg(A, M) 
need not be a surjection (find an example!) but if a is split by 6, then the 
dual map is a split surjection with splitting map Homg(ô, M). 


Lemma 1.24. Given a short exact sequence of R-modules 
B 


Q 


0— A > C — 0, 


show that a splits if and only if 3 splits. (If either of these possibilities occur, 
we say the short exact sequence splits.) Show that in this case B= AQC. 


>B 


Exercise 15. Prove this lemma. 
b 


Q 


Corollary 1.25. If 0 — A 
of R-modules which splits, then 


0 — Hom(C, M) — Hom(B, M) — Hom(A, M) — 0 
is exact and splits. 
Exercise 16. S,(X, A; R) is a free R-module with basis 
{o : A1 — X|o(A4) ¢ A}. 


> B — C — 0 is a short exact sequence 


Theorem 1.22 now follows from Corollary 1.25 and Exercise 16. 
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Applying the zig-zag lemma (a short exact sequence of (co)-chain com- 
plexes gives a long exact sequence in (co)-homology) immediately implies 
the following corollary. 


Corollary 1.26. To a pair (X, A) of spaces there corresponds a long exact 
sequence in singular cohomology 


0 = H°(X, A; M) > H°(X;M) > H(A; M) © H1(X, A; M) > 
.-- > HTA; M) Š H4(X, A: M) > HX;M) > 


Note that the connecting homomorphism ô has degree +1, in contrast to 
the homology connecting homomorphism ð in homology which has degree 
—1. 


Exercise 17. Prove the zig-zag lemma, which says that a short exact se- 
quence of (co)chain complexes yields a long exact sequence in (co)homology, 
to remind yourself how to carry out diagram chase arguments. 


Exercise 18. Using the facts that S,.(X;R) and S,(X, A; R) are free chain 
complexes with bases consisting of singular simplices (see Exercise 16), show 
that 
1. Sa(X; M) = S4(X; R) 9r M can be expressed as the set of all sums 
pa Mi Q cilm; E M, c; a q-simplex \ with 0(m®o) =m® O(a). 
What is the corresponding statement for S,(X,A;M/)? 
2. S1(X; M) = Homp(5S,(X; R), M) is in 1-1 correspondence with the 
set of functions from the set of singular q-simplices to M. Under this 
identification, given a cochain 


a: {Singular g-simplices} > M, 
its differential da : {Singular (q + 1)-simplices} — M corresponds to 
the map 
da(c) = X(-1)'a(oo fe") 


and S1(X, A; M) C S4(X;M) corresponds to those functions which 
vanish on the q-simplices entirely contained in A. 


Exercise 19. Define and identify the cellular cochain complex in two dif- 
ferent ways, as the dual of the cellular chain complex and in terms of relative 
cohomology of the skeleta. (This will be easier after you have learned the 
universal coefficient theorem.) 
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1.5. The Eilenberg-Steenrod axioms 


An important conceptual advance took place in algebraic topology when 
Eilenberg and Steenrod “axiomatized” homology and cohomology. 


Definition 1.27. An (ordinary) homology theory is a covariant functor 
H. : { (space, subspace) pairs, continuous maps of pairs } > 
{ graded R-modules, homomorphisms }, 


in other words a collection of covariant functors Hg for each non-negative 
integer q which assign an R-module H,(X, A) to a pair (X, A) of topological 
spaces and a homomorphism f, : H(X, A) > H,(Y, B) to every continuous 
function of pairs f : (X,A) — (Y,B). These are required to satisfy the 
following axioms: 


1. There exist natural connecting homomorphisms 
ð : H(X, A) > Hy1(A) 
for each pair (X, A) and each integer q so that the sequence 
: > H(A) > H(X) > H(X, A) S Hya(A) > > 
. > H(X, A) © Ho(A) > Ho(X) > Ho(X, A) > 0 


is exact. 
(Long exact sequence of a pair) 


2. If f,g : (X, A) > (Y, B) are homotopic maps, then the induced maps 
on homology are equal, gx = fx : H(X, A) > H,(Y, B). 
(Homotopy invariance) 


3. If U C X, U C tA, then H(X — U, A — U) > H,(X,A) is an 
isomorphism for all q. 
(Excision) 


4. If “pt” denotes the one-point space, then H,(pt) = 0 when q ¥ 0. 
(Dimension Axiom) 


Theorem 1.28 (Existence). For any R-module M, there is a homology the- 
ory with Ho(pt) = M. 


Similar comments apply to cohomology. 


Definition 1.29. An (ordinary) cohomology theory is a contravariant func- 
tor 


H* : { (space, subspace) pairs, continuous maps of pairs } > 


{ graded R-modules, homomorphisms }. 
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In other words a collection of contravariant functors H4, one for each non- 
negative integer q, which assign an R-module H4(X,A) to a pair (X, A) 
of topological spaces and a homomorphism f* : H4(Y, B) — H%(X, A) to 
every continuous function of pairs f : (X, A) — (Y, B). These are required 
to satisfy the following axioms: 


1. There exist natural connecting homomorphisms 
6: H%(A) > H(X, A) 
for each pair (X, A) so that the sequence of Corollary 1.26 is exact. 
(Long exact sequence of a pair) 
2. If f,g : (X,A) — (Y,B) are homotopic maps, then g* = f* : 
H4(Y,B) — H4(X, A). 
(Homotopy invariance) 
3. If U cC X, U C Int A, then H1(X, A) — H9(X — U,A — U) is an 
isomorphism. 
(Excision) 
4. If pt is a point, H7(pt) = 0 when q 4 0. 
(Dimension Axiom) 


Theorem 1.30 (Existence). For any R-module M, there is a cohomology 
theory with H? (pt) = M. 


There are many different approaches to constructing homology and co- 
homology theories; the choice of method is often dictated by the kind of 
problem one is attacking. For example, singular homology and cohomology 
is defined for all spaces. Its abstract definition simplifies the proofs of many 
theorems, but it is too large to be effective for computations. DeRham co- 
homology is defined for smooth manifolds and has many nice properties, 
including direct relationships to solutions of differential equations on mani- 
folds. There exist some extensions of DeRham theory to more general spaces; 
these tend to be technical. Cellular homology is often the most useful for 
computing, but of course applies only to CW-complexes. 


Cech cohomology theory is another theory that satisfies the axioms (at 
least for the subcategory of pairs of compact spaces), but the Cech co- 
homology of the topologist’s sine curve is not isomorphic to the singular 
cohomology. Thus the axioms do not determine the cohomology of space. 
However they do for finite CW-complexes. An informal way of saying this 
is that the proof that cellular cohomology equals singular cohomology uses 
only the axioms. A more precise version is the following theorem whose 
proof we omit. We state it for cohomology but the dual result holds for 
homology also. 
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Theorem 1.31 (Uniqueness). Let H* and H* be contravariant functors 
from the category {pairs of finite CW-complezes, cellular maps} to {graded 
R-modules, homomorphisms} satisfying the Eilenberg-Steenrod Axioms. Let 
pt be a point. 


1. If H°(pt) = H°(pt), then there is a natural isomorphism of functors 
2. Any natural transformation H* — H* inducing an isomorphism for 
a point, is an isomorphism for all CW-complezes. 


In fact the excision axiom can be replaced by the weaker axiom that for 
all finite CW-pairs H*(X/A, A/A) — H*(X,A) is an isomorphism. This 
shows that cellular cohomology and singular cohomology coincide for finite 
CW-complexes. 


In light of this theorem, one can do all computations of cohomology 
groups of finite CW-complexes using the axioms, without resorting to the 
definition of the singular or cellular cochain complex. This is not always 
the best way to proceed, but usually in doing cohomology computations one 
makes repeated use of the axioms and a few basic computations. 


There are also many functors from spaces to R-modules for which the 
dimension axiom of Eilenberg and Steenrod does not hold. These are called 
generalized (co)homology theories. They will be introduced in Chapter 8. 


1.6. Projects for Chapter 1 


1.6.1. Cellular approximation theorem. Recall that a cellular map f : 
X — Y is a map between CW-complexes which satisfies f(X”) c Y” for 
all n. The cellular approximation theorem says that any map between CW- 
complexes is homotopic to a cellular map. Prove the cellular approximation 
theorem and its relative version. This is stated as Theorem 6.47. Give 
applications to homotopy groups. A good reference is [12]. 


Chapter 2 


Homological Algebra 


2.1. Axioms for Tor and Ext; projective 
resolutions 


Definition 2.1. An exact functor R-MOD — R-MOD is a functor which 
takes short exact sequences to short exact sequences. 


More generally, a covariant functor F : R-MOD — R-MOD is called 
right exact (resp. left exact) if F(A) — F(B) — F(C) > 0 is exact (resp. 
0 — F(A) - F(B) - F(C) is exact) whenever 0 — A> B> C-—0 
is a short exact sequence. Similarly a contravariant functor is called right 
exact (resp. left exact) if F(C) — F(B) — F(A) — 0 is exact (resp. 
0 — F(C) — F(B) — F(A) is exact) whenever 0 — A —> B-C—Oisa 
short exact sequence. 


We have already seen that the functors — &R M, Homg(M,-—), and 
Hompg(—, M) are not exact in general. For example taking R = Z, M = Z/2, 
and the short exact sequence 


O77, > Z/2 — 0, 


we obtain 
Z@Z/2 Z® Z/2 —+ Z/2@Z/2 0 
oy |) rey AD) 0, 


yl 
es 
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0 Hom(Z/2,Z) ——~ Hom(Z/2,Z) ——~ Hom(Z/2, Z) 
0 -0 -0 ~ Z/2, 
and 
0 Hom(Z/2, Z/2) —— Hom(Z, Z/2) —— Hom(Z, Z/2) 
0 -~ Z/2 -~ Z/2 O, 


However, we have seen in Theorem 1.11 that — ®p M is right exact and 
in Exercise 14 that Homg(M,-—) and Homg(—, M) are left exact. 


Exercise 20. If F is a free module, show that — @r F and Homg(F, —) are 
exact functors. Show by example that Homg(—, F) need not be exact. 


The idea of homological algebra is to find natural functors which measure 
the failure of a functor to preserve short exact sequences. (A first stab at 
this for —&pr M might be to take the kernel of A® M — B&M as the value 
of this functor. Unfortunately, this does not behave nicely with respect to 
morphisms.) To construct these functors the only things we will use are the 
left/right exactness properties, the above exercise and the observation that 
for any module M there is a surjective map from a free module to M. 


Theorem 2.2 (Existence). 
1. There exist functors 
Tor : R-MOD x R-MOD— R-MOD for all n=0,1,2,... 


(Mı, Mz) +> Torĝę(Mı, M2) covariant in Mı and My satisfying the 
following axioms: 
T1) Torg’(M,, Mz) = Mı Qr Mə. 
T2) Jf 0 ~ A> B — C — 0 is any short exact sequence of R- 
modules, and M is any R-module, then there is a natural long 
exact sequence 


- — Tor (A, M) > Tor?(B, M) — Tor? (C, M) > Tor ,(4,M) >- 
- > Tor?(C, M) > A&R M > BƏR M > C 8r M 0. 


T3) Tor (F, M) = 0 if F is a free module and n > 0. 
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The functor Tor®(—,M) is called the nt? derived functor of the 
functor — 8r M. 


2. There exist functors 
Ext : R-MOD x R-MOD — R-MOD for all n=0,1,2,... 


(Mı, Mz) > Ext'h( Mı, M2) contravariant in Mı and covariant in Mz 
satisfying the following axioms: 
El) Ext% (Mı, M2) = Homg( Mı, M2). 
E2) If 0 — A —> B — C — 0 is any short exact sequence of R- 
modules, and M is any R-module, then there is a natural long 
exact sequence 


0 — Homg(C, M) > Homg(B, M) > Homg(A, M) > Exth(C, M) > --- 
- > Ext% (B, M) > Ext% (A, M) > Ext! (C, M) >- 


E3) Exth(F,M) =0 if F is a free module and n > 0. 
The functor Exth(—, M) is called the nt” derived functor of the 
functor Hompg(—, M). 


Before we embark on the proof of this theorem, we prove that these 
axioms characterize the functors Tor and Ext. 


Theorem 2.3 (Uniqueness). Any two functors satisfying T1), T2), and 
T3) are naturally isomorphic. Any two functors satisfying E1), E2), and 
E3) are naturally isomorphic. 


Proof. We will show that values of Tor”(M,, M2) are determined by the 
axioms by induction on n. This is true for n = 0 by T1). Next note that 
for any module M4, there is a surjection F ean Mı — 0 where F is a free 
module. For example, let S C Mı be a set which generates Mı as an R- 
module (e.g. S = Mı), and let F = F(S) the free module with basis S. 
There is an obvious surjection ¢. Let K = ker¢. Apply T2) to the short 
exact sequence 


O-K—-F-M, —0. 
Then by T2) and T3), one has 


Tor?’(M,, Mz) & ker(K &r Mz > F Qr M2) 


and 
Tor? (Mı, Mz) © Torg (K, M2) for n>1. 


The values of Tor” _, are known by induction. The proof for Ext is similar. 
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The technique of the above proof is called dimension shifting, and it can 
be useful for computations. For example, if F is a free module and 


0— K > F’ +>M-—0 


is a short exact sequence with F” free, then 

Tor!’(M, F) = ker(K ® F > F’ 8 F) 
but this is zero by Exercise 20. Thus Tor!’(—, F) is identically zero. But 
Tor®(M,F) © Tor!_,(K,F) for n > 1, so inductively we see Tor? (—, F) 
is zero for n > 0. To compute Ext}(Z/2,Z), we apply E2) to the exact 


sequence 0 > Z uy ee Z/2 — 0, to get the exact sequence 


2 x 
Hom(Z, Z) ae Hom(Z, Z) ——> Ext!(Z/2,Z) —— Ext'(Z,Z) 


I 
I 
IIe 
I 


Z ay - Ext!(Z/2,Z) 


© 


so Ext} (Z/2, Z) = Z/2. 

The following proposition gives some simple but useful computations. 
This result should be memorized. (The subscript or superscript R is often 
omitted when the the choice of the ring R is clear from context.) 


Proposition 2.4. Let R be a commutative ring and a E€ R a non-zero- 
divisor (i.e. ab = 0 implies b = 0). Let M be an R-module. Let M/a = 
M/aM andaM = {m € M|am = 0}. Then 

1. R/a@M=M/a, 

2. Torı(R/a, M) = aM, 

3. Hom(R/a, M) = aM, 

4. Ext! (R/a, M) S M/a. 


Proof. Since a is not a divisor of zero, there is a short exact sequence 


0> R% R> RJA>0. 


Apply the functors -& M and Hom(—, M) to the above short exact sequence. 
By the axioms we have exact sequences 


0 — Torı(R/a, M) > R® M > RƏ M — Rjag M —0 


and 
0 — Hom(R/a, M) — Hom(R, M) > Hom(R, M) > Ext! (R/a, M) — 0. 
The middle maps in the exact sequence above can be identified with 


M ŽS M, 
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which has kernel «M and cokernel M/a. 


In particular if n is a non-zero integer and R = Z, the four functors 
Torı, 9, Hom, and Ext! applied to the pair (Z/n,Z/n) are all isomorphic 
to Z/n. If m and n are relatively prime integers, then applied to the pair 
(Z/m, Z/n) they are all zero. 


Proposition 2.5. 


1. If R is a field, then Tor? (—,—) and Ext?,(—,—) are zero for n > 0. 
2. If R is a P.LD., then Tor®(—,—) and Ext’,(—,—) are zero forn > 1. 


Proof. 1. All modules over a field are free so this follows from axioms T3) 
and E3). 


2. A submodule of a free module over a P.I.D. is free, so for any module M 
there is a short exact sequence 
0> Fi ~- Fy - M0 


with F; and Fy free. Then by T2), T3), E2), and E3), for n > 1, Tor” (M, —) 
and ExtẸ(M, —) sit in long exact sequences flanked by zero, and hence must 
vanish. 


The functors Tore and Extz are typically abbreviated Tor and Ext. 


Exercise 21. Using the axioms, compute Tor(A, B) and Ext(A, B) for all 
finitely generated abelian groups. 


A couple of natural questions must have occurred to you. What is the 
behavior of these functors with respect to exact sequences in the second 
variable? Is Tor,(A,B) = Tor,(B,A)? This seems likely since A® B= 
B&A. (Since Hom(A, B) # Hom(B, A) the corresponding question for Ext 
could not have possibly occurred to you!) Your questions are answered by 
the following theorem. 


Theorem 2.6 (Existence’). 
1. The functors 
Tor : R-MOD x R-MOD —> R-MOD for all n=0,1,2,... 
satisfy the following axioms. 
T1’) Tord’(M,, M2) = Mı Qr Mo. 
T?) If 0 = A —> B — C — 0 is any short exact sequence of R- 


modules, and M is any R-module, then there is a natural long 
exact sequence 


-- > Tor (M, A) > Tor (M, B) > Tor®(M,C) > Tor (M,A) > --- 
-> Torf(M,C) > M8R A> M8r B—>MrC=>0. 
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T3’) Tor®(M, F) =0 if F is a free module and n > 0. 
2. The functors 


Ext : R-MOD x R-MOD— R-MOD for all n=0,1,2,... 


satisfy the following axioms: 

E1’) Ext% (Mı, M2) = Homg(M;, M2). 

E2’) If 0 — A — B — C — 0 is any short exact sequence of R- 
modules, and M is any R-module, then there is a natural long 
exact sequence 


0 — Homg(M, A) —> Homg(M, B) — Homg(M, C) > Exth(M, A) >- 
- > Ext% (M, B) > Ext% (M, C) > Ext (M, A) >- 


E3’) Exth(M,I) =0 if I is an injective module (see Definition 2.12) 
and n> 0. 


We postpone the proof of Theorem 2.6 until the next section. 


Corollary 2.7. The functors Tor®(A, B) and Tor®(B, A) are naturally iso- 
morphic. 


Proof. By Theorem 2.6, the functor (A,B) + Tor®(B, A) satisfies the 
axioms T1), T2), and T3) and thus by the uniqueness theorem, Theorem 
2.3, it must be naturally isomorphic to (A,B) + Tor? (A, B). 


Tor and Ext are higher derived versions of ®g and Hom, so they have 
analogous properties. For example we offer without proof: 


1. Tor®(@ yA, B) = PaTor® (Aa, B), 
2. Exth(®qAa, B) = I], ExtR(Aa, B), and 
3. Ext (A, La Bo) = Iu Ext®(A, Ba). 


The proofs of Theorems 2.2 and 2.6 are carried out using projective mod- 
ules and projective resolutions. The functors Ext’, can also be defined using 
injective resolutions. We will carry out the details in the projective case 
over the next few sections, and sketch the approach to Ext using injective 
resolutions. 


Much of what we say can be done in the more general setting of abelian 
categories, these are categories where the concept of exact sequence makes 
sense (for example the category of sheaves or the category of representa- 
tions of a Lie algebra) provided there are “enough projectives” or “enough 
injectives” in the category. 
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2.2. Projective and injective modules 


Recall, if F is a free module over R, A, B are R-modules, and 
F 
| 
A a ae B—~ 0 


is a diagram with a onto, then there exists a y : F — A so that 


commutes. We say 


$ 


“the problem 3 d | has a solution’ 
> 
A = B — 0 


Remark. In general, whenever a commutative diagram is given with one 
dotted arrow, we will consider it as a problem whose solution is a map which 
can be substituted for the dashed arrow to give a commutative diagram. 
This makes sense in any category; we will use it mostly in the categories 
R-MOD and the category of topological spaces. 

We make the following definition which encapsulates the basic property 
of free modules. 


Definition 2.8. An R-module P is called projective if for any A, B,a, 8 
with œ onto, the problem 


has a solution y. 


Lemma 2.9. An R-module P is projective if and only if there exists an 
R-module Q so that P ® Q is a free R-module. 


Proof. If P is projective, choose F free and F — P an epimorphism. Let 
Q =ker(F — P), so 
0-Q-FA>P-50 
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is exact. Since P is projective, the sequence splits, as one sees by considering 
the problem 


P 


soF=P@Q. 
Conversely, if there exists an R-module Q so that P @ Q is free, extend 
P PEQ 
Jo to seo 
A — B — 0 A — B — 0. 


Since P Q is free, there exists a solution f : P @ Q —> A to 
PEQ 
fi 


la 


A —> B —> 0. 


[seo 


But then let f = f o i where i : P — P@Q is given by p > (p,0). Then 
f solves the problem 


Thus projective modules generalize free modules by isolating one of the 
main properties of free modules. Furthermore the definition of a projective 
module is purely in terms of arrows in R-MOD, and hence is more elegant 
than the definition of a free module. On the other hand they are less familiar. 


Exercise 22. Let P be a projective module. 


1. Any short exact sequence 0 — A — B — P — 0 is split. 
2. If P is finitely generated there is a finitely generated Q so that PE Q 
is free. 


Proposition 2.10. 


1. Any module over a field is projective. 


2. Any projective module over a P.I.D. is free. 
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Proof. All modules over a field are free, hence projective. A projective 
module P is a submodule of the free module P 6 Q, and for P.I.D.’s sub- 
modules of free modules are free. 


There are many examples of non-free projective modules over rings R. 
Note that R must be complicated, i.e. not a field nor a P.I.D. For example, 
if R = Z/6, then P = Z/2 is a projective module. (To see this, use the 
Chinese remainder theorem Z/6 = Z/2 x Z/3). 


Here is a more interesting example, related to K-theory. Let R be the 
ring of continuous functions on the circle, R = C°($',R). Let E — S! be 
the twisted real line bundle over St (so E = open Möbius band) Then as 
vector bundles E # St x R, but E@ E = St x R?. So, if M = C°(E) 
(continuous sections of E), M is not free (why?), but M@M  C?(S1,R)® 
C°(S',R) = RE R. Thus M is projective. 


Exercise 23. Show that the following are examples of projectives which 
are not free. 


1. Let R be the ring of 2-by-2 matrices with real entries. Let P = R? 
where the action of R on P is by multiplying a matrix by a vector. 
(Hint: Think of P as 2-by-2 matrices with the second column all 
zeroes.) 


2. Let R = R x R (addition and multiplication are component-wise) 
and P =R x {0}. 


One of the quantities measured by the functor Ko of algebraic K -theory is 
the difference between projective and free modules over a ring. See Chapter 
11 for another aspect of algebraic K-theory, namely the geometric meaning 
of the functor Ky. 


As far as Tor and Ext are concerned, observe that 
Tor? (A ® B, M) & Tor®(A, M) @ Tor (B, M). 
This is because A @ B fits into the split exact sequence 
0-A-AGB-B-), 


functoriality, and Axiom T2) put Tor®(A © B, M) in a corresponding split 
exact sequence. Applying this to P ® Q ©& free, (and applying a similar 
argument to Ext) one obtains the following result. 


Corollary 2.11. For a projective module P, for n > 0, and for any module 
M, both Tor? (P, M) and Ext% (P, M) vanish. 


Thus for purposes of computing Tor and Ext (e.g. dimension shifting), 
projective modules work just as well as free modules. 
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In the categorical framework which we find ourselves, something inter- 
esting usually happens if one reverses all arrows. Reversing the arrows in the 
definition of projective modules leads to the definition of injective modules. 


Definition 2.12. An R-module M is called injective if 
M 


DA 


A —— B+— 0 
has a solution for all A, B,a, 8 (with 8 injective). 


We will define Ext using projective modules instead of injective mod- 
ules, so we omit most details about injective modules. See Rotman [33] or 
MacLane [22] for more. We list here a few results. 


Theorem 2.13. An abelian group A is injective if and only if is divisible, 
(i.e. the equation nx =a has a solution x € A for each n € Z, a € A.) 


Thus some examples of injective abelian groups are Q and Q/Z. (Note 
that a quotient of a divisible group is divisible, hence injective.) 


Theorem 2.14. 


1. Given any R-module M, there exists a projective R-module P and an 
epimorphism P > M — 0. 


2. Given any R-module M, there exists an injective R-module I and a 
monomorphism 0 + M — I. 


Proof. We have already proved 1, by taking P to be a free module on a set 
of generators of M. The proof of 2 is more involved. One proves it first for 
an abelian group. Here is one way. Express M = (@Z)/K. This injects to 
D = (@Q)/K which is divisible and hence injective. 


Now suppose M is a R-module. Then, considered as an abelian group, 
there is a injection y : M — D where D is divisible. One can show the map 
M — Homz(R, D), m+ (r |> y(rm)) is an injective R-module map, and 
that Homz(R, D) is an injective R-module when D is divisible. 


2.3. Resolutions 


We begin with the definition of projective and injective resolutions of an 
R-module. 


Definition 2.15. 
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1. A projective resolution of an R-module M is a sequence (possibly 
infinitely long) 


-> Pa > Pari >: POO M0 


where 
(a) the sequence is exact, and 
(b) each P; isa projective R-module. 


2. An injective resolution of M is a sequence 


0 > M > Ip > h >h piii >In doses 


where 
(a) the sequence is exact, and 
(b) each Jn is an injective R-module. 


Definition 2.16. Given a projective resolution, define the deleted resolu- 
tion to be 


> Pa > Pai >: > Po 0 


We will use the notation P, or Pm. Note that H4(P m) is zero for q # 0 
and is isomorphic to M for q = 0. 


Theorem 2.17. Every R-module M has (many) projective and injective 
resolutions. 


Proof. Choose a surjection Po —> M with Py projective. Assume by induc- 
tion that you have an exact sequence 


PPD eee ie reel a8, 


Let Kn = ker dn. Using the previous theorem, choose a projective module 
Pn+1 which surjects to Kn. Then splice 


Payı > Kn 0 to 0> Kn — Ph> P> M 


to get 
Pari > Ph >- > Po > M. 


The proof for injective resolutions is obtained by re-writing the proof for 
projective resolutions but turning the arrows around. 


To see that projective resolutions are not unique, notice that if 


dn 
> Ph > Pai > > P>M—o0 


is a projective resolution, and Q is projective, then 


= Sh Pe PR: ais Pg E E Pye 


is also a projective resolution. 
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If at any stage in the above construction the kernel Kn is projective, 
then one may stop there since 


> 0 > 0 > Ky > Pri >: OPO M0 


is a projective resolution. We omit typing the 0’s. 

We also record the following lemma which we used in constructing res- 
olutions. 
Lemma 2.18 (Splicing lemma). If the sequences A > B & C — 0 and 


0S Des are exact, then A> BES D E is exact. 


Exercise 24. Prove the splicing lemma. 
Theorem 2.19. 


1. If R is a field, and M is any R-module, then 


0O— M id iu > 0 


is a projective resolution. In other words, every module over a field 
has a length 0 projective resolution. (It stops at Po.) 


2. Every module over a P.I.D. has a length 1 projective resolution 


0- Ph —~-Rhy- M0. 


3. Every abelian group (R = Z) has a length 1 injective resolution 
0> M-Ibp-h - 0. 


Proof. 1. is clear. 


2. Every submodule of a free module over a P.I.D. is free. Thus if Pp is 
a free module surjecting to M, and P, is its kernel, 


0-P-PRhy-M—O0 


is a projective (in fact free) resolution of M. 

3. If 0 — M — Dp is an injection with Do divisible, then Do/M is 
divisible, since the quotient of any divisible group is divisible. Thus 0 —> 
M — Do — Do/M —> 0 is an injective resolution. 


Comment about Commutative Algebra. A Dedekind Domain is a com- 
mutative domain (no zero divisors) in which every module has a projective 
resolution of length 1. Equivalently submodules of projective modules are 
projective. A P.I.D. is a Dedekind domain. From the point of view of cat- 
egory theory, they are perhaps more natural than P.I.D.’s. If G, = e27*/" is 
a primitive n-th root of unity, then Z[¢n] is a Dedekind domain. Projective 
modules (in fact ideals) which are not free first arise at n = 23. Non-free 
ideals are what makes Fermat’s Last Theorem so hard to prove. 
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A commutative Noetherian ring R has height equal to n (ht(R) = n) if 
the longest chain of non-trivial prime ideals in R has length n: 


OcRhc-::-cCPR,CR. 


The homological dimension of R, hdim(R), is the least upper bound on 
the length of projective resolutions for all finitely generated modules over 
R. The homological dimension of a field is 0 and a Dedekind domain is 1. 
If a ring has homological dimension n, then any module M has a projective 
resolution with P, = 0 for k > n. The numbers ht(R) and hdim(R) are 
related. For a large class of rings (regular rings) they are equal. 


2.4. Definition of Tor and Ext - existence 


In this section we will complete the proof of Theorem 2.2. 


Let M, N be R-modules. Let --- — Pa >- 2 Pi a P) > M —0 be 
a projective resolution of M. Applying — &pr N to a deleted resolution P m 
one obtains the sequence Pm 8R N 


dz @lId d,@Id 
> 


PMR N={ -> P 9N >. PEN => Po ®N — 0} 


Note that Pm ® N is a chain complex (since (dn-1 ® Id) o (dn Q Id) = 
dn—1 © dn ® Id = 0), and by right exactness of — @ N, the 0-th homology 
is M & N. However, since — & N need not be an exact functor in general, 
Py ® N might not be exact. 


Similarly, by applying the functor Homr(—, N) to a deleted projective 
resolution Py one obtains the cochain complex 


Hom(P yy, N)={0—>Homg(P», N) 3 Homa(P,, N) “3 Homa(P2, N)—>---}. 
Exercise 25. Show that Homg(P m, N) forms a cochain complex. 


We will eventually define Tor®(M,N) as Ha(Pm 8r N) and we will 
define Ext’,(M, N) as H”(Hom(P m, N)). (We could have also defined Tor 
and Ext as H,(M 8r Py) and H*(Hom(M,Iy)).) For now we record some 
obvious facts. What is not obvious is that this will lead to well-defined 
functors, i.e. independent of the choice of resolutions. 


Theorem 2.20. Let M and N be R-modules and let Pm be a deleted pro- 
jective resolution of M. 


1. For n = 0,1,2,... the assignment (M,N) +> H,(Pu ƏR N) is a 
covariant functor in N and satisfies Axioms T1'), TZ), and T3’) of 
Theorem 2.6. Furthermore, if M is free (or just projective), one can 
choose the resolution so that axiom T3) of Theorem 2.2 is satisfied. 


36 2. Homological Algebra 


2. For n =0,1,2,... the assignment (M,N) H” (Homg(P my, N)) is 
a covariant functor in N and satisfies Axioms El’), E2), and E3') of 
Theorem 2.6. Furthermore, if M is free (or just projective), one can 
choose the resolution so that axiom E3) of Theorem 2.2 is satisfied. 


Exercise 26. Prove this theorem. 


Exercise 27. An R-module F is called flat if — pr F is exact. A free 
module is flat and clearly a summand of a flat module is flat, so projectives 
are flat. There are modules which are flat, but not projective; show that Q 
is a flat but not projective Z-module. In fact over a P.I.D. a module is flat 
if and only if it is torsion free. 


Tor can be computed using a flat resolution rather than a projective one. 
Assume this and compute Tor(Q/Z, A) = Hi(Pq;z 8 A) for any abelian 
group A. 


2.5. The fundamental lemma of homological 
algebra 


Taking inventory, we still need to show that our candidates for Tor and 
Ext are well-defined, functorial in the first variable, and that short exact 
sequences in the first variable give long exact sequences in Tor and Ext. The 
well-definition and functoriality will follow from the fundamental lemma of 
homological algebra; the long exact sequences will follow from the horseshoe 
lemma. 


Definition 2.21. A projective chain complex 
P, = {+> P > Pi > Po} 


is a chain complex where all the modules P; are projective. An acyclic chain 
complex 
Cy = { 7 C2 = C1 > Co} 


is a chain complex where H;(C,) = 0 for all i > 0. (ie. Cy is an exact 
sequence. ) 


Theorem 2.22 (Fundamental lemma of homological algebra.). Let P, be a 
projective chain complex and Cy be an acyclic chain complex over a ring R. 
Then given a homomorphism p : Ho(P.) > Ho(Cx), there is a chain map 
fx: Px > Cx inducing p on Ho. Furthermore, any two such chain maps are 
chain homotopic. 


We derive a few corollaries before turning to the proof. 


Corollary 2.23. Any two deleted projective resolutions of M are chain ho- 
motopy equivalent. 
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Proof. Let Py and P’y be deleted projective resolutions of M. They are 
both projective and acyclic and they have Ho = M. The existence part of the 
fundamental lemma gives chain maps f+ : Pay > P4, and gx : Ph, > Pu 
inducing the identity on Ho. The uniqueness part of the fundamental lemma 
given a chain homotopy equivalence between gx o fx and Id since they are 
both chain maps Pm — Pm inducing the identity map on Ho. Likewise 
fx © gx is chain homotopy to Id. 


Corollary 2.24. The assignments (M, N) H,(Pu@®rN) and (M,N) 
H, (Homg(Pm, N)) do not depend on the choice of projective resolution and 
are functorial in M. 


Proof. Corollary 2.23 gives chain homotopy equivalences Pjy — Piy and 
hence a chain homotopy equivalence Py 8r N > P4, QR N and similarly 
for Hom. This gives the independence of the resolution. Given a map 
M — M’, the fundamental lemma gives a map Py — P%,, unique up to 
chain homotopy. This gives functoriality. 


Corollary 2.25. The assignments (M, N) Hy(Pu@®rN) and (M, N) => 
H” (Homg(Pm, N)) are functorial in both variables and satisfy the’ axioms 
of Theorem 2.6. 


Proof of the fundamental lemma, Theorem 2.22. Let M = Ho(P.) 
and M’ = Ho(C;,). Then since Ho(P.) = Po/Im (Pi — Pp), there is a 
surjection Py — M and likewise a surjection Co — M’. So we wish to solve 
the following problem (i.e. fill in the dotted arrows so that the diagram 
commutes). 


On+1 8 O1 
—- n+1 ela ee Py, alee Pai > > Pı > Po $ > M > 0 
fni Ín Jazi fi fo p 
Y Y Y Y Y 
< — Cae — Cn —> Cn- Se ~ C1 ~ Co —> M' > 0 
dn+1 dn dı € 


Here the P; are projective, € is onto and the bottom sequence is exact. 
We construct f; by induction. 


Step 0. The map fo exists since Po is projective: 


Po 
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Step n. Suppose we have constructed fo, f1,--- , fn—1. The problem 
Pa 


Ini fn—108n 
ae 
Co ar ae ker dn—1 = > 0 


makes sense since dn—1 © fn-1 © On = fn—2 © On—1 © On = 0. Furthermore 
ker d,_1 = Im dy, since C, is acyclic, so the bottom map is onto. Then fn 
exists since Pa is projective. 

This completes the existence part of the fundamental lemma; we switch 
now to uniqueness up to chain homotopy. Suppose fx, gą are two choices of 
chain maps which induce y on Hp. 


On 0 
Pp, —— Pri —> + - P —— Py —— 


M -0 
Sn—1 so a 
a 3 f (7 
fn-—9n = Jfa-1~=9rn=] fı—gı S fo—go 
x a 
Cn => Cn-1 eae OO ae 
n 1 € 


Here we want to define maps sn : Pa > Cn+1, but contrary to our usual 
convention, we don’t want the diagram to commute, but instead we want s 
to be a chain homotopy, i.e. fo—go = d1089 and fn—gn = dn41°Sn+$n—1°0n 
for n > 0. 

We will construct a chain homotopy by induction on n. 

Step 0. Since e'o (fo — go) = (p — p) ° € = 0: Fy > Co, Im(fo — go) C 
kere’: Co = M’ = Im d; : C1 — Cp. 


Then sọ exists since Py is projective 
Po 
fo—go 


lai 


Cı Tae. kere ——> 0 


Step n. Suppose we have defined 


Sq Pe Coy, for q=0,--,n—1 
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satisfying fg — gq = dq+1Sq + S8q—10q for each q = 0,---,n—1 (s-ı = 0). 
Then the problem 


Pr 


fn-9n 
= 


Cı — kerd, —— 0 
dn+1 


makes sense, since 

dal fn — Gn — Sn—10n) z (fn-1 = Jn—-1)ðn — dnSn—10n 
(dnSn—1 + Si DO nt On — dnSn—10p, 
Sn—20n—10n = 0. 


Therefore Im (fn — gn — Sn—-1ôn) C ker dn = Im (dn+1 : Cn41 > Cn). Thus 
dn+1Sn = fn — Jn — 8n—190n, proving the induction step. 


This finishes the proof of the fundamental lemma. 


To show that our functors satisfy the remaining long exact sequence 
axioms we need the following lemma. 


Lemma 2.26 (Horseshoe lemma). Let0 — A — B — C — 0 be a short ex- 
act sequence of R-modules. Let P4 and Pg be deleted projective resolutions 
of A and C. Then there exists a deleted projective resolution Pg of B, fitting 
into a short exact sequence of chain complexes) —> Pa — Pg > Po — 0 
which induces the original sequence on Ho. 


Proof. We are given the following “horseshoe” diagram 


0 
Y 
E eee Pien Pr e Ami 
Y 
B 
d d m: 


where the horizontal rows are projective resolutions. We want to add a 
middle row of projective modules to obtain a commutative diagram with 
exact rows and short exact columns. Since Qn is projective, the columns 
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will split, and so Qn = Pa 6 Rn must go in the n-th slot in the middle. 
Furthermore we may assume that the maps P, —> Qn and Qn — Rn are the 
inclusion and projection maps, but the horizontal maps are yet unclear. 


Step 0. The problem 


has a solution ® since Rọ is projective. Let y : Qo —> B be y(p,r) = 
ie(p) — (r) where (p,r) € Qo = Po @ Ro andi: A— B. A diagram chase 
shows y is onto. Thus we have the commutative diagram 


0 0 
M Y 
> Pan CA + Pi 2. P) PA » 0 
M Y 
Qo — B — 0 
d TE y 
> Ry > > Ry > Ro T- C » 0 


OD « 
© 


Step n+1. Suppose inductively we have constructed the following commu- 
tative diagram with exact rows and columns. 
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0 0 0 0 
Y Y Y Y 

> Pan CERS + Pi O55 ph EA > 0 
y: Y Y y Y 
Qn > - Qı > Qo — B — 0 
Y P Y y Y t 

= Rn > - Ry -~ Ro — C — 0 
Y Y Y Y 
0 0 0 0 


Let Kn = ker(P, > Pn—1), Ln = ker(Qn > Qn-1) and Mn = ker(R, > 
Ry-1). We then have the diagram 


By Step 0 we can fill in the next column and horizontal arrow. We then 
splice this diagram with the previous one to obtain the inductive step. 


It is important to notice that the short exact sequence 0 — P4 > Pg > 
Po — 0 is not (necessarily) a split short exact sequence of chain complexes, 
even though each chain module is projective. (What might a projective 
object in the category of chain complexes be?) 


Corollary 2.27. Let0 — A— B — C — 0 be a short exact sequence of 
R-modules and let 0 — P4 — Pp — Po — 0 be a short exact sequence of 
deleted projective resolutions provided by the horseshoe lemma. Let N be an 
R-module. Then there are long exact sequences: 
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++ > Anyi(Pc@rN) > An(Pa®rN) > An(PB@RN) > Hn(Pc@rN) >- 


and 
--— H” (Homg(Pc, N)) > H” (Homg(Pg, N)) > H"(Home(P a, N)) 
> H"*(Homp(Pc, N)) > H”! (Homg(Pg, N)) >- 


Proof. Since we have a short exact sequence of deleted projective resolu- 
tions, in degree n, the short exact sequence 
0 > (Pa)n > (PB)n > (Pc) — 0 
is split, hence 
0 — (Pa 8r N)n > (PB @RN)n > (Po ƏR N)n > 0 
is split and hence exact. Thus 
0— PA 8RN > Pg rR N >Pc8rN>0 


is a short exact sequence of chain complexes; the zig-zag lemma gives the 
long exact sequence in homology above. We leave the cohomology proof as 
an exercise. 


We can finally safely make the following definition. 


Definition 2.28. 
1. Tor? (M, N) = Ha (Pm 8R N). 
2. Ext%(M, N) = H” (Homg(P m, N)). 


With these definitions, the existence theorem, Theorem 2.2 and the 
primed version, Theorem 2.6 follow from Corollaries 2.25 and 2.27. 


We have not proven that Ext®(M,N) = H”(Homg(M,Iyn)). This fol- 
lows by using injective versions of the fundamental lemma and the horseshoe 
lemma to show that the axioms are also satisfied here. For these facts, see 
any book on homological algebra, or, better, prove it yourself. Once we 
have defined tensor products and Hom for chain complexes, one can show 
Tor?(M,N) = H,(Pu Qr Py) and Ext% (M, N) = Homg(P m, In)); this 
is an intermediate way between resolving on the left and the right. 

Earlier in this chapter you were asked in an exercise to compute Tor(A, B) 
and Ext(A, B) for finitely generated abelian groups. Lest you learn all the 
theory without any examples, we give a way of stating the result. Let 
torsion(A) denote the subgroup of A consisting of elements of finite order. 
Then 

Tor(A, B) = torsion(A) ®z torsion(B) 
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and 
Ext(A, B) = torsion(A) &z B. 


Exercise 28. For any commutative ring R show that 
Ext% (A © B, M) = Ext} (A, M) @ Ext4,(B, M) 


and 
Tor? (A @ B,M) S Tor? (A, M) ® Tor? (B, M). 


Finally we quote from the famous exercise from Lang’s Algebra, Chapter 
IV ([21]): 

“Take any book on homological algebra, and prove all the theorems with- 
out looking at the proofs given in that book. 


Homological algebra was invented by Eilenberg-MacLane. General cate- 
gory theory (i.e. the theory of arrow-theoretic results) is generally known as 
abstract nonsense (the terminology is due to Steenrod). ” 


2.6. Universal coefficient theorems 


Let (C,,0) be a chain complex over a ring R. Then there is an evaluation 
map 


Hompr(Cy, M) x Cg > M 
(f,2) = (2). 


You have already come across this pairing in Exercise 11 and have shown 
that this pairing passes to the Kronecker pairing 


(, ): H9(C,;M) x Hy(C.) > M 


of cohomology with homology. This pairing is bilinear, and its adjoint is a 
homomorphism 
H4(C,, M) > Hom(H,(C.); M). 

The example following Exercise 11 shows that this adjoint need not be an 
isomorphism. To understand the kernel and cokernel of this map is a sub- 
tle question. Universal coefficient theorems among other things provide a 
measure of how this adjoint fails to be an isomorphism in terms of the de- 
rived functors Ext? and Torą. The answer can be quite difficult for general 
commutative rings and arbitrary chain complexes. 


We will answer the question completely when R is a P.I.D. and C, is a 
free chain complex. In this case H4(C,, M) — Hom(H,(C;); M) is surjective 
with kernel Ext(Hy-1(C.), M). This will cover the topological situation in 
the most important cases of coefficients in the integers or in a field, since 
the singular and cellular complexes of a space are free. 
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Theorem 2.29 (universal coefficient theorem for cohomology). Let R be a 
principal ideal domain. Suppose that M is a module over R, and (Cx, 0) is 
a free chain complex over R (i.e. each Cq is a free R-module). 


Then the sequence 
0 > Extr(Ay-1(C.), M) > H%(C,; M) — Hom(H,(C,),M) — 0 


is exact, and natural with respect to chain maps of free chain complezes. 
Moreover, the sequence splits, but not naturally. 


We will give a proof of this based on the concept of an exact triangle. 


Definition 2.30. An exact triangle of R-modules is a diagram of R-modules 


a 


satisfying ker(3) = Im (a), ker(y) = Im (8), and ker(a) = Im (7). 


Similarly one defines an exact triangle of graded R-modules A,, B,,C, 
(see Definition 3.1). In this case we require the homomorphisms a, (3, and y 
each to have a degree; so for example if œ has degree 2 then a( Ag) C Ag+2. 

The basic example of an exact triangle of graded R-modules is the long 
exact sequence in homology 


H,(A 


ix 


are. 


- H(X) 
ie 
H,(X, A) 


For this exact triangle ią and ją have degree 0, and ô has degree —1. 
Exercise 29. Suppose that 


0 -E —— A a - B — F -0 


is a diagram with the top row exact and the triangle exact. Prove that there 
is a short exact sequence 


ok! jT to 
ip a 


State and prove the graded version of this exercise. 


Proof of Theorem 2.29. There is a short exact sequence of graded, free 
R-modules 


(2.1) O27, 40, Sa 
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where Z4 denotes the q-cycles and B, denotes the q-boundaries. The homo- 
morphism 7 has degree 0 and ð has degree —1. This sequence is in fact a 
short exact sequence of chain complexes where Z, and B, are given the zero 
differential. 

Since the sequence (2.1) is an exact sequence of free chain complexes, 
applying the functor Hom(—, M) gives another short exact sequence of chain 
complexes 


0 > Hom(B,, M) 25 Hom(C,, M) Š Hom(Z,, M) — 0 


Applying the zig-zag lemma we obtain a long exact sequence (i.e. ex- 
act triangle) in homology, which, since the differentials for the complexes 
Hom(B,,.M) and Hom(Z,, M) are zero, reduces to the exact triangle 


Hom(Z,., M) > Hom(B,, M) 
(22) “ee 
H*(C,; M) 


There is also short exact sequence of graded R-modules 
(2.3) 0) Bi 7. Hoi 
coming from the definition of homology, that is 
Z, = ker ð : Cy > Cy, 
B, = Im ô : Cy > Cy, 
and 
H, = H,(C,) = Zx/ Bx. 


Notice that in the sequence (2.3), Bą and Z, are free, since R is a P.I.D. 
and these are submodules of the free module C,. Thus using the second 
axiom E2) of Theorem 2.2 and using the fact that Ext(Z,,M) = 0 we 
obtain an exact sequence 


(2.4) 

0 > Hom(H,,M) > Hom(Z,, M) 2+ Hom(B,, M) > Ext(H,, M) > 0. 
Exercise 30. Complete the proof of the universal coefficient theorem as 
follows. 


1. Show, taking special care with the grading, that the homomorphism 
ô of the exact triangle (2.2) coincides with the homomorphism j* of 
(2.4). Thus there is a commutative diagram 
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0 > Hom(H,, M) > Hom(Z., M) 25 Hom(B,, M) > Ext(H., M) > 0 
N Lo" 
H*(C,, M) 


obtained by putting together (2.2) and (2.4). 


2. Apply Exercise 29 to obtain a short exact sequence of graded R- 
modules 


0 > Ext(H,,M) > H* (Cx; M) — Hom( H., M) —> 0. 


Verify that the map H*(C,; M) — Hom(H,, M) is induced by evalu- 
ating a cochain on a cycle. 


3. By taking the grading into account, finish the proof of Theorem 2.29. 


Corollary 2.31. If R is a field, M is a vector space over R, and C, is a 
chain complex over R, then 


H (Cx; M) = Hom(H,(C.), M). 


Moreover the Kronecker pairing is non-degenerate. 


Applying the universal coefficient theorem to the singular or cellular 
complexes of a space or a pair of spaces one obtains the following. 


Corollary 2.32. If (X,A) is a pair of spaces A C X, Ra PID, M a 
module over R, then for each q the sequence 


0— Extr(Hy_-1(X, A; R), M) — H?! (X, A; M) — Hom(A,(X, A; R),M)— 0 


is short exact, natural, and splits (though the splitting is not natural). 


Exercise 31. Let f : RP? — S? be the map pinching the 1-skeleton to a 
point. Compute the induced map on Z and Z/2 cohomology to show the 
splitting is not natural. 


The most important special case of the universal coefficient theorem for 
cohomology is its use in the computation of H4(X) (cohomology with in- 
teger coefficients). For an abelian group A, we have denoted the torsion 
subgroup (i.e. the subgroup of finite order elements) by torsion(A). Let 
free(A) = A/torsion(A). Then for space X whose homology is finitely gener- 
ated in every dimension (e.g. a finite CW-complex), the universal coefficient 
theorem shows that 


H(X) = free(H,(X)) © torsion(Hg-1(X)). 
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Another formulation is is to define the dual of an abelian group A by 
A* = Hom(A, Z) and the torsion dual A^ ~ Hom(A, Q/Z), then the uni- 
versal coefficient theorem says that 
H(X) = H(X )* @ (torsion(Hy-1(X)))~. 
The right hand side is then a contravariant functor in X but the isomorphism 
is still not natural. 


There are other universal coefficient theorems, for more complicated 
rings, and other algebraic situations. Knowing these can speed up compu- 
tations. A useful example is the following theorem. (See [36, pg. 246] for a 
proof.) 


Theorem 2.33. If R isa P.IL.D., M is a finitely generated R-module, and 
C, is a free chain complex over R then there is a split short exact sequence 


0 > H4(C,) ®@ M > H4(C,; M) > Tor?” (H+! (C,), M) > 0. 


Notice the extra hypothesis that M be finitely generated in this state- 
ment. 


There are also universal coefficient theorems for homology, and we turn 
to these now. The following universal coefficient theorem measures the dif- 
ference between first tensoring a complex with a module M and then passing 
to homology versus first passing to homology and then tensoring with M. 


Theorem 2.34 (universal coefficient theorem for homology). Suppose that 
R is a P.I.D., Cy, a free chain complex over R, and M a module over R. 
Then there is a natural short exact sequence. 


0 > H,(C.) ®@ M > H,(C, @ M) — Tor? (H-1 (C4), M) > 0 


which splits, but not naturally. 


Sketch of Proof. The proof is similar to the proof given above of Theorem 
2.29. As before, there is a short exact sequence of chain complexes 


0 —> Z, > C, > B, — 0 


which remains exact when tensoring with M, since By, is free. 
Applying the zig-zag lemma to the tensored sequence one obtains the 
exact triangle 


B.8& M + Z489 M 


(2.5) Tat wee 


H,(C,;M) 
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The short exact sequence of graded R-modules 
0— B, > Z, > H,(C,) - 0 
gives, using axiom T2) of Theorem 2.2, an exact sequence 


(2.6) 0 — Tor(A,(C.),M) > B ® M > Z: 8 M > H,(C,) 9 M > 0. 


Assembling the triangle (2.5) and the sequence (2.6) as in Exercise 29 
one obtains the short exact sequence 


0 > H,(C,) 9 M > H,(C.; M) > Tor( H, (C), M) > 0. 


Taking the grading into account finishes the proof. 


Corollary 2.35. If (X,A) is a pair of spaces A C X, Ra PID, M a 
module over R, then for each q the sequence 


0 — H,(X, A; R) 9 M > H,(X, A; M) — Tor? (H-1 (X, A; R), M) = 0 


is short exact, natural, and splits, but not naturally. 


There is another universal coefficient theorem for homology (see [36, pg. 
248] for the proof). It addresses the question of how a different version of 
the Kronecker pairing fails to pass to a perfect pairing on (co)homology. 


In this case, the pairing 

Hompr(C,, R) x (C, 8 M) > M 

is defined by 
(f,z@m) f(z)-m. 

This pairing passes to a pairing on homology 

H4(C,; R) x Ha(C 8 M) > M. 
Taking the adjoint yields the homomorphism 

a: H,(C, ® M) — Homg( H4 (C4), M). 


The following theorem computes the kernel of this homomorphism if R 
is a P.I.D. and C, has finitely generated homology. 


Theorem 2.36. Let R be a P.I.D., C, a free chain complex over R such 
that Hg(C,) is finitely generated for each q, and let M be an R-module. 
Then the sequence 


0 > Exth( H (Cx), M) > H,(C.; M)  Hom(H4(C,), M) — 0 


is short exact, natural, and splits. 
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As an application of the universal coefficient theorems we can identify 
the different versions of the Betti numbers of a space. Recall that the q-th 
Betti number 6,(X) of a space X is the rank of H(X; Z). Since Q and R 
are flat abelian groups (see Exercise 27) Tor(—, Q), Tor(—, R), Ext(—, Q), 
and Ext(—,R) all vanish. This implies the following. 


Corollary 2.37. The following numbers are all equal: The Betti number 
ba( X), dima Hy(X;Q), dimpHy(X;R), dimaH"(X;Q), and dimr H(X; R)). 


In particular if X is a compact smooth manifold, by the above corollary 
and DeRham cohomology we see the q-th Betti number is the dimension of 
the real vector space of closed g-forms modulo exact g-forms. 


Example. Since H,(RP?;Z) = Z,Z/2,0,... for q = 0,1,2,..., by the 
universal coefficient theorem H,(RP?;Z/2) = Z/2,Z/2,Z/2,0,... for q = 
0,1,2,3,... and H9(RP?; Z) = Z,0,Z/2,0,... for q = 0,1,2,3,... What 
is the geometric meaning of the torsion? Let œ be a cycle representing the 
generator of Hı(RP?; Z), e.g. a is a “half-equator”. Then 2a = 0G. The 
generators of Hı(RP?; Z/2) and H2(RP?;Z/2) are represented by a & 1 
and 3 ® 1 respectively. A representative of the generator of H?(RP?; Z) is 
represented by a cocycle w where w(8) = 1. 


2.7. Projects for Chapter 2 


2.7.1. The acyclic models theorem and the Eilenberg-Zilber map. 
First state the acyclic models theorem very carefully. 


Theorem 2.38 (acyclic models theorem). Suppose that (A,M) is a cate- 
gory with models. Let C the category of augmented chain complexes over R. 
Let F, F' : A — C be functors so that F is free and F’ acyclic. Then there 
exists a natural transformation ® : F — F” unique up to chain homotopy. 
In particular, if both F and F' are free and acyclic, then F and F' are 
chain equivalent and any natural transformation between them is a chain 
equivalence. 


In this theorem A is a category, for example the category TOP of spaces 
or the category TOP? consisting of pairs (X,Y) where X and Y are spaces 
(but Y need not be a subspace of X), and M is a fixed collection of objects 
of A. The functor F : A — C is called acyclic if F(M) is an acyclic chain 
complex for each model M € M; it is called free if for every X € A, the chain 
groups F(X) are free with basis contained in the set {Fy(u)Fg(M)|M € 
M,u € Hom(M, X)}. 
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Then describe the functors 
(X,Y)H S,(X xY) 
and 
(X,Y) => S,(X) 8 SY) 
and show that they are both free and acyclic. Conclude the Eilenberg—Zilber 
theorem, Theorem 3.4. Prove the acyclic models theorem. 


If time is left, prove the homotopy axiom for homology and cohomol- 
ogy: homotopic maps give chain homotopic maps on the singular chains. 
References include [13, pg. 265-270]. Also see [36]. 


Chapter 8 


Products 


The theory of products in the homology and cohomology of a space comes 
about by combining two basic constructions. The first is purely algebraic; 
one forms the tensor product of chain complexes and their dual cochain com- 
plexes and studies their relationships. The second construction is topological 
and applies to the singular complex of a space. It is a natural chain homo- 
topy equivalence between the singular chain complex S,(X x Y) and the 
tensor product of S,X and S,Y. This result is called the Eilenberg-Zilber 
theorem and it is a consequence of the acyclic models theorem. 


3.1. Tensor products of chain complexes and the 
algebraic Künneth theorem 


We begin with a discussion about tensor products and Hom of graded R- 
modules. 


Definition 3.1. 


1. A graded R-module A, can be thought of either a collection of R- 
modules {Ay},ez, or as a module A = @, Ap with a direct sum 
decomposition. 

2. A homomorphism of graded R-modules is a element of ] [, Hom(A,x, By). 


3. The tensor product of graded R-modules A, and B, is the graded 
R-module 


(A. @ Ba)n = > (Ap ® By). 
p+q=n 
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4. Define Hom(A,, Bx) to be the graded R-module, with 
Hom(A,, Ba)n = II Hom(Ax, Bryn). 
k 
The functors — ® B, and Hom(B,,—) are adjoint functors from the 
category of graded R-modules to itself. 


5. A graded ring is a graded abelian group R, together with a (degree 
zero) map 


which is associative in the sense that (ab)c = a(bc) where we write ab 
for the image of a® b. Alternatively, a graded ring can be thought of 
as a ring R with a direct sum decomposition R = @ Rx, satisfying 
Rpg: Rı C Rkp 

6. A graded ring is commutative if 

ab = (—1)!2llloa, 

where a € Ri, and b € Ry. 

7. A graded module M, over a graded ring Rx is a module over R satis- 
fying Rk: Mı C Mgt. 


We apply these constructions to chain complexes. Let (C4, ô) and (C1, 8L) 
be two chain complexes. We allow Cy and C% to be nonzero for any q € Z. 


Definition 3.2. The tensor product chain complex, (Cy  C!, d) is defined 
by taking the tensor product of the underlying graded modules, so 


(Cs ® CL)n = T Cp 8 Cy 


and giving it the differential 
d(z & w) = 0z@w+t(-1)’z2@0d'w, if z €Cp. 
(The differential d is sort of a “graded derivative;” it satisfies the product 
rule by definition.) 
One computes: 
Ê(z 8w) d(dz Q w + (—-1)?z @ Ow) 
Az @ w + (-1)? 10z @ Ow 
+(-1)?0z @ Ow + (—1)”z Q aw 


= 0. 
Thus (C, & C., d) is indeed a chain complex. 


One geometric motivation for this construction is the following. If X and 
Y are CW-complexes with cells {e;} and {fj} respectively, then X x Y is a 
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CW-complex with cells {e; x fj}. The cellular chain complex C,(X x Y) can 
be identified with (i.e. is isomorphic to) the tensor product C,(X) @C,(Y). 


The question we wish to understand is: To what extent and how does the 
homology of C, and C’, determine the homology of C, & Ci? A connection 
between the two is provided by the algebraic homology cross product. 


Exercise 32. If C,,.D, are chain complexes, there is a natural map 
Xag : HpCs © HyDs > Hp+q(Cx ® Dx). 
called the algebraic homology cross product defined by 
[z] 8 [u] > [z 8 u]. 
Write [z] Xag [w] (or just [z] x [w]) for |z @ w]. 


The following theorem measures the extent to which this map is an 
isomorphism, at least if the ground ring R is a P.I.D.. 


Theorem 3.3 (Künneth exact sequence). Suppose Cx, Dy are chain com- 
plexes over a P.I.D. R, and suppose Cy is a free R-module for each q. Then 


there is a natural exact sequence 
Xa 
0 + © H,(C.)®@H(D.) Hp (C.D) > © Tor? (Hp (Cx), Hq—1(Dx)) 0 
ptq=n p+q=n 


which splits (non-naturally). 
Proof. The proof is similar to the proof of the universal coefficient theorem 


(Theorem 2.29), and so we only sketch the argument, leaving details, notably 
issues about the grading, to the reader. 


Setting Zy = ker ð : Cy — Cy_1 and By = Im 0: Cq41 — Cy we obtain 
the short exact sequence 
(3.1) (ag CS ah 


which we view as a short exact sequence of free chain complexes by giving 
Z, and B, the zero differential (the modules Z, and By are free since they 
are submodules of the free module Cy and R is a P.I.D.). 


Since B, is free, tensoring the short exact sequence (3.1) with D, yields 
a new short exact sequence of chain complexes. 


(3.2) 0 — Z: ® D; > C; ® Dy > By, ® D; — 0. 
Since the differential in the chain complex Z, is zero, the differential 
0 : Zx Q Dy —> Zx Q Dx reduces to 
zd (-1)Flz @ dd 
and so passing to homology one gets 
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Similarly 


Thus, the long exact sequence in homology obtained by applying the 
zig-zag lemma to the complex (3.2) reduces to the exact triangle 


(3.3) Ss. a 


On the other hand, applying Theorem 2.2 to the tensor product of the 
short exact sequence 


0— B, > Z, > H,(C.) > 0, 
with H,(D,) yields an exact sequence 
(3.4) 
0-Tor(H,.(C.),H(Dx))-B,® Hy (D,)-Z,.® Hy (D) >H. (Cx) ® Hx (D,.)0. 


Combining (3.3) and (3.4), applying Exercise 29, taking care with the 
grading, and chasing down the definitions of the maps induced finishes the 
proof. 


3.2. The EKilenberg-Zilber maps 


Recall the statement of the Eilenberg-Zilber theorem. Until further notice, 
homology and cohomology with coefficients in a ring R is understood, and 
we omit writing “; R”. 


Theorem 3.4 (Eilenberg-Zilber theorem). Let TOP? be the category whose 
objects are pairs of spaces (X,Y) (we do not assume Y C X), and mor- 
phisms are pairs (f : X' + X,g : Y' — Y) of continuous maps. Then the 
two functors 


F: (X,Y) S,(X xY) 
and 
F': (X,Y) + S,(X) @ S,(Y) 


from TOP” to the category of chain complexes are naturally equivalent, i.e. 
there exist natural transformations A: F — F' and B : F' — F so that for 
any pair (X,Y) the composites 


SX x Y) 4 SX) @ SY) È SX xY) 
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and 

SOSLAN ASKO SY 
are chain homotopic to the identity. Moreover, any two choices of A (resp. 
B) are naturally chain homotopic. 


In particular, there exist natural isomorphisms 
An(X x Y) > Hn(S(X) @ S(Y)) 


for each n. 


The proof of this theorem is an easy application of the acyclic mod- 
els theorem. See the project on the acyclic models theorem at the end of 
Chapter 2. 


The natural transformations A and B determine chain homotopy equiv- 
alences 
A: S,(X x Y) > S,(X) ® SY) 
and 
B : S(X) @ SY) > S(X xY) 
for any pair of spaces X and Y. We will call these maps the Filenberg-Zilber 
maps. 

The confusing, abstract, but important point is that A and B are not 
canonical, but only natural. That is, they are obtained by the method of 
acyclic models, and so constructed step by step by making certain arbitrary 
choices. However, these choices are made consistently for all spaces. 


In what follows, we will show how a choice of A and B determines 
natural additional structure, namely products, on the singular complex and 
homology of a space. But you should keep in mind that all the constructions 
depend at core on the non-canonical choice of the transformations A and B. 


An alternative approach to this material is to just give specific formulas 
for A and B. It is easy to imagine a chain map B : S,(X) 8 S&(Y) > 
S,(X x Y). Given singular simplices o : Ap > X and 7 : Aq > Y, there 
is the product map o x T : A, x Aq —> X x Y. Unfortunately the product 
of simplices is not a simplex, but it can be chopped up into a union of 
p+gq-simplices (consider a square chopped into triangles or a prism chopped 
into tetrahedra.) Then one could choose B(o ® 7) to be a sum of singular 
p + q-simplices — the “shuffle product”. 

It is harder to imagine a candidate for the reverse map A : S,(X x 
Y) > S,(X) @ S,(Y), but one can do this explicitly using projections to 
X and Y — the “Alexander-Whitney diagonal approximation”. However, 
even if one constructs the maps A and B explicitly, they will only be chain 
homotopy equivalences, not isomorphisms; S+(X x Y) is simply bigger than 
SX) 8 S4(Y). 


56 3. Products 


In any case, invoking a technical formula can obscure the point of a con- 
struction (just look at any page of a differential geometry book for evidence 
of this principle). Thus for what follows, fix a natural transformations A 
and B whose existence is asserted in Theorem 3.4. Each product on chain 
complexes constructed below depends on the choice of A or B, but this 
dependence disappears when passing to homology and cohomology. 


3.3. Cross and cup products 
3.3.1. The homology cross product and the Kiinneth formula. Ex- 
ercise 32 implies that the natural map 

Xag : HpX ® HY — Apig(SiX D SY) 


given on the chain level by [a] & [b] +> [a & b] is well-defined. Denote by Bx 
the isomorphism induced by the Eilenberg-Zilber map on homology, so 


B, : Ha(S(X) @ SY )) > H:(S(X x Y)) = H(X xY). 
Composing Xaig with B,, we obtain 
x : HX @ HY > Ayig(X x Y). 
Definition 3.5. Ifa € H,X, 6 € H,Y, the image of a & 8 under this map 
is called the homology cross product of œ and 8, and is denoted by a x £. 
The Eilenberg-Zilber theorem has the following important consequence. 
Theorem 3.6 (Künneth formula). If R is a P.I.D., there exists a split ez- 


act sequence 


—1 
0— © H X ® Hn-pY > Hy(X xY) > Tor(HpX, Hn-1-pY) > 0. 
p=0 p=0 


The first map is given by cross products. 


Proof. This follows easily by combining the the Künneth exact sequence 
(Theorem 3.3) to the free chain complexes S,X and S,Y with the Eilenberg- 
Zilber theorem. 


Corollary 3.7. If R is a field, then 
AX x Y) = F(X) 8 H.(Y). 


Exercise 33. Compute H,(RP? x RP?), both with Z and Z/2-coefficients. 
Give a geometric interpretation of the class coming from the Tor term in 
the Künneth formula. 


The Künneth formula implies that if R is a P.I.D.,ax 86 #0ifa #0 
and 8 £0. 
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3.3.2. The cohomology cross product. Let C, and D, be chain com- 
plexes over a ring R and let C* and D* be the dual chain complexes 
Hompr(C,., R) and Hompr(D., R) respectively. 


Exercise 34. If C,,.D, are chain complexes, there is a natural map 
x8; H°C* @ HiD* > H?*4((C, & D,)*) 


defined by [a] 8 [8] — [So zi 8 wits dS a(z) - B(w;)]. In this formula if a 
and z; are of different degrees, then a(z;) is zero, and likewise for (wi). 
The notation a(z;) - G(w;) refers to multiplication in the ring R. 


This map is called the algebraic cohomology cross product. 


Applying this product to the singular complexes we see that for any 
spaces X and Y we have a map 


x8: HPX @ HIY > H?+4((S,X @ S,Y)*) 


Using the Eilenberg-Zilber theorem we can further map to H?*4(X x Y). 
Explicitly, the dual of the Eilenberg-Zilber map A: S,(X XY) > S,X@S,Y 
is a chain homotopy equivalence A* : (84X @ S,Y)* — S*(X x Y). Passing 
to cohomology one obtains an isomorphism 


A* : H*((S.X Q S,Y)*) > H*(X x Y). 


This map is independent of the choice of Eilenberg-Zilber map A since any 
two are naturally chain homotopic. (We will be somewhat casual with no- 
tation and denote by A* the dual of A as well as the induced map on co- 
homology. This should not cause any confusion and will keep the notation 
under control.) 


Definition 3.8. If a € HPX, b € HIY, the image of a & b under the 
composite 
al. * 
HPX @ HIY XE HP+4((8,X 8 S.Y)*) 45 H*(X xY) 
map is called the cohomology cross product of a and b, and is denoted by 


axb. 


3.3.3. The cup product. Combining the the diagonal map A: X — 
X x X, x +> (a,x) with the cross product leads to the important cup 
product: 


Definition 3.9. If Ifa € HPX, be H1X, then the cup product of a and b 
is defined by a Ub = A*(a x b) € HP+*4 X. 


To review, the cup product gives a homomorphism 


HPX & HIX — HP™1X, a&bmaUb. 
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It is defined as the composite 
al * * 
HPX @ HIX E, HP+9((S,X 9 S,X)*) 2 HPX x X) SS Hrt 
where the first map is given by x®!8, the second by the dual of the Eilenberg- 
Zilber map A and the third by the diagonal map. 


It is usually more intuitive to think of the cup product as a bilinear 
pairing 
U: HPX x HIX > HTX, 
by precomposing with the canonical map HPX x HIX — HPX @ HYX. 


The next lemma shows the cross product determines the cup product 
and conversely the cup product determine the cross product. Both are 
functorial. 


Lemma 3.10. Let f : X' = X and g : Y' — Y be continuous maps. Let 
a,b € H*X and c€ H*Y. 
1. aUb = A* (a x b) 
2.axc=pyaUpyec, where px and py are the projections in X x Y. 
3. f*(aUb) = f*a U f*b. 
A. (f x g)*(a x c) = f*ax g*c 


Proof. We prove these in reverse order. 4.) follows from the naturality of 
the Eilenberg-Zilber map and the algebraic cohomology cross product with 
respect to pairs of maps (f : X’ > X,g:Y’— Y). 
3.) follows since 
fau f*b = A*(f*ax f*b) 
= A*(f x f)” (ax b) 
= ((fx f)o A) (ax b) 
= (Ac f)" (axb) 
= fr(A*(ax b)) 
= f*(aUb). 
2.) follows since 
pxaUpýc = AXxyy(pxa x pyc) 
= Ax xy((px x py)” (a x c)) 


= ((px x py)oAxxy)*(@ x c) 
= Idy,y(a x c). 


1.) is the definition of cup product. 
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At this point it is convenient to introduce the concept of a diagonal 
approximation. 


Definition 3.11. A diagonal approximation T is a chain map 
T : Sa X — SX Q SX 
for every space X, so that 


1. Tr(a) = o Q o for every 0-simplex o. 


2. T is natural with respect to continuous maps of a spaces. 


Now the functor S,X is free on the models {A”} and S,X @ S,X is 
acyclic on these models, so the acyclic models theorem says that there exists 
a diagonal approximation and any two such are natural chain homotopic. 
If A is an Eilenberg-Zilber map and A: X — X x X is the diagonal map, 
then tr = AoA, is a diagonal approximation. Thus we can rephrase the 
definition of the cup product 


aUb = T* (a x8 b). 


Lemma 3.12. A choice of Eilenberg-Zilber map A: S4(X x Y) > S,(X)® 
S.(Y) determines a diagonal approximation T : S,X > S,X 8 SX by the 
formula 

T=AoAl,. 


Conversely, a diagonal approximation T determines an Eilenberg-Zilber 
map A by the formula A = (py ® py) oT, that is, as the composite 


Sy(X x Y) —Z— 54(X x ¥) @ G(X x V) PZ 5, (x) @ S,(Y). 


Proof. Given an Eilenberg-Zilber map A, clearly Ao A, is a diagonal ap- 
proximation. 

Conversely, the map (py ® py) 7 is a natural transformation from the 
functor F : (X,Y) S$,(X xY) to the functor F” : (X,Y) S,(X)@S,(Y). 
By the uniqueness part of the Eilenberg-Zilber theorem, this must be an 
Eilenberg-Zilber map. 


In light of Lemma 3.12, we see that the cup product and the cohomology 
cross product could just as well have been defined starting with a diagonal 
approximation. We will use 7 or A depending on which one leads to simpler 
notation, using the formulas of Lemma 3.12 to pass between the two. 


The following theorem says that H*X is a graded commutative ring with 
unit. (Remember, coefficients in a commutative ring R are understood.) 
Part 3.) of Lemma 3.10 shows that a map of spaces f : X — Y induces a 
map f* : H*Y — H*X of graded rings. 
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Theorem 3.13. 
1. Let 1 € H°(X) be represented by the cocycle which takes every singu- 
lar 0-simpler to 1 € R. ThenlUa=a=avul. 
2. (aUb)Uc=aU(bUc). 
3. aUb = (—1)"lblb Ua. Here |a| represents the degree of A, i.e. a € 
HX. 


Proof. All three parts involve the uniqueness part of the method of acyclic 
models. 


1. Represent 1 € HOX by the cochain 1 € SVX. The algebraic co- 
homology cross product is represented on the chain level by the canonical 
identification 


xe. C* @ D* — (C, 8 D,)*. 
Consider the natural transformation of functors 
C : S*X — S*X 
defined by 
C(a) =7*(1 x” a). 
This induces the identity map on H®; if o is a singular 0-simplex, then 
Cla)(o) = T*(1 x" a)(a) 
= (1x8 a)(r(0)) 
(1 x" a)(o 80) 
l(a) - alo) = a(o). 


Since S*X is free and acyclic on the models {A?}, the map C must be 
naturally chain equivalent to the identity by the acyclic models theorem. 
Passing to cohomology gives 1. 


2. The compositions of Eilenberg-Zilber maps 
SX @ SY D SZ > G(X xY) @S,7 SX x Y xZ) 
SX Q SY D SLZ > SX D SY x Z) > SX xY xZ) 


are natural transformations of functors on TOP? (triples of spaces), which 
are free and acyclic on the models {A?, A4, A"}. They induce the same map 
on Hp so must be naturally chain homotopic. Associativity follows. 
3. The key observation here is that for chain complexes C, and D,, the 
interchange map 
T : C 8 Dy > Dy ®C, 


zwr (-1)4llMlw @ z 
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gives an isomorphism of chain complexes. Let S: X x Y — Y x X be the 
geometric switch map S(x,y) = (y,x). Thus the Eilenberg-Zilber maps 


To A: S(X x Y) > Y @ SX 


AoS,:54(X x Y) > SLY @ SX 
are naturally chain homotopic by the uniqueness part of the acyclic models 
theorem. The result follows. 


More explicitly, if S is the switch map on X x X, note that 
SoA=A:X—X xX. 
Thus 
aUb = A*(a~xb) 
= NS aed) 
= A*S*A* (a x72 b) 
= A*(AoS)*(a x” b) 
= A*(To A)*(a x™8 b) 
= (—1)lellbl A* A* (b x alg a) 
= (-1) lla U a. 


Exercise 35. Give another proof of the graded commutativity of the cup 
product as follows. Let T : SX QS, X — SX @S,X be the algebraic switch 
map, z Qy | (—1)!*l¥ly @ x. Show that if r is a diagonal approximation, 
so is Tor. Use this to show that H*X is graded commutative. 


Sometimes one wishes to use products on homology and cohomology 
with coefficients in various R-modules. The following exercise shows how to 
accomplish this. The basic idea is that multiplication in the ring R was used 
in the in the definition of cup products (in fact in the definition of x®8), 
and so when passing to more general modules an auxiliary multiplication is 
needed. 


Exercise 36. If M,N, P are R modules, and M x N — P a bilinear map, 
show how to construct a cross product 


x : H?(X;M) x HY(Y; N) > HP™(X x Y; P) 
and a cup product 


U: H?(X;M) x H(X; N) > Ht4(X; P). 
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3.3.4. The cap product. Recall that the Kronecker pairing is a natural 
bilinear evaluation map (sometimes called “integration” by analogy with the 
deRham map) 


Cin) fa x SX >R 
defined for a € 91X, z € Sp X by 


ug a if p=4, 


0 otherwise. 


This pairing can be extended to a “partial evaluation” or “partial inte- 
gration” map 


E : S*X @ SX @ SX 4 SX 
by “evaluating the first factor on the last factor”, i.e. 
E(a®z®@w)=a(w) @z. 
We will define the cap product on the chain level first. 
Definition 3.14. The cap product 
SI(X) x Sp4q(X) > Sq(X) 
is defined for a € S9(X), z E€ Spig(X) by 
aNz = E(a@AoA,(z)). 


The definition can be given in terms of a diagonal approximation T 
instead of the Eilenberg-Zilber map A: 


aNz = E(a@r(z)). 
Lemma 3.15. Fora € SIX, z E Sp X, 


ala N z) = (—1)Pa N z +a N dz. 


Proof. Suppose T(z) = ` z; ® y; so that |z;| + |y:| = p +q. Then since a 
only evaluates non-trivially on chains in degree q, we have 


ala N z) 


JE(a®@ r(z)) 


= 0 `> a(yi) ti 


lyil=q 


= `> a(yi) - Ox; 


lyil=a 
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and 
danz = E(da@r(z)) 
= > ða(yi) + Ti 
= bD a(Oy;) + xi. 
lui =q+1 
Moreover, 


andz = E(ļlagr(ðz)) 
= E(a® 0r(z)) 
= E(e@()_ dx y+ > (-1)!2; 8 dy) 
= So alyi)-d0i+ SY > (-1)?ta(dyi)- xi 
lyil=@ \ys|=q+1 
= lanz) + (1)! (őa)N z. 


Lemma 3.15 immediately implies: 
Corollary 3.16. The cap product descends to a well defined product 
N: HIX x Hp+X > HX 
(a), [2]) => [an 2] 
after passing to (co)homology. 


Exercise 37. Let a,b € H*X and z € A,X. Show that 

1. (a,b N z} = (a U b, z). 

2. aN (bN z) = (a Ub) Nz. 
Thus the cap product makes the homology H,(X) a module over the ring 
H*(X). 


3.3.5. The slant product. We next introduce the slant product which 
bears the same relation to the cross product as the cap product does to the 
cup product (this could be on an SAT test). Again we give the definition 
on the chain level first. 


Definition 3.17. The slant product 
\ : $Y) x Spral X x Y) > $p(X) 
is defined for a € SY, and z € Spig(X x Y) by 
a\z = E(a® A(z)) € SpX 
Where A: S,(X x Y) —> S,(X) 8 S.(Y) is the Eilenberg-Zilber map. 


64 3. Products 


Similar arguments to those given for the other products given above 
show that 
(a, b\z) = (a x b, z) 
for all a € SIY and that passing to (co)homology one obtains a well-defined 
bilinear map 
\ ERY x yg X x Y) > HX. 


If M,N,P are R modules and M x N — P a bilinear map, one can 
define cap products 


N: H9(X; M) x Hp+(X; N) > H(X; P) 
and slant products 
\: H1(Y; M) x Hp4(X x Y; N) > H(X; P). 
(See Exercise 36.) 


There are even more products (the book by Dold [8] is a good reference). 
For example, there is another slant product 


/: HPX x Y) x HY > HPX. 


Often one distinguishes between internal products which are defined in terms 
of one space X (such as the cup and cap products) and external products 
which involve the product of two spaces X x Y. Of course, one can go back 
and forth between the two by thinking of X x Y as a single space and using 
the two projections px and py and the diagonal map A: X > X x X. 


3.4. The Alexander-Whitney diagonal 
approximation 


When considered on the chain level, the various products we have defined 
above do depend on the choice of Eilenberg-Zilber map A: S,(X x Y) > 
S,(X) @ S,(Y). Only by passing to (co)homology does the choice of A 
disappear. It is nevertheless often useful to work on the chain level, since 
there is subtle homotopy-theoretic information contained in the singular 
complex which leads to extra structure such as such as Steenrod operations 
and Massey products. 


We will give an explicit formula due to Alexander and Whitney for a 
specific choice of A. This enables one to write down formulas for the products 
on the chain level, and in particular gives the singular cochain complex of a 
space an explicit natural associative ring structure. 


Definition 3.18. Given a singular n-simplex ø : A” — X, and integers 
0 < p,q < n, define the front p-face of o to be the singular p-simplex 
po : AP —> X 

pa(to,... tp) = a(to,... ,tp,0,... OY 
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and the back q-face of o to be the singular q-simplex og : A1 — X 
Coy Ege ta) =a(0,... ,0,t0,... ta): 
Let px : X x Y — X and py : X x Y — Y denote the two projections. 
Definition 3.19. The Alezrander- Whitney map 
A: S,(X x Y) > S,(X) 8 S,(Y) 


is the natural transformation given by the formula 


A(o) = >D p(Px 07) ® (py © @)q. 
pt+q=n 
Thus 
A: Sn( X x Y) —> (SX 8 SkY )n = e Sp X 8 SqY. 
p+q=n 

The Alexander-Whitney map A is a natural chain map since it is given 
by a specific formula involving geometric simplices which is independent of 
the choice of X and Y. 


Exercise 38. Show directly that A induces an isomorphism on Ho. 


From the uniqueness part of the Eilenberg-Zilber theorem, it follows that 
A is a chain homotopy equivalence, and can be used to define cross products 
and cup products. (This illustrates the power of the acyclic models theorem; 
the naturality of the Alexander-Whitney map and the map on Ho suffice to 
conclude that A is a chain homotopy equivalence.) 


To an Eilenberg-Zilber map A one can associate the corresponding di- 
agonal approximation T = Ao A,. Taking A to be the Alexander-Whitney 
map one gets the following. 


Definition 3.20. The Alexander-Whitney diagonal approximation is the 
map 


T(a) = `> po È Oq. 


p+q=n 


This allows one to define a specific product structure on S*X: for a 
cochain a € SPX and 8 € SIX, define aU 8 € SPHIX by 


(a U B)(o) = alpo) - B(04). 
Exercise 39. By tracing through this definition of the cup product, show 
that [a] U [8] = [a U p]. 
Exercise 40. Using the Alexander-Whitney diagonal approximation, 


1. prove that S*(X; R) is an associative ring with unit 1 represented by 
the cochain c € S?(X; R) = Hom(So(X); R) which takes the value 1 
on every singular 0-simplex in X. 
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2. Compute cap products: show that if a € S¢X and ø is a singular 
(p + q)-simplex, then 


aNo = alog): po. 


3. Show that (aU B) Nz =aN (8N z), and so the cap product makes 
S,(X) into a S*(X) module. 


We have already seen that cohomology is an associative and graded 
commutative ring with unit in Theorem 3.13. However, the methods used 
there cannot be used to show that S*(X) is an associative ring; in fact it is 
not for a random choice of Eilenberg-Zilber map A. 


The Alexander-Whitney map is a particularly nice choice of Eilenberg- 
Zilber map because it does give an associative ring structure on S*(X). 
This ring structure, alas, is not (graded) commutative (Steenrod squares 
give obstructions to its being commutative), while the ring structure on 
H*X is commutative by Theorem 3.13. 


Notice that the deRham cochain complex of differential forms on a 
smooth manifold is graded commutative, since differential forms satisfy 
a ^b = b ^a. It is possible to give a natural construction of a commuta- 
tive chain complex over the rationals which gives the rational homology of 
a space; this was done using rational differential forms on a simplicial com- 
plex by Sullivan. This fact is exploited in the subject of rational homotopy 
theory [14]. On the other hand it is impossible to construct a functor from 
spaces to commutative, associative chain complexes over Z which gives the 
integral homology of a space. 


Exercise 41. Give an example of two singular 1-cochains a; and ag such 
that ay Uag 4 —a2g Ua, using the Alexander-Whitney diagonal approxima- 
tion to define the cup product. 


See Vick’s book [41] for a nice example of computing the cohomology 
ring of the torus directly using the Alexander-Whitney diagonal approxima- 
tion. 


If X is a CW-complex then the diagonal A: X — X x X is not cellular 
(consider X = [0, 1]). However the cellular approximation theorem says that 
A is homotopic to a cellular map A’. If A(z) = È x; Q yi, then the cup 
product on cellular cohomology can be defined by (aub) (z) = X a(x:)-B(y:). 
The geometric root of the Alexander-Whitney diagonal approximation is 
finding a simplicial map (i.e. takes simplices to simplices and is affine on 
the simplices) homotopic to the diagonal map A” — A” x A”. 

Let € : SoX — R be the augmentation map «(> rici) = X` ri. This 
passes to homology ¢«, : HoX — R and is an isomorphism if X is path 
connected. 
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The cup product of an g-dimensional cocycle with a g-dimensional co- 
cycle generalizes the Kronecker pairing in the following sense. 


Proposition 3.21. Fora € HIX and z € HX, 
(a, z) =e (aN z). 
Proof. We show that for any cochain a € SX and for any chain z E€ S,X, 
using the Alexander-Whitney definition, 
a(z) = ela N z). 
By linearity it suffices to check this for z = ø. 
e(a N o) = e(a(o4) : 00)) = a(o). 


Notice that the argument shows that the equation (a, z) = ela N z) 
holds even on the chain level. Since €, is a canonical isomorphism for a 
path—connected space we will usually just write 


(i 2) =aNz. 


Can you prove Proposition 3.21 for an arbitrary choice of diagonal ap- 
proximation using the acyclic models theorem? 


3.5. Relative cup and cap products 


The constructions of cup and cap products carry over without any difficulty 
to the singular chains and singular (co)homology of a pair (X, A). Naturality 
then implies that there is a cup product 


(3.5) H*(X, A) x H*(X, B) > H*(X, ANB). 


However, it turns out that applying a construction that comes about in 
proving the excision theorem via acyclic models, one can obtain a very useful 
form of cup and cap products, for example there is a well-defined natural 
cup product 


(3.6) H*(X, A) x H*(X, B) — H*(X, AUB), 
provided A and B are open. (Explain to yourself why (3.6) is better than 
(3.5).) 

That the pairing (3.6) exists is not so surprising if you think in terms of 
the Alexander-Whitney definition of cup product. Recall 


(aUb)o = X alpo) - (a4). 
If the image of ø is contained in either A or B, then the sum will be zero, 
since a is zero on simplices in A and 0 is zero on simplices in B. However, if 
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A and B are open, then one can subdivide o so that each piece is contained 

in A or B. The existence of this cup product follows since subdivision 

disappears when passing to cohomology. We now give a formal argument. 
We begin with some algebraic observations. Suppose (X, A) and (Y, B) 

are two pairs of spaces. Then 

SX Y S,X 8 SY 

SA S,B SX @S,B4+S,A8 SY 

This is a natural isomorphism, induced by the surjection 

SX _ Y 

SA B 


Exercise 42. Prove that (3.7) is a natural isomorphism. 


(3.7) 


S,X Q SLY — 


Now assume X = Y, i.e. let A and B be subsets of X. The diagonal 
approximation 7 satisfies 7(S,A) C SAQ S,A and T(S4B) C S,B 8 SB. 
Thus 7 induces a map 

i SX SX B SX 
“SG A+SB SX @SA+SB@ SX 


The composite 


S X S4 X rox alg S4 X 
Hom ( F r) @ Hom ( ŽE, r) ——+ Hom (ae) 


induces a cup product 


S X 
p q p+q * 
(3.8) H (X, A) x H (X,B)> H (Hom (> Ry). 


Definition 3.22. If A,B are subspaces of a topological space X, we say 
{A, B} is an excisive pair if the inclusion map 

S,(A) + S,(B) C S,(AU B) 
is a chain homotopy equivalence. 


Since a chain map between free chain complexes inducing an isomor- 
phism on homology is a chain homotopy equivalence, this is equivalent to 
requiring that the inclusion map induces an isomorphism on homology. 


If {A, B} is an excisive pair, the induced map on cochain complexes 
S*(AU B) > Hom(S,(A) + S,(B), R) 


is also a chain homotopy equivalence and hence induces an isomorphism on 
cohomology. 


The excision theorem implies that if 


AUB =Int gugAU Int Aug B 
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then {A, B} is an excisive pair. Standard arguments show that if A, B are 
subcomplexes of a CW-complex X, then {A, B} is excisive (replace A, B by 
homotopy equivalent neighborhoods). 


Exercise 43. Let A be a point on a circle in X = R? and let B be the 
complement of A in this circle. Show that {A,B} is not an excisive pair. 


Suppose {A, B} is an excisive pair. Then consider the two short exact 
sequences of chain complexes 


SX 

O= SARS EEX ae 0 
SX 

0 —+ S{AUB) — 8X —» ga — 0. 


The zig-zag lemma gives a ladder of long exact sequences on cohomology 
where two-thirds of the vertical arrows are isomorphisms. The five lemma 
shows that the rest are isomorphisms, in particular, we conclude that if 
{A, B} is an excisive pair, the natural map 


S4 X 
w H” |H — 
H”(X,AU B) > ( om (5.8) ) 


is an isomorphism for all n. Combining this fact with the cup product of 
Equation (3.8) gives a proof of the following theorem. 


Theorem 3.23. If {A,B} is an excisive pair, there is a well-defined cup 
product 
U: H?(X, A) x H(X, B) — H?*9(X, AUB). 


Here is a particularly interesting application of Theorem 3.23. 


Exercise 44. Show that if X is covered by open, contractible sets U;, i = 
1,---,n then 

alU: -Uan = 0 
for any collection of a; € H%(X) with q; > 0. 


As an example, the torus cannot be covered by two charts, since the cup 
product of the two 1-dimensional generators of cohomology is non-trivial 
(by Exercise 48). 

Notice that the pair {A, A} is always excisive. Thus H*(X, A) is a ring. 
Also, {A, ¢} is always excisive. This implies the following. 
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Corollary 3.24. There is a well-defined natural cup product 
U: HP(X, A) x HIX > HP*4(X, A). 


Similar arguments apply to cap products. The final result is: 
Theorem 3.25. If {A,B} is an excisive pair, then there is a well-defined 
cap product 

N: H1(X, A) x Hpig(X, AU B) > H,(X, B). 


Proof. (Special case when A = 0), using the Alexander-Whitney map.) 
If A = Í, let a € SIX be a cocycle, and let c E€ S,4¢X so that its image 
in Sp4q(X, B) is a cycle, ie. Oc E€ Spyg-1B. Then anc E SX. Since 
O(aNc) = danc+t (—1)%aN Oc, and da = 0, it follows that O(aNc) = aN dc. 
Because Oc € S,B, aN ðc € S,B also. Indeed, if Oc = X` rici, ci : 
Arta- _, B, an ðe = Yo riialasi): Cipi; but Cip : APT! > Be SB. 
Thus (a N c) € S,B, ie. afc is a cycle in S,(X, B). 
It is easy to check that replacing a by a+ 6x, and c by c+ Oy, y € 
Sp+q+1(X, B) does not change aM c in H,(X, B). 


Exercise 45. Prove Theorem 3.25 when B=@ and A Æ Í. 


3.6. Projects for Chapter 3 


3.6.1. Algebraic limits and the Poincaré duality theorem. Define 
both direct and inverse limits of modules over a directed system. Define 
a n-dimensional manifold. Define the local orientation and the fundamen- 
tal class of a manifold. Define the compactly supported cohomology of a 
manifold, then state and prove the Poincaré duality theorem. State the 
Poincaré-Lefschetz duality for a manifold with boundary. If time permits 
state the Alexander duality theorem. A good reference is Milnor and Stash- 
eff’s “characteristic classes”, [30, pg. 276]. Also see [13, pg. 217]. For the 
definition of limits see [33]. 


Let M be a connected manifold of dimension n. 

1. If M is non-compact, then H,,M = 0. (Just prove the orientable case 
if the non-orientable case seems too involved). 

2. If M is compact, then H,,(M;Z) is Z or 0. It is Z if and only if M is 
orientable. 


From these facts you can define the Poincaré duality maps. The following 
theorem forms the cornerstone of the subject of geometric topology. 
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Theorem 3.26. 


1. (Poincaré duality) Let M be an oriented n-dimensional compact man- 
ifold without boundary. Then the orientation determines a preferred 
generator |M] € H,(M;Z) S Z. Taking cap products with this gen- 
erator induces isomorphisms 


NİM] : H?(M; Z) > Hn-p(M; Z). 


2. (Poincaré-Lefschetz duality) Let M be a compact oriented n-manifold 
with non-empty boundary OM. Then the orientation determines a 
preferred generator |[M,O0M] € H,(M,0M;Z). The manifold with- 
out boundary OM is orientable. Let [OM] = O([M,OM]) where ð : 
H,(M,0M) — Hn-1(0M). Then the diagram 


--—> HP-1(M) — H?-!(0@M) ——~ H?(M,0M) —~ H?(M)—--- 
n[M,OM] AM] A[M,OM] ALM,OM] 
Hyp (MOM) + Hy pM) ——> Hpy—p(M) — Hn-p(M,3M) >- 


commutes up to sign, where the horizontal rows are the long exact se- 
quences in cohomology and homology for the pairs, and every vertical 
map is an isomorphism. 


3. (Alexander duality) Let M be a compact closed orientable n-manifold, 
and let AC M be a finite subcomplerz. Then H?(A) is isomorphic to 
Hy—p(M, M — A). 


3.6.2. Exercises on intersection forms. Let M be a compact, closed, 
oriented n-dimensional manifold. For each p, define a bilinear form 


H?(M:Z) x H"-?(M;Z) > Z 
by a-b = (a U b, [M]}). 
Exercise 46. a- b= (—1)P®-P)b. a. 
Given a finitely generated abelian group A, let T = T(A) C A denote 
the torsion subgroup. Thus A/T is a free abelian group. 


Exercise 47. Show that the pairing (a,b) ++ a - b passes to a well-defined 
pairing 


(3.9) H?(M;Z)/T x H” °(M;Z)/T > Z. 
Show that this pairing is perfect, i.e. the adjoint 
H?(M;Z)/T — Hom(H” ?(M;Z)/T, Z) 
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is an isomorphism of free abelian groups. (Hint: use the universal coefficient 
theorem and Poincaré duality.) 


The pairing (3.9) is called the intersection pairing on M. In Section 
10.7 we will see that the pairing can be described by the intersection of 
submanifolds of M. 


Exercise 48. Compute the cohomology rings H*(RP”; Z/2), H*(CP";Z), 
and H*(T”; Z) using Poincaré duality and induction on n. (The first two 
are truncated polynomial rings; the last one is an exterior algebra.) 


If dim M = 2k, then 
H*(M;Z)/T x H*(M;Z)/T > Z 
called the intersection form of M. It is well-defined and unimodular over Z, 


i.e. has determinant equal to +1. 


Let V = H*(M,Z)/T. So (V,-) is an inner product space over Z. This 
inner product space can have two kinds of symmetry. 


Case 1. k is odd. Thus dim M = 4@+2. Then v-w = —w-v for v,w E V, 
so (V, ) is a skew-symmetric and unimodular inner product space over Z. 


Exercise 49. Prove that there exists a basis v1, w1,V2,W2,''+ , Up, Wp SO 
that vj -vj = 0 for all i,j, wi- w; = 0 for all i,j, and v; -wj = ðij. So 
(V,-) has matrix 


(all other entries zero) in this basis. Such a basis is called a “symplectic 
basis”. The closed surface of genus r is an example; describe a symplectic 
basis geometrically. 


Hence unimodular skew-symmetric pairings over Z are classified by their 
rank. In other words, the integer intersection form of a 4k — 2-dimensional 
manifold M contains no more information than the dimension of H?**+1(M). 


Case 2. k is even. Thus dim M = 44. Then v.w = w- v, so (V,-) isa 
symmetric and unimodular inner product space over Z 

There are 3 invariants of such unimodular symmetric forms: 

1. The rank of (V,-) is the rank of V as a free abelian group. 


2. The signature of (V,-) is the difference of the number of positive 
eigenvalues and the number of negative eigenvalues in any matrix 
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representation of (V,-). (The eigenvalues of a symmetric real matrix 
are all real.) 


Notice that in any basis {v;} for V, the form - defines a matrix Q with 
Qij = vj-v;. Since Q is symmetric, There exists a basis over the real numbers 
so that in this basis Q is diagonal (with real eigenvalues). 


Exercise 50. Show that although the eigenvalues of Q are not well defined, 
their signs are well-defined, so that the signature is well-defined. (This is 
often called Sylvester’s Theorem of Inertia). 


3. The type (odd or even) of (V,-) is defined to be even if and only if 
v- v is even for all v € V. Otherwise the type is said to be odd. 


The form (V,-) is called definite if the absolute value of its signature 
equals its rank; i.e. the eigenvalues of Q are either all positive or all negative. 


The main result about unimodular integral forms is the following. For 
a proof see e.g. [29]. 


Theorem 3.27. If (V,-),(W,-) are two unimodular, symmetric, indefinite 
forms over Z, then V and W are isometric (i.e. there exists an isomorphism 
V —W preserving the inner product) if and only if they have the same rank, 
signature, and type. 


In fact, any odd indefinite form is equivalent to @(1)@(—1), and any 
£ 


m 
even indefinite form is equivalent to 


0 1 
oft | oz 
where 
2 1 
te Die ol 
po: 
12 1 | 
i= 1 2 1 0 1 
| 1210 
0 12 0 
100 2 


(all other entries zero). 


Exercise 51. Prove E8 is unimodular and has signature equal to 8. 


The classification of definite forms is not known. It is known that: 


1. for each rank, there are finitely many isomorphism types. 
2. If (V,-) is definite and even, then sign(V,-) = 0 Mod 8. 
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3. There are 


1 even, positive definite rank 8 forms. 


ye rank 16 ” 
24 n rank 24 2 
71051 a rank 40 X 


Definition 3.28. The signature, sign M , of a compact, oriented 4k-manifold 
without boundary M is the signature of its intersection form 


H”™(M;Z)/T x H™(M;Z)/T>Z 


The following sequence of exercises introduce the important technique 
of bordism in geometric topology. The topic will be revisited from the per- 
spective of algebraic topology in Chapter 8. 


Exercise 52. 


1. Let M be a closed, odd-dimensional manifold. Show that the Euler 
characteristic y(/) = 0. Prove it for non-orientable manifolds, too. 

2. Let M be a closed, orientable manifold of dimension 4k + 2. Show 
that x(M) is even. 

3. Let M be a closed, oriented manifold of dimension 4k. Show that the 
signature sign M is congruent to y(M) mod 2. 

4. Let M be the boundary of a compact manifold W. Show x(M) is 
even. 

5. Let M be the boundary of an compact, oriented manifold W and 
suppose the dimension of M is 4k. Show sign M = 0. 


6. Give examples of manifolds which are and are not boundaries. 


We have seen that even—dimensional manifolds admit intersection forms 
on the free part of their middle dimensional cohomology. For odd-dimensional 
manifolds one can construct the linking form on the torsion part of the 
“middle dimensional” cohomology as well. The construction is a bit more 
involved. We will outline one approach. Underlying this construction is the 
following exercise. 


Exercise 53. If M is a compact, closed, oriented manifold of dimension n, 
show that the torsion subgroups of H?(M) and H"~?*!(M) are isomorphic. 
(Note: you will use the fact that H.(M) is finitely generated if M is a 
compact manifold.) 


Consider the short exact sequence of abelian groups 


0-Z- Q—- Q/Z— 0. 
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For any space X, one can dualize this sequence with the (integer) singular 
complex to obtain a short exact sequence of cochain complexes 


0 — Homz(S.(X), Z) > Homz(S,(X),Q) > Homz(S,(X),Q/Z) > 0. 
The zig-zag lemma gives a long exact sequence in cohomology 
-. > HTX; Q/Z) Š H(X; Z) S H(X;Q) 3. 


Exercise 54. Prove that the map ô : H1!(X;Q/Z) — H(X; Z) maps 
onto the torsion subgroup T of H1(X; Z). 


(The map 6 is a Bockstein homomorphism; see Section 10.4) 
The bilinear map 
Q/Z x Z— Q/Z, (a,b) ab 

is non-degenerate, in fact induces an isomorphism Q/Z @ Z — Q/Z. This 
bilinear map can be used to define a cup product 
(3.10) H*"(X;Q/Z) x H"(X;Z) > H” (X; Q/Z) 
as in Exercise 36. 

Now suppose that M is a closed manifold of dimension 2k — 1. Let 


T C H*(M;Z) denote the torsion subgroup. 


Exercise 55. Prove that the linking pairing of M 
TxT—Q/Z 
defined by 
(a,b) = (87> (a) U b, [M]) 

is well-defined. Here 6t (a) means any element z in H*—!(M;Q/Z) with 
ô(z) =a. 

Show that this pairing is skew symmetric if dim(M) = 4k + 1 and sym- 
metric if dim(M) = 4k — 1. 


It is a little bit harder to show that this pairing is non-singular (the proof 
uses Exercise 53 in the same way that the corresponding fact for the free part 
of cohomology is used to show that the intersection pairing is non-singular.) 


Chapter 4 


Fiber Bundles 


Fiber bundles form a nice class of maps in topology, and many naturally 
occurring maps are fiber bundles. A theorem of Hurewicz says that fiber 
bundles are fibrations, and fibrations are a natural class of maps to study in 
algebraic topology, as we will soon see. There are several alternate notions of 
fiber bundles and their relationships with one another is somewhat technical. 
The standard reference is Steenrod’s book [37]. 


A fiber bundle is also called a Hurewicz fiber bundle or a locally trivial 
fiber bundle. The word “fiber” is often spelled “fibre,” even by people who 
live in English speaking countries in the Western hemisphere. 


4.1. Group actions 


Let G be a topological group. This means that G is a topological space and 
also a group so that the multiplication map u : G x G > G, u(g, h) = gh 
and the inversion map + : G — G, (g) = g7} are continuous. 


Definition 4.1. A topological group G acts on a space X if there is a group 
homomorphism G — Homeo(X) such that the “adjoint” 


GxXxX 3X (g, £) + g(x) 


is continuous. We will usually write g- x instead of g(x). 
The orbit of a point x € X is the set Gx = {g- z|g € G}. 


The orbit space or quotient space X/G is the quotient space X/~, with 
the equivalence relation x~g- x. 


The fired set is XC = {x € X|g-a = z for all g € G}. 
An action is called free if g(x) # x for all x € X and for all g # e. 


78 4. Fiber Bundles 


An action is called effective if the homomorphism G — Homeo(X) is 
injective. 


A variant of this definition requires the homomorphism G — Homeo(X) 
to be continuous with respect to the compact-open topology on Homeo(X), 
or some other topology, depending on what X is (for example, one could 
take the C™ topology on Diff(X) if X is a smooth manifold). Also note that 
we have defined a left action of G on X. There is a corresponding notion of 
right G-action (xz, g)> x-g. For example, one usually takes 7,X to act on 
the right by covering transformations on the universal cover of X. 


4.2. Fiber bundles 


We can now give a definition of fiber bundles. 


Definition 4.2. Let G be a topological group acting effectively on a space 
F. A fiber bundle E over B with fiber F and structure group G is a map 
p : E — B together with a collection of homeomorphisms {y : U x F —> 
p+(U)} for open sets U in B ( is called a chart over U) such that: 


1. The diagram 


U x F p (U) 
XZ 


commutes for each chart y over U. 

2. Each point of B has a neighborhood over which there is a chart. 

3. If y is a chart over U and V C U is open, then the restriction of y to 
V is a chart over V. 

4. For any charts y, y’ over U, there is a continuous map by p : U > G 
so that 

y'(u, f) = elu, bpp (U) - f) 

for all u € U and all f € F. The map ly, is called the transition 
function for vy, y’. 


5. The collection of charts is maximal among collections satisfying the 
previous conditions. 


The standard terminology is to to call B the base, F is called the 
fiber, and E is called the total space. For shorthand one often abbreviates 
(p, E, B, F) by E. 

This definition of fiber bundle is slick and some discussion about the 
various requirements helps to understand the concept. 
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A map p: E —> B is called a locally trivial bundle if the first 3 require- 
ments of Definition 4.2 are met. There is no need to assume that any group 
G is acting since this does not enter into the first three axioms. Local triv- 
iality is the important distinction between a fiber bundle and an arbitrary 
map. 

The fourth condition invokes the structure group G. To understand the 
difference between a locally trivial bundle and a fiber bundle, notice that in 
a locally trivial bundle, if 


U x F —*— p`! (U) 
Y 
U 
and 
U x F —*-- p! (U) 


N 


are two local trivializations, then commutativity of the diagram 


1 -1 
U x F > p (U) U xF 
i ee es 
PU PU 
U 


implies that there is a map Wy. : U x F — F so that the composite 
yp loy’:Ux F — U x F has the formula 


(u, f) zi (u, Po! (u, P) 
For each u € U the map Yy p (u, —) : F — F is a homeomorphism. 


In a fiber bundle, the map Yy,» must have a very special form, namely 


1. The homeomorphism w,..(u,—) : F — F is not arbitrary, but is 
given by the action of an element of G, ie. Yop (u, f) =g: f for 
some g € G independent of f. The element g is denoted by 0y (u). 


2. The topology of G is integrated into the structure by requiring that 
9,4: : U — G be continuous. 


The requirement that G act effectively on F implies that the functions 
p : U — G are unique. Although we have included the requirement that 
G acts effectively of F in the definition of a fiber bundle, there are certain 
circumstances when we will want to relax this condition, particularly when 
studying liftings of the structure group, for example, when studying local 
coefficients. 
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It is not hard to see that a locally trivial bundle is the same thing as a 
fiber bundle with structure group Homeo(F’). One subtlety about the topol- 
ogy is that the requirement that G be a topological group acting effectively 
on F says only that the homomorphism G — Homeo(F’) is injective, but the 
inclusion G — Homeo(f’) need not be an embedding, nor even continuous. 


Exercise 56. Show that the transition functions determine the bundle. 
That is, suppose that spaces B and F are given, and an action of a topo- 
logical group G on F is specified. 


Suppose also that a collection of pairs T = { (Ux, 0a)} with each Ua an 
open subset of B and 0, : Ua — G a continuous map is given satisfying: 


1. The Ua cover B. 

2. If (Ux, 9a) € T and W C Ua, then the restriction (W, Oq\w) is in the 
collection T. 

3. If (U,01) and (U,62) are in 7, then (U, 01 - 02) is in T, where 01 - 02 
means the pointwise multiplication of functions to G. 


4. the collection 7 is maximal with respect to the first three conditions. 


Then there exists a fiber bundle p : E — B with structure group G, fiber 
F, and transition functions 64. 


The third condition in Exercise 56 is a hidden form of the famous “co- 
cycle condition”. Briefly what this means is the following. In an alternative 
definition of a fiber bundle one starts with a fixed open cover {U;} and a 
single function ¢; : U; x F — p~'(U;) of each open set U; of the cover. 
Then to each pair of open sets U;, U; in the cover one requires there exists 
a function 6;,; : U; N Uj — G so that (on U; N U;) 


pr" 0 Oj (u, f) = (u, 0i zlu) - F). 


A G-valued Cech 1-cochain for the cover {U;} is just a collection of maps 
ij :U;U; — G and so a fiber bundle with structure group G determines 
a Cech 1-cochain. 

From this point of view the third condition of the exercise translates 
into the requirement that for each triple U;,U; and Ug the restrictions of 
the various 0 satisfy 


bij : Oj k = Oik Uri Uj NU, G. 
In the Cech complex this condition is just the requirement that the Cech 
1-cochain defined by the 8; j is in fact a cocycle. 


This is a useful method of understanding bundles since it relates them 
to (Cech) cohomology. Cohomologous cochains define isomorphic bundles, 
and so equivalence classes of bundles over B with structure group G can be 
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identified with H!(B;G) (this is one starting point for the theory of charac- 
teristic classes; we will take a different point of view in a later chapter). One 
must be extremely cautious when working this out carefully. For example, 
G need not be abelian (and so what does H!(B;G) mean?) Also, one must 
consider continuous cocycles since the 6;,; should be continuous functions. 
We will not pursue this line of exposition any further in this book. 


We will frequently use the notation F — E & B or 
F —— E 
p 


B 
to indicate a fiber bundle p : E — B with fiber F. 


4.3. Examples of fiber bundles 


The following are some examples of locally trivial bundles. We will revisit 
these and many more examples in greater detail in Section 6.14. 


1. The trivial bundle is the projection pg: B x F —> B. 


2. If F has the discrete topology, any locally trivial bundle over B with 
fiber F is a covering space; conversely if p : E — B is a covering space 
with B connected, then p is a locally trivial bundle with discrete fiber. 


3. The Möbius strip mapping onto its core circle is a locally trivial bun- 
dle with fiber [0, 1]. 


4. The tangent bundle of a smooth manifold is a locally trivial bundle. 


Exercise 57. Show that a fiber bundle with with trivial structure group is 
(isomorphic to) a trivial bundle. 


4.3.1. Vector bundles. 


Exercise 58. Let F = R”, and let G = GL,R C Homeo(R”). A fiber 
bundle over B with fiber R” and structure group GLn(R)) is a vector bundle 
of dimension n over B. Explicitly, show that each fiber p™t{b} can be given 
a well-defined vector space structure. 


(Similarly, one can take F = C”, G = GL,(C) to get complex vector 
bundles.) 


In particular, if M is a differentiable n-manifold, and TM is the set of 
all tangent vectors to M then p: TM — M is a vector bundle of dimension 
n. 
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4.3.2. Bundles over S$’. For every integer n > 0, we can construct an S1 
bundle over S? with structure group SO(2); n is called the Euler number 
of the bundle. For n = 0, we have the product bundle p : S? x St — S?. 
For n > 1, define a 3-dimensional lens space L3 = $°/Z,, where the action 
is given by letting the generator of Zn on act on 93 C C? by (21,22) => 
(CnZ1;Cn22) (here Cn = exp?”/” is a primitive n-th root of unity). For n = 2, 
the lens space is just real projective space RP?. Define the S'-bundle with 
Euler number n > 1 by p: L3 > S? = CU œ by [z1, 22] > 21/22. 

When n = 1 we obtain the famous Hopf bundle St = SÌ — $?. For 
n > 1 the Hopf map S? — S? factors through the quotient map S? — L3, 
and the fibers of the bundle with Euler number n are S$!/Z,, which is again 
homeomorphic to S$*. 


Exercise 59. Let $(TS7) be the sphere bundle of the tangent bundle of 
the 2-sphere, i.e. the tangent vectors of unit length, specifically 


S(T S?) = {(P,v) € R? x R3|P,v € S? and P-v = 0}. 


Let SO(3) be the 3-by-3 orthogonal matrices of determinant one (the group 
of orientation preserving rigid motions of R? preserving the origin). This is 
a topological group. Show that the spaces S(T .S?), SO(3), and RP? are all 
homeomorphic. 


(Hint. 
1. Given two perpendicular vectors in R?, a third one can be obtained 
by the cross product. 


2. On one hand, every element of SO(3) is rotation about an axis, on 
the other hand RP? is D?/~, where you identify antipodal points on 
the boundary sphere.) 


This gives three incarnations of the $!-bundle over S? with Euler number 
equal to 2: 


1. p: S(TS?) > S?, (Pv) HP 
$ 
2. p: SO(3) = S$, Am A. |0 
0 


3. p: RP? — S?, the lens space bundle above. 


4.3.3. Clutching. Suppose a topological group G acts on a space F. Let 
X be a space and let XX be the unreduced suspension of X, 
XxI 


Ane. 
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Then given a map 3: X — G, define 
(X x [0,1/2] x F) H(X x [1/2,1] x F) 


~ 


E = 


where the equivalence relation is given by identifying (x, 0, f) ~ (x',0, f), 
(x,1, f) ~ (x',1, f), and (x,1/2, f) ~ (x,1/2, B(x) f), where the last relation 
glues the summands of the disjoint union. This bundle is called the bundle 
over YX with clutching function 8 : X —> G CAut(F). 


Exercise 60. Show that projection onto the first two coordinates gives a 
fiber bundle p : E — XX with fiber F and structure group G. Give some 
examples with X = 9° and X = St. In particular, show that the S1-bundle 
over S? = XS! with Euler number equal to n is obtained by clutching using 
a degree n map St — S1. 


Clutching provides a good way to describe fiber bundles over spheres. 
For X a CW-complex, all bundles over XX arise by this clutching construc- 
tion. This follows from the fact that any fiber bundle over a contractible 
CW-complex is trivial (this can be proven using obstruction theory). Since 
=X is the union of two contractible spaces, X x [0, 5]/ ~ and X x [5,1]/~, 
any bundle over XX is obtained by clutching two trivial bundles over X. 


4.3.4. Local coefficients and other structures. An important type of 
fiber bundle is the following. Let A be a group and G a subgroup of the 
automorphism group Aut(A). Then any fiber bundle E over B with fiber 
A and structure group G has the property that each fiber p-'{b} has a 
group structure. This group is isomorphic to A, but the isomorphism is not 
canonical in general. 


We have already run across an important case of this, namely vector 
bundles, where A = R” and G=GL,,(R). 


In particular, if A is a abelian group with the discrete topology, then 
p: E — B is a covering space and is called a system of local coefficients on 
B. The terminology will be explained later. 


Exercise 61. Define local coefficient systems for R-modules, R a commu- 
tative ring, generalizing the case of Z-modules above. 


The basic principle at play here is if the structure group preserves a 
certain structure on F, then every fiber p~!{b} has this structure. For ex- 
ample, a local coefficient system corresponds to the case when the structure 
group is a subgroup of the group of automorphisms of the fiber, a discrete 
abelian group. A vector bundle corresponds to the case when the structure 
group corresponds to the group of linear transformations of a vector space. 
Other examples of fibers with a structure that one could consider include 
the following. 
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1. F is a real vector space with an inner product, G = O(F,( , )) c 
GL(F) consists of those linear isomorphisms which preserve the inner 
product. The resulting fiber bundle is called a vector bundle with an 
orthogonal structure. 

2. Similarly one can define a complex vector bundle with hermitian struc- 
ture by taking F to be a complex vector space with a hermitian inner 
product. 

3. Taking this further, let F be a riemannian manifold and suppose that 
G acts isometrically on F. Then each fiber in a fiber bundle with 
structure group G and fiber F will be (non-canonically) isometric to 
F. 

4. Take F to be a smooth manifold and G a subgroup of the diffeomor- 
phism group of F (with the C% strong topology, say). Then each 
fiber in a fiber bundle with structure group G will be diffeomorphic 
to F. 


Exercise 62. Invent your own examples of fibers with structure and the 
corresponding fiber bundles. 


4.4. Principal bundles and associated bundles 


Principal bundles are special cases of fiber bundles, but nevertheless can be 
used to construct any fiber bundle. Conversely any fiber bundle determines 
a principal bundle. A principal bundle is technically simpler, since the fiber 
is just F = G with a canonical action. 


Let G be a topological group. It acts on itself by left translation. 
G — Homeo(G), gr (a gz). 


Definition 4.3. A principal G-bundle over B is a fiber bundle p : P —> B 
with fiber F = G and structure group G acting by left translations. 


Proposition 4.4. Ifp: P — B is a principal G-bundle, then G acts freely 
on P on the right with orbit space B. 


Proof. Notice first that G acts on the local trivializations on the right: 
(UxG)xGaUxG 
(u,g)-g' = (u, gg’). 
This commutes with the action of G on itself by left translation (i.e. (g’g)g’ = 


g"(gg’)), so one gets a well-defined right action of G on E using the identi- 
fication provided by a chart 


UxG> pv). 
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More explicitly, define y(u, g) - g' = y(u, gg’). If y’ is another chart over U, 
then 


plu, g) = p'(u, bpp (u)g), 


and y(u, 99’) = p'(u, Oy, (u)(gg')) = p'(u, (Opp (u)g)g'), so the action in 
independent of the choice of chart. The action is free, since the local action 
(U x G) x G > U x G is free, and since U x G/G = U it follows that 
E/G=B. 


As a familiar example, any regular covering space p : E — B is a princi- 
pal G-bundle with G = ™ B/p,.7 E. Here G is given the discrete topology. 
In particular, the universal covering B — B of a space is a principal 7 B- 
bundle. A non-regular covering space is not a principal G-bundle. 


Exercise 63. Any free (right) action of a finite group G on a (Hausdorff) 
space F gives a regular cover and hence a principal G-bundle E — E/G. 


The converse to Proposition 4.4 holds in some important cases. We 
state the following fundamental theorem without proof, referring you to [5, 
Theorem II.5.8]. 


Theorem 4.5. Suppose that X is a compact Hausdorff space, and G is a 
compact Lie group acting freely on X. Then the orbit map 


NC 


is a principal G-bundle. 


4.4.1. Construction of fiber bundles from principal bundles. Exer- 
cise 56 shows that the transition functions 0, : Ua — G and the action of G 
on F determine a fiber bundle over B with fiber F and structure group G. 

As an application note that if a topological group G acts on spaces F 
and F’, and if p : E — B is a fiber bundle with fiber F and structure group 
G, then one can use the transition functions from p to define a fiber bundle 
p : E! — B with fiber F’ and structure group G with ezactly the same 
transition functions. 

This is called changing the fiber from F to F’. This can be useful because 
the topology of E and E’ may change. For example, take G = GL2(R), 
F = R?, F' = R? — {0} and the tangent bundle of the 2-sphere. 


R? — TS? 


P 


S2 
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After changing the fiber from R? to R? — {0} we obtain 


R? — {0} — TS? — z(S”) 
|p 
S2 
where z : S2 — TS? denotes the zero section. 


With the second incarnation of the bundle the twisting becomes revealed 
in the homotopy type, because the total space of the first bundle has the 
homotopy type of $7, while the total space of the second has the homotopy 
type of the sphere bundle $(7'S”) and hence of RP? according to Exercise 
59. 

A fundamental case of changing fibers occurs when one lets the fiber F” 
be the group G itself, with the left translation action. Then the transition 
functions for the fiber bundle 


FE 


|p 


B 


determine, via the construction of Exercise 56, a principal G-bundle 


G — P(E) 


hi 


We call this principal G-bundle the principal G-bundle underlying the fiber 
bundle p: E — B with structure group G. 

Conversely, to a principal G-bundle and an action of G on a space F 
one can associate a fiber bundle, again using Exercise 56. An alternative 
construction is given in the following definition. 


Definition 4.6. Let p : P — B be a principal G-bundle. Suppose G acts 
on the left on a space F, i.e. an action G x F — F is given. Define the 
Borel construction 


P XG F 
to be the quotient space P x F/ ~ where 


(ETNAS TA: 


(We are continuing to assume that G acts on F on the left and by Proposition 
4.4 it acts freely on the principal bundle P on the right). 
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Let [x, f| € P xq F denote the equivalence classes of (x, f). Define a 
map 
q:PxqcF-B 


by the formula |z, f] + p(x). 


The following important exercise shows that the two ways of going from 
a principal G-bundle to a fiber bundle with fiber F and structure group G 
are the same. 


Exercise 64. If p: P — B is a principal G-bundle and G acts on F, then 
F — P XG F 


i 


where qlz, f] = p(x), is a fiber bundle over B with fiber F and structure 
group G which has the same transition functions as p : P > B. 


We say q : E xa F —> B is the fiber bundle associated to the principal 
bundle p: E — B via the action of G on F. 

Thus principal bundles are more basic that fiber bundles, in the sense 
that the fiber and its G-action are explicit, namely G acting on itself by left 
translation. Moreover, any fiber bundle with structure group G is associated 
to a principal G-bundle by specifying an action of G on a space F. Many 
properties of bundles become more visible when stated in the context of 
principal bundles. 

The following exercise gives a different method of constructing the prin- 
cipal bundle underlying a vector bundle, without using transition functions. 


Exercise 65. Let p: E — B be a vector bundle with fiber R” and structure 
group GL(n, R). Define a space F(E) to be the space of frames in E, so 
that a point in F(E) is a pair (b,f) where b € B and f = (fi,---, fn) isa 
basis for the vector space p~'(b). There is an obvious map q : F(E) > B. 


Prove that q : F(E) — B is a principal GL(n, R)-bundle, and that 
E = F(E) xGLin R) R” 
where GL(n, R) acts on R” in the usual way. 
For example, given a representation of GL(n, R), that is, a homomor- 
phism p : GL(n, R) — GL(k, R), one can form a new vector bundle 
F(E) x, R* 
over B. 


An important set of examples comes from this construction by starting 
with the tangent bundle of a smooth manifold M. The principal bundle 
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F(TM) is called the frame bundle of M. Any representation of GL(n, R) 
on a vector space V gives a vector bundle with fiber isomorphic to V. Im- 
portant representations include the alternating representations GL(n, R) > 
/?(Hom(R”,R)) from which one obtains the vector bundles of differential 
p-forms over M. 


We next give one application of the Borel construction. Recall that a 
local coefficient system is a fiber bundle over B with fiber A and structure 
group G where A is a (discrete) abelian group and G acts via a homomor- 
phism G — Aut(A). 


Lemma 4.7. Every local coefficient system over a path-connected (and semi- 
locally simply connected) space B is of the form 


A— Bxz,BpA 


|a 


B 


i.e., is associated to the principal 7,B-bundle given by the universal cover 
B of B where the action is given by a homomorphism nı B — Aut(A). 


In other words the group G C Aut(A) can be replaced by the discrete 
group 7B. Notice that in general one cannot assume that the homomor- 
phism 7B — Aut(A) is injective, and so this is a point where we would 
wish to relax the requirement that the structure group acts effectively on the 
fiber. Alternatively, one can take the structure group to be 71(B)/ker(¢) 
where ¢ : 7(B) —Aut(A) is the corresponding representation. 


Sketch of proof. It is easy to check that q : B X,.B A — B is a local 
coefficient system, i.e. a fiber bundle with fiber on abelian group A and 
structure group mapping to Aut(A). 


Suppose that p : E — B is any local coefficient system. Any loop 
y : (1,01) — (B,*) has a unique lift to E starting at a given point in 
p ‘(x), since A is discrete so that E — B is a covering space. Fix an 
identification of p-!(*) with A, given by a chart. Then the various lifts of y 
starting at points of A define, by taking the end point, a function A — A. 


The fact that p : E — B has structure group Aut(A) easily implies 
that this function is an automorphism. Since E is a covering space of B, 
the function only depends on the homotopy class, and so we get a map 
m™1(B,*) — Aut(A). This is clearly a homomorphism since if 71, J2 are lifts 
starting at a,b, then 7 +92 (addition in A) is the lift of y:72 (multiplication 
in 7) and starts at a+b. A standard covering space argument implies that 
E= B XrıB A. 
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4.5. Reducing the structure group 


In some circumstances, given a subgroup H of G and a fiber bundle p : E —> 
B with structure group G, one can view the bundle as a fiber bundle with 
structure group H. When this is possible, we say the structure group can be 
reduced to H. 


Proposition 4.8. Let H be a topological subgroup of the topological group 
G. Let H act on G by left translation. Let q : Q — B be a principal 
H-bundle. Then 


G — QxHG 


“| 


B 


is a principal G-bundle. 


The proof is easy; one approach is to consider the transition functions 
0 : U — H as functions to G using the inclusion H C G. To satisfy 
maximality of the charts it may be necessary to add extra charts whose 
transition functions into G map outside of H. 


Exercise 66. Prove Proposition 4.8. 


Definition 4.9. Given a principal G-bundle p : E — B we say the structure 
group G can be reduced to H for some subgroup H C G if there exists a 
principal H-bundle Q — B and a commutative diagram 


QXHG : E 


ea 


so that the map r is G-equivariant. For a fiber bundle, we say the struc- 
ture group reduces if the structure group of the underlying principal bundle 
reduces. 


If we are willing to relax the requirement that the structure group acts 
effectively, then we can just assume that we are given a homomorphism 
H — G rather than an inclusion of a subgroup. Proposition 4.8 holds 
without change. In this more general context, for example, Lemma 4.7 
states that any fiber bundle over B with discrete fiber can have its structure 
group reduced to 7B. 


Exercise 67. Show that every real vector bundle (i.e. fiber bundle with 
structure group GL(n, R) acting on R” in the usual way) over a paracom- 
pact base can have its structure group reduced to the orthogonal group 
O(n). (Hint: use a partition of unity.) 
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Another subtle point is that there may be several “inequivalent” reduc- 


tions. An example concerns orientability and orientation of vector bundles. 


Definition 4.10. A real vector bundle is called orientable if its structure 
group can be reduced to the subgroup GL+(n, R) of matrices with positive 
determinant. 


For example, a smooth manifold is orientable if and only if its tangent 
bundle is orientable. A more detailed discussion of orientability for manifolds 
and vector bundles can be found in Section 10.7. 


For the following exercise it may help to read the definition of a map 
between fiber bundles in the next section. 


Exercise 68. Prove that an orientable vector bundle can be oriented in 
two incompatible ways, that is, the structure group can be reduced from 
GL(n, R) to GL, (n, R) (or, using Exercise 67, from O(n) to SO(n)) in two 
ways so that the identity map Id: E — E is a not a map of fiber bundles 
with structure group GL,(n,R) (or SO(n)). 


4.6. Maps of bundles and pullbacks 


The concept of morphisms of fiber bundles is subtle, especially when there 
are different fibers and structure groups. Rather than to try to work in 
the greatest generality, we will just define one of many possible notions of 
morphism. 


Definition 4.11. A morphism of fiber bundles with structure group G and 
fiber F from E — B to E’ — B’ is a pair of continuous maps f : E > E’ 
and f : B — B’ so that the diagram 


E+ p 
/ 
Be B 


commutes and so that for each chart ¢: U x F — p7!(U) with b € U and 
chart ¢! : U' x F — p7!(U’) and each b € U with f(b) € U’ the composite 


$1) —- tro & tO} x F 


is a homeomorphism given by the action of an element Yẹ (b) € G. More- 
over, b ++ Yọ (b) should define a continuous map from U N f~!(U’) to 
G. 


{b} x F 


As you can see, this is a technical definition. Notice that the fibers 
are mapped homeomorphically by a map of fiber bundles of this type. In 
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particular, an isomorphism of fiber bundles is a map of fiber bundles ( fit ) 
which admits a map (g,g) in the reverse direction so that both composites 
are the identity. 

One important type of fiber bundle map is a gauge transformation. This 
is a bundle map from a bundle to itself which covers the identity map of the 
base, i.e. the following diagram commutes. 


g 


N 


E 


E 


By definition g restricts to an isomorphism given by the action of an element 
of the structure group on each fiber. The set of all gauge transformations 
forms a group. 


One way in which morphisms of fiber bundles arise is from a pullback 
construction. 


Definition 4.12. Suppose that a fiber bundle p : E — B with fiber F and 
structure group G is given, and that f : B’ — B is some continuous function. 
Define the pullback of p: E — B by f to be the space 


J*(E) ={(b,e) € B' x E | ple) = fv}. 


Let q : f*(E) — B be the restriction of the projection E x B —> B to f*(E). 
Notice that there is a commutative diagram 


F(E) — E 
q p 
B' B 


Theorem 4.13. The map q : f*(E) — B' is a fiber bundle with fiber F and 
structure group G. The map f*(E) — E is a map of fiber bundles. 


Proof. This is not hard. The important observation is that if y is a chart 
over U C B, then f~!(U) is open in B’ and ¢ induces a homeomorphism 
fU) x F > J*(E)f-1(u)- We leave the details as an exercise. 


The following exercise shows that any map of fiber bundles is given by 
a pullback. 
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Exercise 69. Let 


Bi > B 


be a map of bundles with fiber F in the sense of Definition 4.11. Show that 
there is a factorization 


E! eee > JE E 
Dl Pp 

P 
B' pt B 


so that f* o 8 = f, with (3,1d) a map of bundles over B’. 


We have given a rather narrow and rigid definition of fiber bundle mor- 
phisms. More general definitions can be given depending on the structure 
group, fiber, etc.. 


Exercise 70. Define a morphism between two fiber bundles with structure 
group G but with different fibers by requiring the map on fibers to be equi- 
variant. Use this to define a morphism of vector bundles. 


4.7. Projects for Chapter 4 


4.7.1. Fiber bundles over paracompact bases are fibrations. State 
and prove the theorem of Hurewicz (Theorem 6.8) which says that a map 
f: E — B with B paracompact is a fibration (see Definition 6.7) provided 
that B has an open cover {U;} so that f : f-!(U;) — U; is a fibration for 
each i. In particular, any locally trivial bundle over a paracompact space is 
a fibration. 


A reference for the proof is [10, Chapter XX,§3-4] or [36]. 


4.7.2. Classifying spaces. For any topological group G there is a space 
BG and a principal G-bundle EG — BG so that given any paracom- 
pact space B, the pullback construction induces a bijection between the 
set |B, BG] of homotopy classes of maps from B to BG and isomorphism 
classes of principal G-bundles over B. Explain the construction of the bundle 
EG — BG and prove this theorem. Show that the assignment G > BG is 
functorial with respect to continuous homomorphisms of topological groups. 
Show that a principal G-bundle P is of the form Q x p G (as in Proposition 
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4.8) if and only if the classifying map f : B — BG lifts to BH 
BH 


5 


B —— BG 
Show that given any action of G on F, any fiber bundle E — B with 
structure group G and fiber F is isomorphic to the pullback 
f'(EG xG F) 
where f : B — BG classifies the principal G-bundle underlying E — B. 
Use this theorem to define characteristic classes for principal bundles. 
See Theorem 8.22 and Corollary 6.50 for more on this important topic. 


A reference for this material is [17]. We will use these basic facts about 
classifying spaces throughout this book, notably when we study bordism. 


Chapter 5 


Homology with Local 
Coefficients 


When studying the homotopy theory of non-simply connected spaces, one 
is often led to consider an action of the fundamental group on some abelian 
group. Local coefficient systems are a tool to organize this information. The 
theory becomes more complicated by the fact that one must consider non- 
commutative rings. It is possible to learn a good deal of homotopy theory by 
restricting only to simply connected spaces, but fundamental group issues 
are ubiquitous in geometric topology. 


There are two approaches to constructing the complexes giving the ho- 
mology and cohomology of a space with local coefficients. The first is more 
algebraic, and takes the point of view that the fundamental chain complex 
associated to a space X is the singular (or cellular) complex of the univer- 
sal cover X, viewed as a chain complex over the group ring Z[mX]. From 
this point of view local coefficients are nothing more than modules over the 
group ring Z[7X]. 

The second approach is more topological; one takes a local coefficient 
system over X (i.e. a fiber bundle over X whose fibers are abelian groups and 
whose transition functions take values in the automorphisms of the group) 
and define a chain complex by taking the chains to be formal sums of singular 
simplices (or cells) such that the coefficient of a simplex is an element in the 
fiber over that simplex (hence the terminology local coefficients). Each of 
these two points of view has its strengths; Lemma 4.7 is the basic result 
which identifies the two. 
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In this chapter we will work with Z-modules, (i.e. abelian groups) and 
modules over integral group rings Zr. Everything generalizes appropriately 
for R-modules and Rz-modules for any commutative ring R. 


5.1. Definition of homology with twisted 
coefficients 


We begin with the definition of a group ring. 


Definition 5.1. The group ring Zr is a ring associated to a group 7. Ad- 
ditively it is the free abelian group on 7, i.e., elements are (finite) linear 
combinations of the group elements 
migi +:::+Mkgk Mmi EZ, ŅET. 
Multiplication is given by the distributive law and multiplication in 7: 
(X migs)(d njh) = X (minj) (gih;). 
i J tJ 


In working with group rings the group m is always written multiplica- 
tively, and if e is the identity of the group, e is written as 1, since this 
element forms the unit in the ring Zr. To avoid confusing notation we will 
sometimes write Z|] instead of Zr. 


Two examples of group rings (with their standard notation) are 
Z[Z] = Z[t,t*] = fa_jtF +--+ ag t takt? | an € Z} 
(this ring is called the ring of Laurent polynomials) and 


Z[Z/2] = Z[t]/(t? — 1) = {a4 bt | a,b € Z}. 


We will work with modules over Zr. If m is a non-abelian group, the 
ring Zr is not commutative, and so one must distinguish between left and 
right modules. 


Let A be an abelian group and 
p:m — Autz(A) 


be a homomorphism. (The standard terminology is to call either p or Aa 
representation of 7.) The representation p endows A with the structure of 
a left Zr-module by taking the action 


(So mgg) -a =X m p(g)(a). 
gen gen 


Conversely if A is a left module over a group ring Zr, there is homomorphism 


p:m — Autz(A) 
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given by (g + (a +> ga)) where ga is multiplying a € A by g € Zr. Thus 
a representation of a group m on an abelian group is the same thing as a 
Zn-module. 


Exercise 71. Let A be a finitely generated (left) module over Z[Z/2] so 
that, as an abelian group, A is finitely generated and torsion free. Show 
that A is a direct sum of modules of the form Z+, Z_, and Z[Z/2]. Here 
Z, is the trivial Z[Z/2|-module corresponding to the trivial homomorphism 
p: Z/2 — Aut(Z) and Z_ corresponds to the non-trivial homomorphism. 


We briefly outline the definition of the tensor product in the non- 
commutative case. 


Definition 5.2. If R is a ring (possibly non-commutative), M is a right 
R-module, and N is a left R-module (sometimes one writes Mr and RN), 
then the tensor product M ®p N is an abelian group satisfying the adjoint 
property 
Homz(M @r N, A) = Homg(M, Homz(N, A)) 

for any abelian group A. The corresponding universal property is that there 
is a Z-bilinear map ¢: M x N — M 8r N, so that ¢(mr,n) = (m, rn), 
and this map is initial in the category of Z-bilinear maps ¢: M x N > A, 
satisfying @(mr,n) = (m, rn). 


The tensor product is constructed by taking the free abelian group on 
M x N and modding out by the expected relations. Elements of M ®p N 


are denoted by 
` Mi O Ni. 


The relation mr & n = m & rn holds. (This is why we take a right module 
tensored with a left module.) 


Exercise 72. Compute the abelian group Z+ @zjz/2) Z- (see Exercise 71). 


The starting point in the algebraic construction of homology with local 
coefficients is the observation that the singular chain complex of the universal 
cover of a space is a right Zx-module. 


To proceed, fix a path connected and locally path-connected space X 
with a base point which admits a universal cover. For notational ease set 
Tt =X. Let X — X be the universal cover of X, with its usual right mı X- 
action obtained by identifying 7 with the group of covering transformations. 
Then the singular complex S,(X) of the universal cover (with integer co- 
efficients) is a right Za-module; the action of g € m on a singular simplex 
o : AF — X is the singular simplex o - g defined as the composite of o and 
the covering transformation g : X — X. This is extended from 7 to Zr by 
linearity. 


98 5. Homology with Local Coefficients 


We can now give the algebraic definition of homology with local coeffi- 
cients. 


Definition 5.3. Given a Za-module A, form the tensor product 

S,(X; A) = S,(X)@z_ A. 
This is a chain complex whose homology is called the homology of X with 
local coefficients in A and is denoted by H,(X; A). 


Notice that since the ring Zr is non-commutative (except if 7 is abelian), 
the tensored chain complex only has the structure of a chain complex over 
Z, not Zr. Thus the homology group H,(X; A) is only a Z-module. 


If the Zr-module is specified by a representation p : mı X —Aut(A) for 
some abelian group A, and we wish to emphasize the representation, we will 
sometimes embellish A with the subscript p and write H,(X;A,) for the 
homology with coefficients in A. It is also common to call H,(X;A,) the 
homology of X twisted by p: 7X —Aut(A). 

Before we look at examples, we will give the corresponding definition 
of cohomology. A new wrinkle which appears is that since the functor 
Homz,,(—,—) is defined on the category of pairs of right R-modules or of 
pairs of left R-modules, we need to either change S,, (X ) to a left Zz-module 


or consider coefficients in right Za-modules. We opt for the former. 
Thus transform S,(X ) into a left Zn-module by the (standard) proce- 
dure: 
jel 
gz ag’. 
Definition 5.4. Given a left Za-module A form the cochain complex 


S*(X; A) = Homg,(S,(X), A). 
(This means the set of group homomorphisms f : S, (X ) — A which satisfy 
f(rz) =rf(z) for all r € Zr and z € S,(X).) 
The cohomology of this complex is called the cohomology of X with local 
coefficients in A, and is denoted by 
H*(X; A). 


If the module A is defined by a representation p : 7X —Aut(A) for an 
abelian group A, the cohomology with local coefficients may be denoted by 
H*(X; Ap) and is often called the cohomology of X twisted by p. 


5.2. Examples and basic properties 


The (ordinary) homology and cohomology groups are just special cases of the 
homology and cohomology with local coefficients corresponding to twisting 
by the trivial representations p as we now show. 


5.2. Examples and basic properties 99 


If p : 7X — Aut(A) is is the trivial homomorphism, then the definition 
of tensor product gives a chain map 


Si(X)@znAp > S.X@zA 


which we will see is an isomorphism. (In the chain complex on the left 
A is considered only as an abelian group.) This follows since both S,(X) 
and S,(X) are chain complexes of free modules so it is easy to compute 
tensor products. The complex Six ) is a free Zr-chain complex since 7 
acts freely on X , and hence on the set of all singular simplices in X. We 
obtain a Zr basis by choosing a representative simplex for each orbit. Better 
yet, for each singular simplex ø : A” — X, choose a single lift ¢ : A” > 


X. Then the set {ő} gives a basis for S,(X) over Zr and it follows that 
S,(X )®zrAp — S,X@®zA is an isomorphism of graded abelian groups; 
from this description it is not hard to check that this isomorphism is a chain 
map, and so H(X; Ap) = H(X; A), the usual homology with coefficients 


in (the underlying Z-module) A. 
Similarly, 2 
Homz,(5,X,A) = Homz(S,X, A) 
so H*(X;A,) S H*(X; A), the usual cohomology with coefficients in A. 
Exercise 73. Show that the natural map 
Homz(S,X,A) — Homg,(S,X, A) 


is a chain isomorphism. 


At the other extreme we consider what happens if A is a (finitely gener- 
ated) free Zz-module. Since the tensor product and Hom functors respect 
direct sums, it suffices to consider the case when A = Zr. 

Then, 

SX IZzrZr = S,X, 
and therefore = 
H(X; Zr) = Hy(X;Z), 
the (untwisted) integral homology of the universal cover. 

In other words, the homology with local coefficients given by the tauto- 

logical representation p : t — Aut(Zr) 


p(g) = (X` mph > X` magh) 
equals the homology of X with (untwisted) Z coefficients. 


Exercise 74. Let M be an abelian group with the trivial left 7 action. Let 
A = Zr z M; notice that A has a left Zr-module structure defined by 
g: (£8 m) = (gx) ®@ M. Show that the homology H,(X;A) is just the 
(ordinary) homology of X with coefficients in M. 


100 5. Homology with Local Coefficients 


Exercise 75. (Shapiro’s Lemma) Show that if H C ~m is a subgroup and 
A = Z|r/H] viewed as a left 7-module, then the corresponding homology is 
isomorphic to the homology of the H-cover of X. Generalize this as in the 
previous exercise to include other coefficients. (Hint: try the case when H 
is normal first.) 


These examples and the two exercises show that the (untwisted) homol- 
ogy of any cover of X with any coefficients can be obtained as a special case 
of the homology of X with appropriate local coefficients. 

One might ask whether the same facts hold for cohomology. They 
do not without some modification. If A = Zr, then the cochain com- 
plex Homg, (SX , A) is not in general isomorphic to Homz(S,X,Z) and 
so H*(X;Zm) is not equal to H*(X;Z). It turns out that if X is compact 
H*(X;Zn) = HEX; Z), the compactly supported cohomology of X. 


5.2.1. Cellular methods. If X is a (connected) CW-complex then homol- 
ogy and cohomology with local coefficients can be defined using the cellular 
chain complex; this is much better for computations. If p : XS is the 
universal cover, then X inherits a CW-structure from X — the cells of X 
are the path components of the inverse images of cells of X. The action of 
m = 7X on X gives C,(X) the structure of a Zr-chain complex. For each 


cell e of X, choose a cell € above X; this gives a Za-basis for Ox ). 


For example, let X = RP” with n > 1. Then X = eọ U e1 U ++: U en. 
Then X = S” and the corresponding cell decomposition is 


S Sef Ve, Uet Ve, U Ue Ue 


with e7 being the (open) upper and lower hemispheres of the i-sphere. A 
basis for the free (rank 1) Zr-module C;(X) is e7. With this choice of basis 
the Zr-chain complex C;,.(X) is isomorphic to 


ZZ 0) es = ZZ) = ZZ/2 += Z[Z/2] => 0. 


Writing down this complex is the main step in the standard computation 
of C,(RP"”) as in [41]: first use the homology of S” and induction on n 
to compute C,(X) as a Z[Z/2]-chain complex, then compute C,(RP”) = 


C,(X) Qzq LZ. 


The following exercises are important in gaining insight into what infor- 
mation homology with local coefficients captures. 


Exercise 76. Compute the cellular chain complex C,.(S?) as a Z[t, t71]- 
module. Compute H;,(S1; Ap) and H*(91; Ap) for any abelian group A and 
any homomorphism p : 7,$1 = Z — Aut(A). 
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Exercise 77. Let p : 7(RP"”) = Z/2 = Aut(Z). Compute H;(RP”; Zp) 
and H*(RP"; Z,) and compare to the untwisted homology and cohomology. 


Exercise 78. Let p and q be a relatively prime pair of integers and denote 
by L(p,q) the 3-dimensional Lens space L(p,q) = $°/(Z/p), where Z/p = (t) 
acts on S? c C? via 

t(Z,W) = (CZ, W) 
(¢ = e?/P). Let p: Z/p > Aut(Z/n) = Z/(n — 1) for n prime. Compute 
Hy(L(p.q);(Z/n)p) and H*(L(p,q); (Z/n)p). 
Exercise 79. Let K be the Klein bottle. Compute H,,(K; Zp) for all twist- 
ings p of Z (ie. all p : mK — Z/2 = Aut(Z)). 


5.2.2. The orientation double cover and Poincaré duality. An im- 
portant application of local coefficients is its use in studying the algebraic 
topology of non-orientable manifolds. 


Theorem 5.5. Any n-dimensional manifold M has a double cover 

p: Mo —> M 
where Mo is an oriented manifold. Moreover, for any point x € M, if 
pHa} = {zx1,x2}, then the orientations us, € Hn(Mo, Mo — {x1}) and 


Uzo © Hn(Mo, Mo — {x2}) map (by the induced homomorphism p,) to the 
two generators of H,(M,M — {x}). 


Proof. As aset Mo = {a € H,(M, M—{zx}) | a is a generator and z € M}. 
As for the topology, let V be a open set in X and z € Zn(M,M-—V) a relative 
cycle. Then let 


V; = {Im [z] € H,(M, M — {x}) | x € Vand Z- Im [z] = Ha(M, M — {x})}. 


Then {V;} is a basis for the topology on Mog. For more details see [23]. 


For example, consider RP” for n even. The orientation double cover is 
S”; the deck transformation reverses orientation. For RP” for n odd, the 
orientation double cover is a disjoint union of two copies of RP”, oriented 
with the opposite orientations. 


If M is a connected manifold, define the orientation character or the 
first Stiefel-Whitney class 


Ww : mı M =>} {1} 


by w[y] = 1 if y lifts to a loop in the orientation double cover and wļfy] = —1 
if y lifts to a path which is not a loop. Intuitively, w[y] = —1 if going around 
the loop y reverses the orientation. M is orientable if and only if w is trivial. 
Clearly w is a homomorphism. 
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Corollary 5.6. Any manifold with H!(M;Z/2) = 0 is orientable. 


Proof. This is because 
H'(M;Z/2) = Hom(Hı M; Z/2) = Hom(m,M; Z/2), 


where the first isomorphism follows from the universal coefficient theorem 
and the second from the Hurewicz theorem 


Hı M = nmıM/|nrıM, mı M]. 


Notice that Aut(Z) = {+1} and so the orientation character defines 
a representation w : 7X — Aut(Z). The corresponding homology and 
cohomology H(X; Zw), H*(X; Zo) is called the homology and cohomology 
of X twisted by the orientation character w, or with local coefficients in the 
orientation sheaf. 

The Poincaré duality theorem (Theorem 3.26) has an extension to the 
non-orientable situation. 


Theorem 5.7 (Poincaré duality theorem). If X is an n-dimensional man- 
ifold, connected, compact and without boundary, then 
Hn(X; Zw) =Z 

and if |X] denotes a generator, then 

AX] : H(X; Zu) > Hn-(X; Z) 
and 

NIX] : H*(X; Z) > Hn-k(X; Zu) 
are isomorphisms. (This statement of Poincaré duality applies to non- 
orientable manifolds as well as orientable manifolds.) 


The Poincaré—Lefschetz duality theorem also holds in this more general 
context. 

The cap products in Theorem 5.7 are induced by the bilinear maps on 
coefficients Z x Zw > Zw and Zw X Zw — Z as in Exercise 36. 


Exercise 80. Check that this works for RP”, n even. 


More generally, for a manifold X, and any right Za-module A given 
by a representation p : m — Aut A, let A, be the module given by the 
representation 

pw : T — Aut (A), g> w(g)p(g-*). 
Then a stronger form of Poincaré duality says 


N[X] : H*(X; A) > Hn-(X; Aw) 
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is an isomorphism. 


5.3. Definition of homology with a local 
coefficient system 


The previous (algebraic) definition of homology and cohomology with local 
coefficients may appear to depend on base points, via the representation 


p: mı(X,*) > Aut(A). 


and the identification of m1 X with the covering translations of X.In fact, it 
does not. We now give an alternative definition, which takes as input only 
the local coefficient system itself, i.e. the fiber bundle with discrete abelian 
group fibers. This definition is more elegant in that it does not depend on 
the arbitrary choice of a base point, but it is harder to compute with. 

Let p: E — X be a system of local coefficients with fiber a discrete 
abelian group A and structure group G C Aut(A). Denote the fibers p~!(zx) 
by Ez; for each x this is an abelian group non-canonically isomorphic to A. 


We construct a chain complex as follows. Let S(X; E) denote the set 


of formal sums 
m 
> aii 
i=1 


where: 
1. g; : AË = X is a singular k-simplex, and 


2. a; is an element of the group E,,(e,) where eo € AF is the base point 


i(€o) 
(1,0,0,--. ,0) of AF. More precisely, oj(e9) € X and we require 
Qi E Een) = p—'(o;(e0)). 

The obvious way to add elements of S;,(X;) makes sense and is well- 
defined. Thus S(X; E) is an abelian group. This is somewhat confusing 
since the coefficients lie in different groups depending on the singular sim- 
plex. One way to lessen the confusion is to view S;,(X;) as a subgroup of 
the direct sum over every point x € X of S;,(X; Ezr). 


Think of S4(X; E) as a graded abelian group. We next describe the 
differential. The formula would be the usual one were it not for the fact 
that given any k-simplex, one of its faces does not contain the base point. 
We will use the local coefficient system to identify fibers over different points 
of the simplex to resolve this problem. 


Recall there are face maps fE : AFT! — AF defined by 
JE (to, is itp ay (to, bcc baa ,tk-1). 
Note that fE (eo) = eo if m > 0 but 
fo (eo) = fö (1,0, ,0) = (0,1,0,-++ ,0). 
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This will make the formulas for the differential a little bit more complicated 
than usual, since this one face map does not preserve base points. 

Given a singular simplex ø : A* > X, let yə : [0,1] ~ X be the path 
a(t, 1 —t,0,0,--- ,0). Then because p : E — X is a covering space (the fiber 
is discrete), the path yo defines a isomorphism of groups Yo : Es(0,1,--,0) > 
E5(1,0,0,: ,0) via path lifting. 

Thus, define the differential 0: Sk(X; E) > S,_1(X; E) by the formula 


k 
aa r+ yo(a)(ao ff) + SOC” a (a0 fh). 
m=1 


Theorem 5.8. This is a differential, i.e. 0? = 0. Moreover the homology 
Hg(S4(X; E),0) equals H(X; Ap), where p : 1X — Aut(A) is the homo- 
morphism determined by the local coefficient system p : E — X as in Lemma 


HI: 


Exercise 81. Prove Theorem 5.8. 


The homology of the chain complex (S}(X; E), 0) is called the homology 
with local coefficients in E. Theorem 5.8 says that this is isomorphic to 
the homology with coefficients twisted by p. Notice that the definition of 
homology with local coefficients does not involve a choice of base point for X. 
It follows from Theorem 5.8 that the homology twisted by a representation 
p also does not depend on the choice of base point. 


Similar constructions apply to cohomology, as we now indicate. Let 
S*(X; E) be the set of all functions, c, which assign to a singular simplex 
ao : AF — X an element c(c) € Eg(eo): Then S*(X; E) is an abelian group, 
and has coboundary operator 6: S*(X; E) > S*+1(X; E) defined by 


k+1 
(5c) (7) = (-1)" (ire (3o0)) + 2e 2) 


Then 6? = 0 and, 


Theorem 5.9. The cohomology of the chain complex (S*(X;E),6) equals 
the cohomology H*(X; Ap), where p : nı X — Aut(A) is the homomorphism 
determined by the local coefficient system p: E— X. 


For the proof see [43]. 


Here is the example involving orientability of manifolds, presented in 
terms of local coefficients instead of the orientation representation. Let M 
be an n-dimensional manifold. Define a local coefficient system E — M, by 
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setting 
E= |) H,(M,M - {z}. 
xEM 
A basis for the topology of E is given by 


V* = {Im [z] € Ha(M,M — {x}) | xE V} 


where V is open in X and z € Z,(M,M — V) is a relative cycle. Then 
E — X isa local coefficient system with fibers Ha(M, M—{x}) S Z, called 
the orientation sheaf of M. (Note the orientation double cover Mo is the 
subset of E corresponding to the subset +1 € Z) Then H,(M;E) can be 
identified with H,.(M; Zw). 


5.4. Functoriality 


The functorial properties of homology and cohomology with local coefficients 
depend on more than just the spaces involved, they also depend on the 
coefficient systems. 


Definition 5.10. A morphism (E —> X) —> (E' — X) of local coefficients 
over X is a commutative diagram 


Noe 


so that for each point x € X, the restriction of f : E — F’ to the fibers 
Jip, © Ex > E’ is a group homomorphism. 


E 


F! 


Notice that we do not require the maps on fibers to be isomorphisms, 
and so this is more general than the concept of bundle map we introduced 
in Section 4.6. 


It follows immediately from the definition of pullbacks that a commuta- 
tive diagram 


E— p 


e| p 
/ 
X -7" X 


with f inducing homomorphisms on fibers induces a morphism of local co- 
efficients (E — X) — (f*(E’) — X) over X. 


Theorem 5.11. Homology with local coefficients is a covariant functor from 
a category L of pairs of spaces (X, A) with the following extra structure. 
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1. The objects of L are pairs (X, A) (allowing A empty) with a system 
of local coefficients p: E > X. 


2. The morphisms of L are the continuous maps f : (X, A) > (X’, A’) 
together with a morphism of local coefficients 


E 


where f*(E') denotes the pullback of E’ via f. 


Sketch of proof. The basic idea comes from looking at the definition of the 
chain complex. Given a formal sum `; ajo; with a; € E,,(e,), the simplices 
ci push forward to simplices f o ø in X’. Thus one needs a way to assign 
to a; an element b; in Err y This is exactly what the morphism of local 
coefficients does. 


oi(eo) 


Cohomology with local coefficients is a functor on a slightly different 
category, owing to the variance of cohomology with respect to coefficients. 


Theorem 5.12. Cohomology with local coefficients is a contravariant func- 
tor on the category L*, where: 


1. The objects L* are the same as the object of L, i.e. pairs (X, A) with 
a local coefficient system p : E —> X. 

2. A morphism in L* from (p : E —> X) to (p' : E! > X') is a con- 
tinuous map f : (X, A) — (X', A’) together with a morphism of local 
coefficients 


In other words, f induces a group homomorphism from Eio) to Er 
forallxe X. 


Sketch of proof. This is similar to the previous argument. A cochain c in 
S*(X’; E’) is a function that assigns to each singular simplex o : AF — X’ 


an element c(c) in Eley 


We need to construct f*(c) € S*(X;E). Given a simplex 7 : A* > X, 
compose with f to get for: AF — X’. Next apply c to get an element 
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c(f oT(e9)) € E'r(r(eo))" Finally apply f to get 


Exercise 82. Give an alternative description of these two functoriality prop- 
erties in terms of representations using the algebraic definition of homology 
and cohomology with local coefficients. More precisely, if p : 7X — Aut(A) 
is a representation defining the homology of X with coefficients in Ap, and 
similarly p’ : rı X’ — Aut(A’) defines the homology of X’ with coefficients 
in An, construct a commutative diagram which must exist for the homology 
of X with coefficient in p to map to the homology of X’ with coefficients in 
A- Do the same for cohomology. 


A straightforward checking that all the usual constructions continue to 
hold with local coefficients proves the following theorem. 


Theorem 5.13. Homology with local coefficients forms a homology theory 
on L. More precisely, for any object in L there exists a connecting homo- 
morphism and a natural long exact sequence. The excision and homotopy 
axioms hold. 


Similarly cohomology with local coefficients forms a cohomology theory 
on the category L*. 


In particular, there is a Mayer-Vietoris sequence for homology with local 
coefficients which gives a method for computing. Some care must be taken 
in using this theorem because local coefficients do not always extend. For 
example, Given a homomorphism p : 7(X —U) — Aut(A) and an inclusion 
of pairs (X — U, B — U) — (X, B) excision holds (i.e. the inclusion of pairs 
induces isomorphisms in homology with local coefficients) only if p extends 
over 71(X). In particular the morphism of local coefficients must (exist and) 
be isomorphisms on fibers. 

We end this section with a useful proposition which explicitly describes 
the Oth homology and cohomology with local coefficients. 


Proposition 5.14. Let B be a path connected CW-complex, 7 = 7(B) and 
V a Zr-module. then 


1. Let V, denote the quotient of V by the subgroup generated by the 
elements {v — y-v |v E€ V, 7 © mB } (the group Vr is called the 
group of coinvariants). Then 


Ho(B;V) & Vz. 
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2. Let V™ denote the subgroup of V consisting of elements fixed by m, 
ie. VT ={vEV|y¥-vu =v for ally € T} (the group V” is called 
the group of invariants). Then 


H°(B;V) S V". 


Proof. Since B is path connected, up to homotopy we may as well assume 
that the 0-skeleton of B consists of a single vertex, and so the 0-cells of 
the universal cover B are all of the form 7 - y where 7 is a fixed 0-cell and 
y € 7B. Thus, any 1-cell o in B has boundary 


O(c) = T- qlo) — T: y2(0) 
for some yilo) € m1 B. 
Let g 
® : V — Ho(B; V) = Ao(C.(B z7 V)) 
be defined by 
O(v) = [7 8u]. 
The 0-cycles are generated by (T- y) Qv for y € mB and v € V. Given 
an l-cell o in B, 
alo gv) = Ao) ®@v 
(7-1(0) — 7+ 72(7)) @v 
T® (la) — ¥2(2)) -v 


and so 
(5.1) 0 = (71 (0) v) — Plo) - v). 


There exists a collection of 1-cells o;, i € A for B with O(o;) =T- EiT 
for a set of generators {€;} of 71B (just lift each 1-cell of B to a 1-cell of B 
starting at T). 

Using Equation (5.1) and writing an arbitrary element of 7B as a word 
in the o;, it follows easily that ® is onto with kernel generated by {v — y- 
v|veV, YETIB}. 


The proof of the second assertion is similar, and is left as an exercise. 


Exercise 83. Prove the second assertion in Proposition 5.14. 


5.5. Projects for Chapter 5 


5.5.1. The Hopf degree theorem. This theorem states that the degree 
of a map f : S” — S” determines its homotopy class. See Theorems 6.67 
and 8.5. Prove the theorem using the simplicial approximation theorem. 
One place to find a proof is [43] on pages 13-17. 
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5.5.2. Colimits and Limits. The categorical point of view involves defin- 
ing an object in terms of its properties and showing that the properties 
uniquely define the object up to isomorphism. Colimits and limits are im- 
portant categorical constructions in algebra and topology. Special cases 
include the notions of a cartesian product, a disjoint union, a pullback, a 
pushout, a quotient space X/A, and the topology of a CW-complex. Define a 
product and coproduct of two objects in a category, and show that cartesian 
product and disjoint union give the product and coproduct in the category 
of topological spaces. Define the colimit of a sequence of topological spaces 


Xo fo, X f, X fa, nee 


show that it is unique up to homeomorphism, and show existence by taking 


colim X; = poe oe 

m—00 (xi ~ fi(zi)) 
If all the X; are subsets of a set A and if all the f;’s are inclusions of subspaces 
show that the colimit can be taken to X = UX;. The topology is given by 
saying U C X is open if and only if U N X; is open for all i. Thus such a 
colimit can be thought of as some sort of generalization of a union. Define 
the limit of a sequence of topological spaces 


>% B Xq X17 Xo, 


and show existence by taking 
lim X; = {(a;) € J[x inte, forall i SO}: 


Interpret the limit as a generalized form of intersection. 


Now let Z be a category and let 7 be the category of topological spaces. 
Let X : T — T, i |> X; be a functor, so you are given a topological space 
for every object i, and the morphisms of Z give oodles of maps between the 
X; satisfying the same composition laws as the morphisms in Z do. Define 


colim X; and lim X;. 
T. T 
Consider the categories {- > -> -> ->h {q en enn eH, 
L>- eh peah -}, and discuss how colimits and limits over 


these categories give the above colimit, the above limit, the pullback, the 
pushout, the cartesian product and the disjoint union. 
A definition of a CW-complex can be given in terms of colimits. A 


CW-complex is a space X together with a increasing sequence of subspaces 
X? c X! c X? c- so that if Xt is the empty set, then each X’ is the 
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pushout of 


Is” _inc |” 


xi-l xi 
and X = colimj... Xi. This definition incorporates all the properties of 
the topology of a CW-complex that you use in practice. Show that this 
definition is equivalent to your favorite definition of CW-complex. 
Finally suppose that Y is a CW-complex and Y C Yi C Yo C ¥3 C::: 
is an increasing union of subcomplexes whose union is Y. Show that 


HyY = colim H,(Y"). 
1 CO 


Define Milnor’s lim! (see [25] or [42]) and show that there is an exact 
sequence 
0 > lim! H"H (Y;) > H"Y —> lim H"(¥;) — 0. 


We are using the more modern notation of colimit. Other authors using 
the terms direct limit or inductive limit, and restrict the categories they 
consider. Other authors use the words inverse limit or projective limit, 
while we just use the term limit. 


For an old-fashioned approach to limits in the special case of a directed 
system see [33] and for the more modern approach see [42]. 


Chapter 6 


Fibrations, 
Cofibrations and 
Homotopy Groups 


The material in this chapter forms the topological foundation for algebraic 
topology. 


6.1. Compactly generated spaces 


Given a map f : X xY — Z, we would like to topologize the set of continuous 
functions C(Y, Z) in such way that f is continuous if and only if the adjoint 


f:X>OY,Z), — fla)y) = f(x,y) 
is continuous. Here are three examples: 
1. We would like an action of a topological group G x Z — Z to corre- 


spond to a continuous function G — Homeo(Z), where Homeo(Z) is 
given the subspace topology inherited from C(Z, Z). 


2. We would like a homotopy f : I x Y — Z to correspond to a path 
f :I— C(Y,Z) of functions. 


3. The evaluation map 
C(Y,Z)xY =Z, (fy) fy) 
should be continuous. (Is the evaluation map an adjoint?) 


Unfortunately, such a topology on C (Y, Z) is not possible, even for Haus- 
dorff topological spaces, unless you bend your point of view. Although many 
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of the constructions we will give are set-theoretically simple, the issue of how 
to appropriately topologize these sets can become a nuisance. The category 
of compactly generated spaces is a framework which permits one to make 
such constructions without worrying about these technical issues. The ref- 
erence for the material in this section is Steenrod’s paper “A convenient 
category of topological spaces” [38]. 

Definition 6.1. A topological space X is said to be compactly generated if 
X is Hausdorff and if a subset A C X is closed if and only if ANC is closed 
for every compact C C X. 


Examples of compactly generated spaces include: 


1. locally compact Hausdorff spaces (e.g. manifolds), 

2. metric spaces, and 

3. CW-complexes with finitely many cells in each dimension. 

We will use the notation K for the category of compactly generated 
spaces. (This is taken as a full subcategory of the category of all topological 


spaces, i.e. every continuous function between compactly generated spaces 
is a morphism in K.) 

Any Hausdorff space can be turned into a compactly generated space by 
the following trick. 


Definition 6.2. If X is Hausdorff, let k(X) be the set X with the new 
topology defined by declaring a subset A C X to be closed in k(X) if and 
only if ANC is closed in X for all C C X compact. 


Exercise 84. Show that k(X) is compactly generated. 


Thus k(X) is the underlying set of X topologized with more (closed and 
hence more) open sets than X. This construction defines a functor 


k: To 3K 
from the category 72 of Hausdorff spaces to the category K of compactly 


generated spaces. 


Exercise 85. Show that k is a right adjoint for the inclusion functor i : 
K > T2. You will end up having to verify several of the facts below. 


6.1.1. Basic facts about compactly generated spaces. 


1. If X € K, then k(X) = X. 


2. If f: X — Y is a function, then k(f) : k(X) — k(Y) is continuous if 
and only if f|¢ : C — Y is continuous for each compact C C X. 


3. Let C(X,Y) denote the set of continuous functions from X to Y. 
Then k, : C(X,k(Y)) — C(X,Y) is a bijection if X is in K. 
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4. The singular chain complexes of a Hausdorff space Y and the space 
k(Y) are the same. 


5. The homotopy groups (see Definition 6.43) of Y and k(Y) are the 
same. 


6. Suppose that Xo C X1 C -+ C Xn C ++- is an expanding sequence of 
compactly generated spaces so that Xn is closed in Xn+1. Topologize 
the union X = UnXn by defining a subset C C X to be closed if 
CN Xn is closed for each n. Then if X is Hausdorff, it is compactly 
generated. In this case every compact subset of X is contained in 
some Xn. 


6.1.2. Products in K. Unfortunately, the product of compactly generated 
spaces need not be compactly generated. However, this causes little concern, 
as we now see. 


Definition 6.3. Let X,Y be compactly generated spaces. The categorical 
product of X and Y is the space k(X x Y). 


The following useful facts hold about the categorical product. 


1. k(X x Y) is in fact a product in the category K. 


2. If X is locally compact and Y is compactly generated, then X x Y = 
k(X x Y). In particular, I x Y = k(I x Y). Thus the notion of 
homotopy is unchanged. 


From now on, if X and Y are compactly generated, we will denote 
k(X x Y) by Xx Y. 


6.1.3. Function spaces. The standard way to topologize the set of func- 
tions C(X,Y) is to use the compact-open topology. 


Definition 6.4. If X and Y are compactly generated spaces, let C(X,Y) 

denote the set of continuous functions from X to Y, topologized with the 

compact-open topology. This topology has as a subbasis sets of the form 
U(K,W) ={f €C(X,Y)|f(K) c W} 


where K is a compact set in X and W an open set in Y. 


If Y is a metric space, this is the notion, familiar from complex analysis, 
of uniform convergence on compact sets. Unfortunately, even for compactly 
generated spaces X and Y, C(X,Y) need not be compactly generated. We 
know how to handle this problem: define 


Map(X,Y) = k(C(X,Y)). 


As a set, Map(X,Y) is the set of continuous maps from X to Y, but its 
topology is slightly different from the compact open topology. 
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Theorem 6.5 (adjoint theorem). For X, Y, and Z compactly generated, 
f(x,y) = f(x)(y) gives a homeomorphism 


Map((X x Y), Z) — Map(X, Map(Y, Z)) 


Thus — x Y and Map(Y,—) are adjoint functors from K to K. 


The following useful properties of Map(X, Y) hold. 


1. Let e : Map(X, Y) x X > Y be the evaluation e(f,x) = f(x). Then 
if X,Y € K, e is continuous. 
2. If X,Y,Z €K, then: 
(a) Map(X,Y x Z) is homeomorphic to Map(X,Y) x Map(X, Z), 
(b) Composition defines a continuous map 


Map(X,Y) x Map(Y, Z) — Map(X, Z). 


We will also use the notation Map(X, A; Y, B) to denote the subspace of 
Map(X, Y) consisting of those functions f : X — Y which satisfy f(A) C B. 
A variant of this notation is Map(X, zo; Y, yo) denoting the subspace of 
basepoint preserving functions. 


6.1.4. Quotient maps. We discuss yet another convenient property of 
compactly generated spaces. For topological spaces, one can give an example 
of quotient maps p : W — Y and q : X — Z so that pxq: W xX >YxZ 
is not a quotient map. However, one can show the following. 


Theorem 6.6. 
1. Ifp:W —Y andq: X — Z are quotient maps, and X and Z are 
locally compact Hausdorff, then p x q is a quotient map. 
2. Ifp: W — Y andq: X — Z are quotient maps and all space are 


compactly generated, then p x q is a quotient map, provided we use 
the categorical product. 


From now on, we assume all spaces are compactly generated. If we ever 
meet a space which is not compactly generated, we immediately apply k. 
Thus, for example, if X and Y are Hausdorff spaces, then by our conven- 
tion X x Y really means k(k(X) x k(Y)). By this convention, we lose no 
information concerning homology and homotopy, but we gain the adjoint 
theorem. 


6.2. Fibrations 


There are two kinds of maps of fundamental importance in algebraic topol- 
ogy; fibrations and cofibrations. Geometrically, fibrations are more com- 
plicated than cofibrations. However, your garden variety fibration tends to 
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be a fiber bundle, and fiber bundles over paracompact spaces are always 
fibrations, so that we have seen many examples so far. 


Definition 6.7. A continuous map p : E — B is a fibration if it has the 
homotopy lifting property (HLP); i.e. the problem 


Vo Aa 
pA 
T 


Y xI Ze" B 
has a solution for every space Y. 


In other words, given the continuous maps p, G, g, and the inclusion 
Y x {0} = Y x I, the problem is to find a continuous map G making the 
diagram commute. 
Remark. Recall that whenever a commutative diagram is given with one 
dotted arrow, we consider it as a problem whose solution is a map which 
can be substituted for the dashed arrow to give a commutative diagram. 

A covering map is a fibration. In studying covering space theory this 
fact is called the covering homotopy theorem. For covering maps the lifting 
is unique, but this is not true for an arbitrary fibration. 


Exercise 86. Show that the projection to the first factor p : B x F — B is 
a fibration. Show by example that the liftings need not be unique. 


The following theorem of Hurewicz says that if a map is locally a fibra- 
tion, then it is so globally. 


Theorem 6.8. Let p: E — B be a continuous map. Suppose that B is 

paracompact and suppose that there exists an open cover {Ua} of B so that 

p:p '(Ua) > Ua is a fibration for each Ua. 
Then p: E > B is a fibration. 


Proving this theorem is one of the projects for Chapter 4. The corollary 
of most consequence for us is the following. 


Corollary 6.9. Ifp: E — B is a fiber bundle over a paracompact space B, 
then p is a fibration. 


Proof. Exercise 86 says that the projection U x F — U is a fibration. Since 
fiber bundles have this local product structure, Theorem 6.8 implies that a 
fiber bundle is a fibration. 
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Exercise 87. Give an example of a fibration which is not a fiber bundle. 


Maps between fibrations are analogous to (and simpler than) maps of 
fiber bundles. 


Definition 6.10. If p: E — B and p' : E' — B' are fibrations, then a map 
of fibrations is a pair of maps f : B — B', f : E — F' so that the diagram 


E— p 


| | 


/ 
B A B 
commutes. 


Pullbacks make sense and exist in the world of fibrations. 


Definition 6.11. If p: E — B is a fibration, and f : X — B a continuous 
map, define the pullback of p : E — B by f to be the map f*(E) — X where 


P(E) = { (z,e) € X x E| f(z) = ple)} C X x E 
and the map f*(E) — B is the restriction of the projection X x E > X. 


The following exercise is a direct consequence of the universal property 
of pullbacks. 


Exercise 88. Show that f*(£) — X is a fibration. 


The following notation will be in effect for the rest of the book. If 
H : Y x I — Bisa homotopy, then H; : Y — B is the homotopy at time t, 
i.e. 
Ay(y) = H(y,t). 


6.3. The fiber of a fibration 


A fibration need not be a fiber bundle. Indeed, the definition of a fibration is 
less rigid than that of a fiber bundle and it is not hard to alter a fiber bundle 
slightly to get a fibration which is not locally trivial. Nevertheless, a fibration 
has a well defined fiber up to homotopy. The following theorem asserts this, 
and also states that a fibration has a substitute for the structure group 
of a fiber bundle, namely the group of homotopy classes of self-homotopy 
equivalences of the fiber. 


It is perhaps at first surprising that the homotopy lifting property in 
itself is sufficient to endow a map with the structure of a “fiber bundle up 
to homotopy”. But as we will see, the notion of a fibration is central in 
studying spaces up to homotopy. 
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Theorem 6.12. Letp: E — B be a fibration. Assume B is path connected. 


Then all fibers Ey = p-+(b) are homotopy equivalent. Moreover every 
path a : I — B defines a homotopy class a, of homotopy equivalences 
Ea) > Eaa) which depends only on the homotopy class of a rel endpoints, 
in such a way that multiplication of paths corresponds to composition of 
homotopy equivalences. 


In particular, there exists a well-defined group homomorphism 
[a] = (a). 
71(B, bo) + Homotopy classes of self-homotopy equivalences of Ep,. 


Remark. The reason why we use @ +> (a), instead of œa — a, is because 
by convention, multiplication of paths in B is defined so that aĝ means first 
follow a, then 8. This implies that (a3), = bx © &x, and so we use the 
inverse to turn this anti-homomorphism into a homomorphism. 


Proof. Let bo, b; € B and let a be a path in B from bọ to b1. The inclusion 
Ey, ~œ E completes to a diagram 


Evy x {10} RE 


where H (e,t) = a(t). Since E — B is a fibration, H lifts to E, i.e. there 
exists a map H such that 


Evo x {O} =h; 


H 


Ey, x I — > B 


commutes. 

Notice that the homotopy at time t = 0, Ho : : Ew — E is just the 
inclusion of the fiber Eb, in E. Furthermore, po ) Hy is the constant map at 
a(t), so the homotopy H at time t = 1 is a map Ay: Ey, > Eo. We will let 
Ay, = [H] denote the homotopy class of this map. Since H is not unique, 
we need to show that another choice of lift gives a homotopic map. We will 
in fact show something more general. Suppose a’ : J — B is another path 
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homotopic to a rel end points. Then as before, we obtain a solution H' to 
the problem 


Ev) x {0} — E 


H' 


Ew x I > B 


(where H’ = a’ o projy) and hence a map H; : Ey, > En. 


Claim. Ħ, is homotopic to Hi. 


Proof of Claim. Since a is homotopic rel end points to a’, there exists a 
map A: Ea x I x I — B such that 


A(e,s,t) = F'(s,t) 


where F(s,t) is a homotopy rel end points of a to a’. (So Fo = a and 
F, = æ.) The solutions H and H’ constructed above give a diagram 


(Ey, x T) x {0,1} U (Ey, x {0}) x I — E 


(Eo, X I) x I -B 


where 


T'(e,s,0) = H(e,s) 


T(e,s,1) = H’(e,s), and, 
T(e,0,t) = e. 


Let U = I x {0,1} U{0} x Z CI xI There exists a homeomorphism 
y : I? — I? taking U to I x {0} as indicated in the following picture. 
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Thus the diagram 


Eh, x 1x {0} <—*% Ey, x U 3 E 
p 
Ev x Ix I + Ey x I B 


has the left two horizontal maps homeomorphisms. Since the homotopy 
lifting property applies to the outside square, there exists a lift A : Ey, x I aes 
E so that 


En xU + E 


A 


Ey, x 2 —> B 


commutes. 

But then A is a homotopy from F: En x I —> E to H': En xX I> E. 
Restricting to E,, x {1} we obtain a homotopy from H, to Hi. Thus the 
homotopy class a, = [H 1] depends only on the homotopy class of œ rel end 
points, establishing the claim. 

Clearly (a3) = bs o a if G(0) = a(1). In particular, if 8 = a~! then 
(const), = 8x © œx, where const denotes the constant path at bo. But clearly 


(const), = [Idz] 


Thus (3, is a homotopy inverse of ay. 
This shows that a, is a homotopy equivalence, and since B is path 
connected, all fibers are homotopy equivalent. 
Applying this construction to a € 71(B,b9) we see that a, defines a ho- 
motopy equivalence of Fr, and products of loops correspond to composites 
of homotopy equivalences. The following exercise completes the proof. 


Exercise 89. Show that the set of homotopy classes of homotopy equiva- 
lences of a space X forms a group under composition. That is, show that 
multiplication and taking inverses is well defined. 


Theorem 6.12 asserts that the fibers p~!(b) = Ey for b € B are homotopy 
equivalent. Thus we will abuse terminology slightly and refer to any space 
in the homotopy equivalence class of the space Ey, for any b € B as the fiber 
of the fibration p: E —> B. 
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Since homotopy equivalences induce isomorphisms in homology or coho- 
mology, a fibration with fiber F gives rise to local coefficients systems whose 
fiber is the homology or cohomology of F, as the next corollary asserts. 


Corollary 6.13. Let p : E — B be a fibration and let F = p~'(bo). 
Then p gives rise to local coefficient systems over B with fiber H,(F;M) or 
H"(F;M) for any n and any coefficient group M. These local coefficients 
are obtained from the representations via the composite homomorphism 


Homotopy classes of self-homotopy 


PORS { equivalences F — F } ee) 


where A= H,(F;M) or A= H” (F; M). 


Proof. The maps f+ : Hn(F;M) > H,(F;M) and f* : H"(F;M) > 
H"(F; M) induced by a homotopy equivalence f : F — F are isomorphisms 
which depend only on the homotopy class of f. Thus there is a function 
from the group of homotopy classes of homotopy equivalences of F to the 
group of automorphisms of A. This is easily seen to be a homomorphism. 
The corollary follows. 


We see that a fibration gives rise to many local coefficient systems, by 
taking homology or cohomology of the fiber. More generally one obtains a 
local coefficient system given any homotopy functor from spaces to abelian 
groups (or R-modules), such as the generalized homology theories which we 
introduce in Chapter 8. 


With some extra hypotheses one can also apply this to homotopy func- 
tors on the category of based spaces. For example, we will see below that if 
F is simply connected, or more generally “simple,” then taking homotopy 
groups mF also gives rise to a local coefficient system. For now however, 
observe that the homotopy equivalences constructed by Theorem 6.12 need 
not preserve base points. 


6.4. Path space fibrations 


An important family of fibrations are the path space fibrations. They will 
be useful in replacing arbitrary maps by fibrations and then in extending a 
fibration to a “fiber sequence”. 


Definition 6.14. Let (Y, yo) be a based space. The path space Py,Y is the 
space of paths in Y starting at yo, i.e. 


tw Y = Map(J,0; Y yo) E Map(J,Y), 


6.4. Path space fibrations 121 


topologized as in the previous subsection, i.e. as a compactly generated 
space. The loop space Qy,Y is the space of all loops in Y based at yo, i.e. 


UY = Map(J,{0,1}; Y {yo}. 


Often the subscript yo is omitted in the above notation. Let Y! = 
Map(J,Y). This is called the free path space. Let p: Y7 — Y be the 
evaluation at the end point of a path: p(a) = a(1). 

By our conventions on topologies, p : Y? — Y is continuous. The 
restriction of p to PY is also continuous. 


Exercise 90. Let yo, yı be two points in a path-connected space Y. Prove 
that Qy Y and Q, Y are homotopy equivalent. 


Theorem 6.15. 


1. The map p : Y! —> Y, where p(a) = a(1), is a fibration. Its fiber 
over yo is the space of paths which end at yo, a space homeomorphic 
to PY. 


2. The map p : PyY — Y is a fibration. Its fiber over yo is the loop 
space Qy Y. 


3. The free path space Y! is homotopy equivalent to Y. The projection 
p:Y!—Y is a homotopy equivalence. 


4. The space of paths in Y starting at yo, Py Y, is contractible. 


Proof. 1. Let A be a space, and suppose a homotopy lifting problem 


Ax {0} — y1 


5 


AxI 


Y 


is given. We write g(a) instead of g(a, a For each a € A, g(a) is a path 
in Y which ends at p(g(a)) = H(a,0). This point is the start of the path 
H(a,—). 
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We will define H(a,s)(t) to be a path running along the path g(a) and 
then part way along H(a,—), ending at H(a,s). 


Define 


ga(1+s)t) if 0<St<1/(1+s), 


H(a,s)(t) = eee +s)t—1) if if(ltey< ee, 


Then F(a, s)(t) is continuous as a function of (a, s, t), so H(a,s) € YT and by 
our choice of topologies H : A x I > Y! is continuous. Also H(a,0) = g(a) 
and p(H(a,s)) = H(a,s)(1) = H(a,s). Thus the lifting problem is solved 
and so p : P,,Y — Y is a fibration. The fiber p~'(yo) consists of all paths 
ending at yo and the path space P,,Y consists of all paths starting at yo. A 


homeomorphism is given by 


This proves 1. 
2. has the same proof; the fact that g(a) starts at yo means that H(a, s) 
also starts at yo. 


3. Let i: Y > Y7 be the map taking y to the constant path at y. Then 
poi= Idy. Let F : Y7 x I — Y! be given by 


F(a,s)(t) = als +t- st). 


Then F(a,0) = a and F(a,1) is the constant path at a(1) which in turn 
equals ¿o p(a). Thus F shows that the identity is homotopic to io p. Hence 
p and i are homotopy inverses. 


4. has the same proof as 3. 
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6.5. Fiber homotopy 


Recall a map of fibrations (p : E > B) to (p' : E’ > B’) is a commutative 
diagram 


E— p 


| p 
/ 
B arid B 
Definition 6.16. A fiber homotopy between two morphisms (fi, fi) i = 0,1 


of fibrations is a commutative diagram 


H 
Ex I —~ F' 
pxiId p 


/ 
BxI Sat B 


with Ho = fo, Hı = fi, Ho = fo, and Ay = fi. 

Given two fibrations over B, p: E — B and p' : E’ — B, we say they 
have the same fiber homotopy type if there exists a map f from E to E’ 
covering the identity map of B, and a map g from F’ to E covering the 
identity map of B, such that the composites 

pee Ee 


N N 
B B 


are each fiber homotopic to the identity via a homotopy which is the identity 
on B (i.e. there exists H : Ex I — E such that p(H(e,t)) = p(e), Ho = ĝo f, 


and Hı = Idg. Similarly for fog). One says that f and g are fiber homotopy 
equivalences. 


Notice that a fiber homotopy equivalence f : E — F’ induces a homo- 
topy equivalence Ey, —> Ep on fibers. 


6.6. Replacing a map by a fibration 


Let f : X — Y be a continuous map. We will replace X by a homotopy 
equivalent space Py and obtain a map Pf — Y which is a fibration. In short, 
every map is equivalent to a fibration. If f is a fibration to begin with, then 
the construction gives a fiber homotopy equivalent fibration. We assume 
that Y is path-connected and X is non-empty. 


Let q : YT — Y be the path space fibration, with g(a) = a(0); evaluation 
at the starting point. 
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Definition 6.17. The pullback P; = f*(Y“) of the path space fibration 
along f is called the mapping path space. 


(6.1) | : 
X 


An element of Pr is a pair (x,a) where a is a path in Y and g is a point in 
X which maps via f to the starting point of a. 


The mapping path fibration 
p:Pr>Y 
is obtaining by evaluating at the end point 
p(z, a) = a(1). 
Theorem 6.18. Suppose that f : X — Y is a continuous map. 


1. There exists a homotopy equivalence h : X — Py so that the diagram 


X 


Pr 


NA 


commutes. 
2. The map p: Pr + Y is a fibration. 
3. If f: X 3 Y is a fibration, then h is a fiber homotopy equivalence. 


Proof. 1. Let h: X — Py be the map 
h(x) = (x, const ¢(z)) 


where const f(x) means the constant path at f(x). Then f = poh, so the 
triangle commutes. The homotopy inverse of h is pı : Py — X, projection 
on the X-component. Then pı oh = Idx. The homotopy from hop; to Idp, 
is given by 


F((x, a), 5) E (x, Qs), 
where as is the path s +> a(st) (We have embedded X in Py via h, and have 


given a deformation retract of Py to X by contracting a path to its starting 
point.) 
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2. Let the homotopy lifting problem 


Ax {0} — Py 
ee IR 


AxI— z" Y 


be given. For a € A, we write g(a) instead of g(a, 0). Furthermore g(a) has 
an X-component and a Y/-component and we write 


g(a) = (gi(a), g2(a)) € Pp CX x Y”. 


Note that since g(a) is in the pullback, gi(a) maps via f to the starting 
point of the path g2(a) and the square above commutes, so the endpoint of 
the path g2(a) is the starting point of the path H(a,—). Here is a picture 
of g(a) and H(a,-—). 


gi (a) 


The lift H will have two components. The X-component will be constant 
in s, 


H (a, s) T gi(a) 


The Y/-component of the lift will be a path running along the path go(a) 
and then part way along H(a,—), ending at H (a, s). 


Here is a picture of H (a, 8). 


gi(a) 


126 6. Fibrations, Cofibrations and Homotopy Groups 


A formula is given by 
H(a,s) = (91(a), Ho(a, s)(—)) € Pp CX x YI, 
where 


g2(a)((1 + s)t) ifO0<t<1/(1+5s), 
H(a,((1+s)t-1) if1/(1+s)<t<1. 


H(a, s)(t) = 


We leave it to the reader to check H is continuous and that it is a lift of H 
extending the map g. Thus we have shown the mapping path fibration is a 
fibration. 


3. Finally suppose that f : X — Y is itself a fibration. In the proof of 
1. we showed that 
h:X — Pr, h(x) = (x, const ¢(z)) 


and 
mi: Pp 3X plza)=zx 

are homotopy inverses. Note h is a map of fibrations (covering the identity), 
but pi is not, since f o pi(x,q@) is the starting point of a and p(z, aœ) is the 
endpoint of a. 

Let y : Pp x I — Y be the map 7(2,a,t) = a(t). Since f is a fibration, 
the homotopy lifting problem 

P; x {0} + x 
DA 


ur 
k f 


Pp xL— Y 


has a solution. Define g : Py —> X by g(x,a) = ¥(a#,a,1). Then the 
diagrams 


xX k Ps X 2 Pr 


Nf N 4 


commute. 

Thus A and g are maps of fibrations, and in fact homotopy inverses since 
g is homotopic to pı. But this is not enough. 

To finish the proof, we need to show that g o h is homotopic to Idx by 
a vertical homotopy (i.e. a homotopy over the identity Idy : Y — Y) and 
h o g is homotopic to Idp, by a vertical homotopy. 
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Let F : X x I — X be the map 
F(x,t) = ¥(a,const f(z) ,t). 
Then 
1. F(x,0) = 7(2,const f(z) ,0) = pi(x,const ¢/)) = x, and 
2. F(x,1) = 7(x,const ¢(2),1) = g 0 h(x). 
Hence F is a homotopy from Idx to go h. Moreover, 
f(F(2,t)) = f(7(2,const p(x) ,t)) = y(@,const (2) ,t) = f(x) 


so F is a vertical homotopy. 


Here is a picture of ¥ 


The vertical homotopy from Idp, to ho g is given by contracting along 
paths to their endpoints. Explicitly H : Py x I — Py is 


H(xz,a, s) = (x,a, s), (t= a(s +t- st))). 


Given a map f : X — Y, it is common to be sloppy and say “F is the 
fiber of f”, or “F — X — Y is a fibration” to mean that after replacing 
X by the homotopy equivalent space Py and the map f by the fibration 
Py — Y, the fiber is a space of the homotopy type of F. 


6.7. Cofibrations 


Definition 6.19. A map i: A — X is called a cofibration, or satisfies the 
homotopy extension property (HEP), if the following diagram has a solution 
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for any space Y. 


A x {0} Axl 
i Y ixId 
X x {0} XxI 


Cofibration is a “dual” notion to fibration, using the adjointness of the 
functors — x I and —/, and reversing the arrows. To see this, note that since 
a map A x I — B is the same as a map A — B’, the diagram defining a 
fibration f : X — Y can be written 


eval. at 0 


a y 


Zi YA, 
The diagram defining a cofibration f : Y — X can be written as 


x— xxI 


fxI 
E 


Z+ WH Y xl. 


For “reasonable” spaces, any cofibration i : A — X can be shown to 
be an embedding whose image is closed in X. We will only deal with cofi- 
brations given by a pair (X, A) with A a closed subspace. In that case one 
usually says that A —> X is a cofibration if the problem 


Ro Ay 
i 


XxI 


as a solution for all spaces Y, maps f : X — Y and homotopies h : A x ItoY 
extending f|4. Hence the name homotopy extension property. 


Definition 6.20. Let X be compactly generated, A C X a subspace. Then 
(X,A) is called an NDR-pair (NDR stands for “neighborhood deformation 
retract”) if there exist continuous maps u : X —> I andh: X x I > X so 
that: 
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1. A =u™}(0), 

2. h(—,0) = Idx, 

3. h(a,t) =a for allt € I, a € A, and 

4. h(a,1) € A for all x € X such that u(x) < 1. 

In particular the neighborhood U = {x € X|u(x) < 1} of A deformation 
retracts to A. 
Definition 6.21. A pair (X,A) is called a a DR-pair (DR stands for “de- 
formation retract” ) if 1,2,3 hold, but also 

4 h(z,1)€A forallre X. 


(This is slightly stronger than the usual definition of deformation retracts, 
because of the requirement that there exists a function u : X — I such that 


u™t(0) = A.) 

Theorem 6.22 (Steenrod). Equivalent are: 
1. (X,A) is an NDR pair. 
2. (X xI,X x0OUAx I) is a DR pair. 
3. X xX OUAx I is a retract of X x I. 
4.4: AX is a cofibration. 


For a complete proof see Steenrod’s paper [38]. 
Proof of some implications. 
(4=> 3) Let Y = X x0UAx I. Then the solution of 


Xx {0} U Axl —*+ Xx {0} U AxI 


v 


XxI 
is a retraction of X x I to X x0UAxI. 
(3 = 4) The problem 


xR 10) UAT ey 


XxI 


has a solution f or, where r: X x I — X x {0} UA x I is the retraction. 


(1 = 3) (This implication says that NDR pairs satisfy the homotopy 
extension property. This is the most important property of NDR pairs.) 
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The map R: X x I — X x {0} UA x I given by 


(x,t) ifreAort=0, 
R(x,t) = $ (h(x,1),t— u(x)) ift > u(x) and t > 0, and 
(h(a, aay) 9) if u(x) > t and u(x) > 0 


is a well-defined and continuous retraction. 


The next result should remind you of the result that fiber bundles over 
paracompact spaces are fibrations. 


Theorem 6.23. If X is a CW-complez, and A C X a subcomplez, then 
(X,A) is a NDR pair. 


Sketch of proof. The complex X is obtained from A by adding cells. Use 
a collar $"~! x [0,1] C D” given by (@,t) + (1 — 4)% to define u and h 
cell-by-cell. 


Exercise 91. If (X, A) and (Y, B) are cofibrations, so is their product 
(X, A) x (Y,B) =(X x YX x BUAXY). 
We next establish that a pushout of a cofibration is a cofibration; this 


is dual to the fact that pullback of a fibration is a fibration. The word dual 
here is used in the sense of reversing arrows. 


Definition 6.24. A pushout of maps f : A — Bandg:A—Cisa 
commutative diagram 


which is initial among all such commutative diagrams, i.e. any problem of 
the form 


eee: 
f | 
Op 


has a unique solution. 
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Pushouts are unique up to homeomorphism; this is proved using an 
“initial object” argument. Sometimes we just say D is the pushout, and 
sometimes we write D = f,C,, the pushout of g along f. 


Pushouts always exist. They are constructed as follows. 


When A is empty the pushout is the disjoint union BIH C. A concrete 
realization is given by choosing base points bọ € B and cg € C and setting 


BUC = {(b,o,0)E Bx Cx I|beE B} U {(b0o,c, 1) EBxCxI|cecC}. 


In general, a concrete realization for the pushout of f : A — B and 
g:A—-Cis 
BUC 
f(a) ~ gla) 
Note that this is a quotient of a sum, just like the pushout in the category 
of abelian groups. 


Theorem 6.25. If g: A— C is a cofibration and 


i= pB 


| 


C —> fC 


g 


is a pushout diagram then B > f,C is a cofibration. 


The proof is obtained by reversing the arrows in the dual argument for 
fibrations. We leave it as an exercise. 


Exercise 92. Prove Theorem 6.25. 


6.8. Replacing a map by a cofibration 


Let f : A — X be a continuous map. We will replace X by a homotopy 
equivalent space Mp and obtain a map A — My which is a cofibration. In 
short, every map is equivalent to a cofibration. If f is a cofibration to begin 
with, then the construction gives a homotopy equivalent cofibration relative 
to A. 


Definition 6.26. The mapping cylinder of a map f : A — X is the space 


(Ax DIX 


ss eae CES IC) 
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r 


My 


The mapping cone of f : A— X is 


My 
COS. 
f Ax {0} 
AxI 
Ax {0} 
Cr 


Note that the mapping cylinder My can also be defined as the pushout 
of 


A x {1} — X x {1} 


Axl 


This shows the analogue with the mapping path fibration Py more clearly. 
Sometimes Py is called the mapping cocylinder by those susceptible to cat- 
egorical terminology. 
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The “dual” result to Theorem 6.18 is the following. 


Theorem 6.27. Let f : A— X be a map. Leti: A— Mf be the inclusion 
i(a) = [a, 0]. 


1. There exists a homotopy equivalence h : My — X so that the diagram 


A P 
E 


X 


My 
commutes. 


2. The inclusion i: A — My is a cofibration. 


3. If f: A — X is a cofibration, then h is a homotopy equivalence 
rel A, in particular h induces a homotopy equivalence of the cofibers 


Cy — X/f(A). 
Proof. 1. Let h: My — X be the map 
hla,s]= f(a), Ala] =a. 


Then f = hoi so the diagram commutes. The homotopy inverse of h is the 
inclusion j : X — My. In fact, ho j = Idx, and the homotopy from Idm; 
to j o h squashes the mapping cylinder onto X and is given by 


F({a, s],t) = [a,s+t— st] 
F([a],t) = [e]. 


2. By the implication (3 = 4) from Steenrod’s theorem (Theorem 6.22), 
we need to construct a retraction 


R:MysxI—>MysxOUAxI 


Ms xI Myx {O}UAXI 


Let 
r:IxI—-Ix0Ou0x!l 
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be a retraction so that r(1 x J) = {(1,0)}. (First retract the square onto 
3 sides and then contract a side to a point.) Define R([a, s], t) = [a,r(s, t)] 
and R([x],t) = ([x],0). Thus i: A — Mf is a cofibration. 


3. Iff: Ao X is a cofibration, by Steenrod’s theorem there is a 
retraction 
r:XxI—>Xx1uf(A)xI 


and an obvious homeomorphism 

q: X x1U f(A) xI — My. 
Define g : X — My by g(x) = q(r(x,0)). We will show that g and h are 
homotopy inverses rel A (recall hia, s| = f(a) and h|z] = x). 

Define the homotopy 
H:XxI—>X 
as H = hor. Then H(z,0) = ho g(x), H(xz,1) = x, and H(f(a),t) = f(a). 
Define the homotopy 
F: My; x I —> My 

by F((z],t) = q(r(x, t)) and F (|a, s], t) = a(r(f(a), st)). Then F(z,0) = 
go h(x), H(—,1) = Idm,, and F(i(a),t) = i(a). The reader is encouraged 
to verify these formulae, or to draw the motivating pictures. 


6.9. Sets of homotopy classes of maps 


We introduce the following notation. If X,Y are spaces, then [X,Y] denotes 
the set of homotopy classes of maps from X to Y, ie. 


[X,Y] = Map(X,Y)/ oo, 
where f ~ g if f is homotopic to g. 
Notice that if Y is path-connected, then the set [X,Y] contains a distin- 


guished class of maps, namely the unique class containing all the constant 
maps. We will use this as a base point for [X,Y] if one is needed. 


If X has a base point 29, and Y has a base point yo, let [X,Y ]o denote 
the based homotopy classes of based maps, where a based map is a map 
f : (X,20) — (Y,yo). Then [X,Y]o has a distinguished class, namely the 
class of the constant map at yo. (In the based context, it is not necessary to 
assume Y is path-connected to have this distinguished class.) Given a map 
f: X — Y let [f] denote its homotopy class in [X,Y] or [X,Y]o. Notice 
that if X and Y are based spaces there is a forgetful map |X, Y]o > [X,Y]. 
This map need not be injective or surjective. 


The notion of an exact sequence of sets is a useful generalization of the 
corresponding concept for groups. 
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Definition 6.28. A sequence of functions 
yee: eae 6. 
of sets (not spaces or groups) with base points is called exact at B if 
f(A) = g~ (co) 


where co is the base point of C. 


All that was necessary here was that C be based. Notice that if A, B,C 
are groups, with basepoints the identity element, and f, g homomorphisms, 
then A — B — C is exact as a sequence of sets if and only if it is exact as 
a sequence of groups. 

The following two theorems form the cornerstone of constructions of 
exact sequences in algebraic topology. 


Theorem 6.29 (basic property of fibrations). Let p: E — B be a fibra- 
tion, with fiber F = p—'(bo) and B path-connected. Let Y be any space. 
Then the sequence of sets 


[YF] “5 [Y,E] 25 [Y,B] 


is exact. 


Proof. Clearly p.(ix[g]) = 0. 

Suppose f : Y — E so that p,[f] = [const], ie. po f: Y — B is 
null homotopic. Let G : Y x I — B be a null homotopy, and then let 
H : Y x I — E bea solution to the lifting problem 


Yxi 
pA 


Hw 
a P 


Y xI —z> B 


Since p o H(y,1) = G(y,1) = bo, H(y,1) € F = p-'(bo). Thus f is 
homotopic into the fiber, so [f] = i| H (—,1)]. 


Theorem 6.30 (basic property of cofibrations). Let i: A — X be a cofi- 
bration, with cofiber X/A. Let q: X — X/A denote the quotient map. Let 
Y be any path-connected space. Then the sequence of sets 


[X/AY] % [x,y] 5 [AY] 


is exact. 
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Proof. Clearly i*(q¢*([g])) = [g © q0 i] = [const]. 


Suppose f : X — Y is a map and suppose that fi} : A — Y is nullho- 
motopic. Let h: A x I — Y be a null homotopy. The solution F to the 
problem 


Kx Carry 


Xx 


defines a map f’ = F'(—,1) homotopic to f whose restriction to A is constant, 
i.e. f’(A) = yo. Therefore the diagram 
sis 


can be completed, by the definition of quotient topology. Thus [f] = [f’] = 
q* [g]. 


6.10. Adjoint of loops and suspension; smash 
products 


Definition 6.31. Define K, to be the category of compactly generated 
spaces with a non-degenerate base point, i.e. (X,x%0) is an object of Kx 
if the inclusion {xo} C X is a cofibration. The morphisms in K, are the 
base point preserving continuous maps. 


Exercise 93. Prove the base-point versions of the previous two theorems: 


1. If F — E — B is a base point preserving fibration, then for any 
Y E€ Kx 
[Y Fo > [Y ,E]o > [Y ,B]o 
is exact. 


2. If A— X — X/A is a base point preserving cofibration, then for any 
Y € Kx 
[X/A,Y]o > [X,Y]o > [AY ]o 


is exact. 


Most exact sequences in algebraic topology can be derived from Theo- 
rems 6.29, 6.30, and Exercise 93. We will soon use this exercise to establish 
exact sequences of homotopy groups. To do so, we need to be careful about 
base points and adjoints. Recall that if (X, xo) and (Y, yo) are based spaces, 
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then Map(X,Y)o is the set of maps of pairs (X, zo) — (Y,yo) with the 
compactly generated topology. 


Definition 6.32. The smash product of based spaces is 


XxXY _ XxY 
XVY Xx {yo}Uf{ao} UY 


XAY= 


Note that the smash product X AY is a based space. Contrary to popular 
belief, the smash product is not the product in the category Ką, although 
the wedge product 


XVY =(X x {v} U ({ao} KY) CX XY 


is the sum in K,. The smash product is the adjoint of the based mapping 
space. The following theorem follows from the unbased version of the adjoint 
theorem (Theorem 6.5), upon restricting to based maps. 


Theorem 6.33 (adjoint theorem). There is a (natural) homeomorphism 


Map(X ^Y, Z)o = Map(X, Map(Y, Z)o)o 


Definition 6.34. The (reduced) suspension of a based space (X, zo) is SX = 
S1 ^ X. The (reduced) cone is CX = I ^A X. Here the circle is based by 
1 € S! C C and the interval by 0 € T. 


Using the usual identification 7/{0,1} = $+ via t = e?™*, one sees 


XxI 


eS 
j X x {0,1} U {z0} x I 


In other words, if £X is the unreduced suspension and cone(X) is the unre- 
duced cone (= £X/X x {0}), then there are quotient maps 


UX > SX cone(X) > CX 


given by identifying {zo} x I shaded in the following figure. 
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ao} x I {to} x I 
ee ee 


EX cone(X ) 


Notice that taking reduced suspensions and reduced cones is functo- 
rial. Reduced suspensions and cones are more useful than the unreduced 
variety since they have canonical base points and satisfy adjoint proper- 
ties. Nonetheless, it is reassuring to connect them with the more familiar 
unreduced versions. 


Exercise 94. If X € K, (ie. the inclusion {xg} — X is a cofibration), 
then the quotient maps £X — SX and cone(X) — CX are homotopy 
equivalences. 


Proposition 6.35. The reduced suspension SS” is homeomorphic to S++ 
and the reduced cone C'S” is homeomorphic to D”, 


Exercise 95. Prove Proposition 6.35. This shows in a special case that the 
smash product is associative. Prove associativity of the smash product in 
general. 


Corollary 6.36. S$ ^ SÍ is homeomorphic to S'HI. 


We defined loop spaces by Qs X = Map(J, {0,1}; X,{xo}), but by using 
the identification of the circle as a quotient space of the interval, one sees 


Nra X = Map( St, X)o 
Then a special case of Theorem 6.33 shows the following. 
Theorem 6.37 (loops and suspension are adjoints). The spaces 
Map(SX,Y )o 


and 
Map(X, QY )o 


are naturally homeomorphic. 
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6.11. Fibration and cofibration sequences 


We will see eventually that the homotopy type of a fiber of a fibration mea- 
sures how far the fibration is from being a homotopy equivalence. (For 
example, if the fiber is contractible then the fibration is a homotopy equiv- 
alence.) More generally given a map f : X — Y, one can turn it into a 
fibration Ps — Y as above; the fiber of this fibration measures how far f is 
from a homotopy equivalence. 


After turning f : X — Y into a fibration Pr — Y one then has an 
inclusion of the fiber F C Py. Why not turn this into a fibration and see 
what happens? Now take the fiber of the resulting fibration and continue 
the process ... 

Similar comments apply to cofibrations. Theorem 6.39 below identifies 
the resulting iterated fibers and cofibers. We first introduce some terminol- 


ogy. 
Definition 6.38. If f : X — Y is a map, the homotopy fiber of f is the 
fiber of the fibration obtained by turning f into a fibrations. The homotopy 


fiber is a space, well-defined up to homotopy equivalence. Usually one is 
lazy and just calls this the fiber of f. 


Similarly, the homotopy cofiber of f : X — Y is the mapping cone Cp, 
the cofiber of X — My. 


Theorem 6.39. 


1. Let F — E — B be a fibration. Let Z be the homotopy fiber of 
FOE, so Z — F — E is a fibration (up to homotopy). Then Z is 
homotopy equivalent to the loop space QB. 


2. Let A X — X/A be a cofibration sequence. Let W be the homotopy 
cofiber of X — X/A, so that X — X/A — W is a cofibration (up 
to homotopy). Then W is homotopy equivalent to the (unreduced) 
suspension XA. 


Proof. 1. Let f : E — B be a fibration with fiber F = f~!(bo). Choose 
a base point eọ € F. In Section 6.6 we constructed a fibration p : Pr — B 
with 
P; = {(e,a) € E x B’|f(e) = a(0)} 

and p(e,v) = a(1), and such that the map h : E — Py given by h(e) = 
(e, const f(e)) is a fiber homotopy equivalence. 

Let (Pr)o = p7'(bo), so (Pijo > Pr *, B is a fibration equivalent to 

f 

Fok Bb. 
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Define 7 : (Py)o > E by m(e,a) = e. Notice that 


(Pro = {(e,@)| Fle) = (0), a(1) = bo}. 


fle) 


Claim. 7: (Pf)o— E is a fibration with fiber QB. 
Proof of claim. Clearly 7~!(e9) = {(e0,a)|a(0) = a(1) = bo} is homeo- 


morphic to the loop space, so we just need to show 7 is a fibration. Given 
the problem 


A x {0} — (Po 


ae: 


Axl H E 
the picture is 
H(a,—) gı(a) 
a rea 
f bo 
g2(a)(—) 


Hence we can set H(a,s) = (H(a,s), H2(a,s)) where H2(a,s))(—) has 
the picture 
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bo 


f(H(a, s)) 


and is defined by 
Tegs e rreo) dees G45), 


go(a)((s + 1)t — s if s/(s+1)<t<1. 
The map F — (Pr)o is a homotopy equivalence, since E — Py is a fiber 
homotopy equivalence. Thus the diagram 
F 
E 
(Pr)o 


shows that the fibration m : (Pr)o — E is obtained by turning F — E into 
a fibration, and the homotopy fiber is Qy, B. 

2. The map X — X/A is equivalent to X — C; = X Ucone(A) where 
i: AX. The following picture makes clear that C;/X = A. The fact 
that X — C; is a cofibration is left as an exercise. 


2 


i 
> > 
X 


Ci = XU cone( A) ~ X/A XA = C;/X 


Exercise 96. Show that X —> C; = X U cone( A) is a cofibration. 


We have introduced the notion of the loop space QX of a based space 
X as the space of paths in X which start and end at the base point. The 
loop space is itself a based space with base point the constant loop at the 
base point of X. Let Q"X denote the n-fold loop space of X. Similarly the 
reduced suspension SX of X is a based space. Let S”X denote the n-fold 
suspension of X. 
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The previous theorem can be restated in the following convenient form. 


Theorem 6.40. 


1. Let A — X be a cofibration. Then any two consecutive maps in the 
sequence 


A> X — X/A> TA EX >e S‘ A> "X > "(XJA >- 


have the homotopy type of a cofibration followed by projection onto 
the cofiber. 


1’. Let A — X be a base point preserving cofibration. Then any two 
consecutive maps in the sequence 


A> X > XJA — SA — SX >.-- 3 S" A —> S° X — S” (X/A) >- 


have the homotopy type of a cofibration followed by projection onto 
the cofiber. 


2. Let E — B be a fibration with fiber F. Then any two consecutive 
maps in the sequence 


> QF — QE — OBS: SO QF — QE — QNB —F—E—B 


have the homotopy type of a fibration preceded by the inclusion of its 
fiber. 


To prove 1’., one must use reduced mapping cylinders and reduced cones. 


6.12. Puppe sequences 


Lemma 6.41. Let X and Y be spaces in Ky. 
1. [X,QY]o = [SX,Y]o is a group. 
2. [X,Q(QY )]o = [SX, QY Jo = [S7X,Y]o is an abelian group. 
Sketch of proof. The equalities follow from Theorem 6.37, the adjointness 


of loops and suspension. The multiplication can be looked at in two ways: 
first on [SX,Y]o as coming from the map 


v: SX > SXVSX 
given by collapsing out the “equator” X x 1/2. Then define 


fg = vf V 9) 
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4 f 
= => Sad 
g 
SX SXV SX Y 


The second interpretation of multiplication is on [X, QY ]o and comes from 
composition of loops 
* QY x OY — OY 


with (fg) = f(e) «9(2). 
The proof of 2 is obtained by meditating on the following sequence of 
pictures. 


Exercise 97. Convince yourself that the two definitions of multiplication 
on [X,QY]o = [SX,Y]o are the same and that 7(Y, yo) = [9S°, Y]o. 


The last lemma sits in a more general context. A loop space is a example 
of an H-group and a suspension is an example of a co-H-group. See [36] or 
[43] for precise definitions, but here is the basic idea. An H-group Z is a 
based space with a “multiplication” map uw: Z x Z — Z and an “inversion” 
map y: X — X which satisfy the axioms of a group up to homotopy (e.g. 
is associative up to homotopy). For a topological group G and any space 
X, Map(X,G) is a group, similarly for an H-group Z, [X, Z]p is a group. 
To define a co-H-group, one reverses all the arrows in the definition of H- 
group, so there is a co-multiplication v : W — W v W and a co-inversion 
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p: W — W. Then [W,X]o is a group. Finally, there is a formal, but 
occasionally very useful result. If W is a co-H-group and Z is an H-group, 
then the two multiplications on |W, Z]o agree and are abelian. Nifty, huh? 
One consequence of this is that 71(X,xo) of an H-group (e.g. a topological 
group) is abelian. 

Combining Lemma 6.41 with Theorem 6.40 and Exercise 93 yields the 
proof of the following fundamental theorem. 


Theorem 6.42 (Puppe sequences). Let Y € Kx. 
1. If F — E — B is a fibration, the following sequence is a long exact 
sequence of sets (i > 0), groups (i > 1), and abelian groups (i > 2). 
+» 9 [Y,0O'F]o > [Y O° E] > [Y , 9B] > 
+ [Y,2B] > [Y,F] > [Y,E]o > [Y Bo 
where Q'Z denotes the iterated loop space 
AUAU- (QZ). 
2. If (X,A) is an cofibration, the following sequence is a long exact se- 
quence of sets (i > 0), groups (i > 1), and abelian groups (i > 2). 
--+ => [S (X/A), Y]o > [S'X,Y]o > [S'A, Y] > 
"o > [SA, Y]o > [X/A, Y]o > [X, Y]o > [A, Y]o 


This theorem is used as the basic tool for constructing exact sequences 
in algebraic topology. 


6.13. Homotopy groups 


We now define the homotopy groups of a based space. 


Definition 6.43. Suppose that X is a space with base point zo. Then the 
n homotopy group of X based at xo is the group (set if n = 0, abelian 
group if n > 2) 

Tn(X, zo) = [S", X]o. 


(We will usually only consider X € K,.) 
Notice that 
(6:2) Tn(X, £0) = [9", X]o = [SF A S**, X]o = mre (O*(X)). 


In particular, 
Tn X = m (Q"1X). 
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There are other ways of looking at homotopy groups which are useful. 
For example, to get a hold of the group structure for writing down a proof, 
use mn(X, zo) = [(", OI”), (X, xo)]. For the proof of the exact sequence of 
a pair (coming later) use mn(X, zo) = [(D",S"~!), (X, zo)]. For finding a 
geometric interpretation of the boundary map in the homotopy long exact 
sequence of a fibration given below, use 


Tn(X, z0) = [(S"7} x I, (S"-! x 3I) U (* x T)), (X, 20)]. 


A useful observation is that the set mo(X, zo) is in bijective correspon- 
dence with the path components of X. A based map f : S° = {+1} = X 
corresponds to the path component of f(—1). In general mo is just a based 
set, unless X is an H-space, e.g. a loop space or a topological group. 


Also useful is the fact that [X,Y]o = mo(Map(X,Y)o), the set of path 
components of the function space Map(X, Y)o. In particular, Equation (6.2) 
shows that mn(X, xo) is the set of path components of the n-fold loop space 
of X. 


Homotopy groups are the most fundamental invariant of algebraic topol- 
ogy. For example, we will see below that a CW-complex is contractible if 
and only if all its homotopy groups vanish. More generally we will see that 
a map f : X — Y is a homotopy equivalence if and only if it induces an 
isomorphism on all homotopy groups. Finally, the homotopy type of a CW- 
complex X is determined by the homotopy groups of X together with a 
cohomological recipe (the k-invariants) for assembling these groups. (The 
homotopy groups by themselves do not usually determine the homotopy 
type of a space.) 


Exercise 98. Show that m(X x Y) = m(X) ® m(Y). 


As an application of the Puppe sequences (Theorem 6.42) we imme- 
diately get the extremely useful long exact sequence of homotopy groups 
associated to any fibration. 


Corollary 6.44 (long exact sequence of a fibration). Let F — E — B be 
a fibration. Then the sequence 


> NnF > mnE > mn B > t1F > Tmn- E >.. 
> mF > mı E > mı B > mo F > Tob > noB 


is exact. 


In Corollary 6.44, one must be careful with exactness at the right end 
of this sequence since 7 F', 7, and mB are non-abelian groups and 7o0F’, 
mo, and moB are merely sets. 


Taking F discrete in Corollary 6.44 and using the fact that covering 
spaces are fibrations one concludes the following important theorem. 
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Theorem 6.45. Let X — X be a connected covering space of a connected 
space X. Then the induced map 


Tn(X) > T(X) 


is injective if n = 1, and an isomorphism ifn > 1. 
Exercise 99. Give a covering space proof of Theorem 6.45. 


6.14. Examples of fibrations 


Many examples of fibrations and fiber bundles arise naturally in mathemat- 
ics. Getting a feel for this material requires getting one’s hands dirty. For 
that reason many facts are left as exercises. We will use the following theo- 
rem from equivariant topology to conclude that certain maps are fibrations. 
This is a special case of Theorem 4.5. 


Theorem 6.46 (Gleason). Let G be a compact Lie group acting freely on 
a compact manifold X. Then 


X — X/G 
is a principal fiber bundle with fiber G. 


6.14.1. Hopf fibrations. The first class of examples we give are the fa- 
mous Hopf fibrations. These were invented by Hopf to prove that there are 
non—nullhomotopic maps S” — S™ when n >m. 


There are four Hopf fibrations (these are fiber bundles): 
g o gl S! 
giao 98 a 2 
g3 o g7 94 
and 
S7 = sh S$. 
These are constructed by looking at the various division algebras over R. 


Let K = R,C,H, or O (the real numbers, complex numbers, quater- 
nions, and octonions). Each of these has a norm N : K — R, so that 


N (zy) = N(x)N(y) 
and N(x) > 0 for « £0. 
More precisely, 
1. If K =R, then N(x) = |z| = Vxz where 7 = 2, 
2. If K =C, then N(x) = Vxz where a + ib = a — ib, 
3. If K = H, then N(x) = vzg, where a + ib + je + kd = a—ib—jc—kd, 
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4. The octonions are defined to be O = H $ H. The conjugation is 
defined by the rule: if p = (a,b), then p = (a@,—b). Multiplication is 
given by the rule 

(a, b)(c, d) = (ac — db, be + da) 
and the norm is defined by 


N(p) = Vp. 
Let Ex = {(2,y) € KO K|N(a)* + N(y)? = 1}. Let Gg = {z € 
K|N(x) = 1}. 


Exercise 100. Gx is a compact Lie group homeomorphic to S” for r = 
0,1,3. For K = O, Gx is homeomorphic to S”, but it is not a group; 
associativity fails. 


Let Gx act on Ex by g- (x,y) = (gz, gy) (Note N(gx)? + N(gy)? = 
N(x)? + N(y)? if N(g) = 1.) 

This action is free. This is easy to show for K = R,C, or H, since 
K is associative, hence if g(x,y) = (x,y), one of x or y is non-zero (since 
N(x) and N(y) are not both zero) and so if x 4 0, gx = x implies that 
1 = ax! = (gz)! = g(x!) = g. This argument does not work for 
K = O since Gx is not a group; in this case one defines an equivalence 
relation on Ex by (x,y) ~ (gx, gy) for g € Gx. The resulting quotient map 
Ex — Ex/ ~ is a fiber bundle. 

It is also easy to see that Ex consists of the unit vectors in the corre- 
sponding R” and so Ex = S?"+! for r = 0,1,3,7. Moreover Gg = S" and 
so the fiber bundle Gx — Ex — Ex/Gx can be rewritten 


sr üz gerrl >YVY= C foil 


Exercise 101. Prove that Y is homeomorphic to the (r+ 1)-sphere $7*? in 
the 4 cases. In fact, prove that the quotient map $2”’+! — Y can be written 
in the form f : S2"+! — $"+! where 


f (21, 22) = (22122, N(z1)? — N(z2)’). 
Using these fibrations and the long exact sequence of a fibration (Corol- 
lary 6.44) one obtains exact sequences 
- > MnS! > MnS? > tS? > Tmn- 8! >- 
- > MnS? > MnS? > mn St > aS >- 
- > MnS’ > tS > mS > m_18" e 


Since mn S! = 0 for n > 1 (the universal cover of S! is contractible and 
so this follows from Theorem 6.45), it follows from the first sequence that 
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MnS? = TS? for n > 2. The Hopf degree Theorem (Corollary 6.67 and a 
project for Chapter 3) implies that 7,S” = Z. In particular, 
13S? = Z. 
This is our second non-trivial calculation of 7,5” (the first being mn S” = Z). 
The quickest way to to obtain information from the other sequences is to 


use the cellular approximation theorem. This is an analogue of the simplicial 
approximation theorem. Its proof is one of the projects for Chapter 1. 


Theorem 6.47 (cellular approximation theorem). Let (X, A) and (Y, B) be 
relative CW-complexes, and let f : (X, A) — (Y, B) be a continuous map. 
Then f is homotopic rel A to a cellular map. 


Applying this theorem with (X, A) = (S”, zo) and (Y, B) = ($"", yo) one 

concludes that 
Tro” =Oif n<m. 

Returning to the other exact sequences, it follows from the cellular ap- 
proximation theorem that 7,S+ = t,_1S° for n < 6 (since m,(S") = 0 for 
n < 6), and that 7,S° = m,_1S" for n < 14. We will eventually be able to 
say more. 


6.14.2. Projective spaces. The Hopf fibrations can be generalized by 
taking Gx acting on K” for n > 2 at least for K = R, C, and H. 

For K = R, Gg = Z/2 acts on S” with quotient real projective space 
RP”. The quotient map S” — RP” is a covering space, and in particular 
a fibration. 


Let S act on 
S27) = f(215.2-4m) € C | Elz? = 1} 
by 
cigs? 23 2n) = CA tzn) 
ifte S'={zEC]| |z| =1}. 


Exercise 102. Prove that $1 acts freely. 


The orbit space is denoted by CP”~! and called complex projective space. 
The projection S?” — CP"! is a fibration with fiber S1. (Can you 
prove directly that this is a fiber bundle?) In fact, if one uses the map 
p: 8?” _, CP"—! to adjoin a 2n-cell, one obtains CP”. Thus complex 
projective space is a CW-complex. 

Notice that CP” is a subcomplex of CP”+!, and in fact CP”*! is ob- 
tained from CP” by adding a single 2n + 2-cell. One defines infinite complex 
projective space CP% to be the union of the CP”, with the CW-topology. 
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Exercise 103. Using the long exact sequence for a fibration, show that 
CP% is an Eilenberg—MacLane space of type K(Z, 2), i.e. a CW-complex 
with m2 the only non-zero homotopy group and 72 = Z. 


Similarly, there is a fibration 


53 es gan-1 =% Hp"! 
using quaternions in the previous construction. The space HP”~' is called 
quaternionic projective space. 


Exercise 104. 


1. Calculate the cellular chain complexes for CP% and HP*. 


2. Compute the ring structure of H*(CP*;Z) and H*(HP*;Z) using 
Poincaré duality. 


3. Examine whether OP* can be defined this way, for k > 1. 
4. Show these reduce to Hopf fibrations for k = 1. 


6.14.3. More general homogeneous spaces and fibrations. 
Definition 6.48. 
1. The Stiefel manifold V;,(R") is the space of orthonormal k-frames in 
R”: 
Vi(R”) = {(v1, 02,- -. , Vk) € (R)* | vi: vj = dij} 
given the topology as a subspace of (R”)* = R”. 


2. The Grassmann manifold or grassmannian G(R”) is the space of k- 
dimensional subspaces (a.k.a. k-planes) in R”. It is given the quotient 
topology using the surjection V,(R”) —> G(R”) taking a k-frame to 
the k-plane it spans. 


Let G be a compact Lie group. Let H C G be a closed subgroup (and 
hence a Lie group itself). The quotient G/H is called a homogeneous space. 
The (group) quotient map G — G/H is a principal H-bundle since H acts 
freely on G by right translation. If H has a closed subgroup K, then H acts 
on the homogeneous space H/K. Changing the fiber of the above bundle 
results in a fiber bundle G/K — G/H with fiber H/K. 


For example, if G = O(n) and H = O(k) x O(n — k) with H => G via 


(4B) (9B): 


let K C O(n) be O(n — k), with 


I 0 
An (i we 
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Exercise 105. Identify G/H with the grassmannian and G/K with the 
Stiefel manifold. Conclude that the map taking a frame to the plane it 
spans defines a principal O(k) bundle V;,(R”) > G(R”). 

Let 

WR”) = {(p,V) € R” x G(R”) | p is a point in the k-plane V}. 


There is a natural map yk(R”) — G(R”) given by projection on the second 
coordinate. The fiber bundle so defined is a vector bundle with fiber R? (a 
k-plane bundle) 

R? > +%(R") > G(R”). 
It is called the canonical (or tautological) vector bundle over the grassman- 
nian. 


Exercise 106. Identify the canonical bundle with the bundle obtained from 
the principal O(k) bundle V,(R”) — G(R”) by changing the fiber to R*. 
Exercise 107. Show there are fibrations 
O(n — k) = O(n) > V;(R"”) 
O(n — 1) => O(n) => Ss” 
taking a matrix to its last k columns. Deduce that 
(6.3) mi(Ol(n—1)) S m(O(n)) for i<n-2, 


and 


mi(Vk(R”)) =0 for i<n-k-l1. 


The isomorphism of Equation (6.3) is an example of “stability” in alge- 
braic topology. In this case it leads to the following construction. Consider 
the infinite orthogonal group 


O = lim O(n) = U O(n), 


where O(n) C O(n + 1) is given by the continuous monomorphism 


Topologize O as the expanding union of the O(n). Then any compact 
subset of O is contained in O(n) for some n, hence m;O = lim 7;(O(n)) = 
m(O(n)) for any n > 7+ 2. Ai 

A famous theorem of Bott says: 

Theorem 6.49 (Bott periodicity). 
ThO = Tk48O fork € Z}. 


Moreover the homotopy groups of O are computed to be 
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k (mod 8) | o | 1 |2]/3/4|/5/6/]7 
mO |Zz/2|z/2lo|zlolololz 


An element of mO is given by an element of m(O(n)), for some n, which 
by clutching (see Section 4.3.3) corresponds to a bundle over S**+! with 
structure group O(n). (Alternatively, one may use that 7,44(BO(n)) S 
Tk(O(n)) using the long exact sequence of homotopy groups of the fibration 
O(n) => EO(n) > BO(n)). The generators of the first eight homotopy 


groups of O are given by Hopf bundles. 

Similarly one can consider stable Stiefel manifolds and stable grassma- 
nians. Let Vp(R®) = lim V,(R”) and G(R®) = lim G(R”). Then 
Ti(Vk(R®)) = lim 7;(V,(R”)) and 7;(G,(R™)) = lim 7;(G,(R”)). In 
particular 7;(Vi(R®)) = 0. 

A project for Chapter 4 was to show that for every topological group G, 
there is a principal G-bundle EG — BG where EG is contractible. 


This bundle classifies principal G-bundles in the sense that given a prin- 
cipal G-bundle p : G — E — B over a CW-complex B (or more generally a 
paracompact space), there is a map of principal G-bundles 


pS ae 


P 


and that the homotopy class [|f] € [B, BG] is uniquely determined. It follows 


that the (weak) homotopy type of BG is uniquely determined. 


Corollary 6.50. The infinite grassmannian G;,(R™) is a model for BO(k). 
The principal O(k) bundle 


O(k) => WWR”) > G(R”) 

is universal and classifies principal O(k)-bundles. The canonical bundle 
R! => %(R®) > G(R”) 

classifies R¥-vector bundles with structure group O(k) (i.e. R*-vector bun- 


dles equipped with metric on each fiber which varies continuously from fiber 


to fiber). 


The fact that the grassmannian classifies orthogonal vector bundles 
makes sense from a geometric point of view. If M C R” is a k-dimensional 
smooth submanifold, then for any point p E€ M, the tangent space T,M 
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defines a k-plane in R”, and hence a point in G(R”). Likewise a tangent 
vector determines a point in the canonical bundle 7,(R”). Thus there is a 
bundle map 


f n 
TM — 7%(R") 


M —-~ G(R") 


Moreover, G(R) is also a model for BGL;,(R) and hence is a clas- 
sifying space for k-plane bundles over CW-complexes. This follows either 
by redoing the above discussion, replacing k-frames by sets of k-linearly 
independent vectors, or by using the fact that O(k) — GL,(R) is a ho- 
motopy equivalence, with the homotopy inverse map being given by the 
Gram-Schmidt process. 


Similar statements apply in the complex setting to unitary groups U(n). 
Let 
G;,,(C”) = complex k-planes in C” 


Gy(C") = U(n)/(U(k) x U(n—k)), the complex grassmanian 
V,.(C”) = U(n)/U(n—k), the unitary Stiefel manifold. 


There are principal fiber bundles 
U(n — k) > U(n) > Va(C") 
and 
U(k) = Ve(C") > Ge(C"). 
Moreover, Vj(C”) S $?"—!, therefore 
wE(U(n)) = me(U(n —1)) if k< 2n-2 
and so letting 


U = lim U(n), 


n—- oo 


we conclude that 


k 
nkU = 7,(U(n)) forn >1+ 5 


Bott periodicity holds for the unitary group; the precise statement is the 
following. 
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Theorem 6.51 (Bott periodicity). 
NkU = Tk42U for k € Z}. 


Moreover, 


Z ifk is odd, and 
TRU = 
0 ifk is even. 


Exercise 108. Prove that 7,U = Z and maU = 0. 


Taking determinants give fibrations SO(n) —> O(n) ee {+1} and 
SU(n) = U(n) et, Sl In particular, SO(n) is the identity path-component 
of O(n), so m,(SO(n)) = m,(O(n)) for k > 1. Similarly, since 7,($1) = 0 
for k > 1, m(SU(n)) = 0 and 2, SU(n) = 7(U(n)) for k > 1. 

Exercise 109. Prove that SO(2) = U(1) = 9t, SO(3) = RP®, SU(2) = 
S?, and that the map p : S? x S* — SO(4) given by (a,b) + (v + avb) 
where a,b € S° C H and v € H = Ré is a 2-fold covering map. 


Exercise 110. Using Exercise 109 and the facts: 
1. mS" = Z (Hopf degree Theorem). 
. TS” = 0 for k < n (Hurewicz theorem). 
. TKS” & 1419"! for k < 2n — 1 (Freudenthal suspension theorem). 
. There is a covering Z — R > S!. 


. TS"! = Z/2 for n > 3 (this theorem is due to V. Rohlin and G. 
Whitehead; see Corollary 9.27). 


om A Ww N 


Compute as many homotopy groups of S™’s, O(n), Grassmann manifolds, 
Stiefel manifolds, etc. as you can. 


6.15. Relative homotopy groups 


Let (X, A) be a pair, with base point x9 E€ A C X. Let p = (1,0,--- ,0) € 
l oe BL 
Definition 6.52. The relative homotopy group (set if n = 1) of the pair 
(X, A) is 

Tn(X, A, xo) = [D”, S”, p; X, A, xo], 
the set of based homotopy classes of base point preserving maps from the 


pair (D",S"~') to (X, A). This is a functor from pairs of spaces to sets 
(n = 1), groups (n = 2), and abelian groups (n > 2). 


Thus, representatives for mn(X, A, £o) are maps f : D” — X such that 
f(s"-") c A, f(p) = 20 and f is equivalent to g if there exists a homotopy 
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F : D” x I — X so that for each t € I, F(—,t) is base point preserving and 
takes S”~! into A, and F(—,0) = f, F(—,1) =g. 
(Technical note: associativity is easier to see if instead one takes 
tn(X, A, xo) = [D", S°-1, P; X, A, £o] 
where P is one-half of a great circle, running from p to —p, e.g. 
P = {(cos@,sin0,0,--- ,0) | 6 € [0,z]}. 
This corresponds to the previous definition since the reduced cone on the 


sphere is the disk.) 


Theorem 6.53 (long exact sequence in homotopy of a pair). The homotopy 
set nn( X, A) is a group for n > 2, and is abelian for n > 3. Moreover, there 
is a long exact sequence 


> TA > TX > T(X, A) > Mm -1A > +++ 3 14 (X, A) > 790A > 0X. 


Proof. The proof that mn(X, A) is a group is a standard exercise, with 
multiplication based on the idea of the following picture. 


v f 
g 


D” D” vV D” X 


Exercise 111. Concoct an argument from this picture and use it to figure 
out why mı(X, A) is not a group. Also use it to prove that the long exact 
sequence is exact. 


Lemma 6.54. Let f: E — B be a fibration with fiber F. Let AC B bea 


subspace, and let G = f—!(A), so that F => G 1 Aiea fibration. Then 
f induces isomorphims f, : ™,(E,G) — mk(B, A) for all k. In particular, 
taking A = {bo} one obtains the commuting ladder 


TEE TE —> 1,(E, F) — rk (F) —— -:- 


| O 
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with all vertical maps isomorphisms, taking the long exact sequence of the 
pair (E, F) to the long exact sequence in homotopy for the fibration F —> 
E — B. 


Proof. This is a straightforward application of the homotopy lifting prop- 
erty. Suppose that ho : (D*,S*~1) — (B,A) is a map. Viewed as a 
map D* — B it is nullhomotopic, i.e. homotopic to the constant map 
Cb = hi : D! — B. Let H be a homotopy, and let hı : DE + G c E be 
the constant map at the base point of G. Since f o hı = hı = H(-,1), the 
homotopy lifting property implies that there is a lift H : D? x I > E with 
fo Ht, 0) = ho. This proves that fx : 7(E,G) — 1,(B, A) is surjective. 
A similar argument shows that f, : 7(E,G) — mg(B, A) is injective. 


The only square in the diagram for which commutativity is not obvious 


(6.4) | | 


We leave this as an exercise. 


Exercise 112. Prove that the diagram (6.4) commutes. You will find the 
constructions in the proof of Theorem 6.39 useful. Notice that the com- 
mutativity of this diagram and the fact that f, is an isomorphism gives an 
alternative definition of the connecting homomorphism m(B) — m,-1(F’) 
in the long exact sequence of the fibration F —> E — B. 


An alternative and useful perspective on Theorem 6.53 is obtained by 
replacing a pair by a fibration as follows. 
Turn A —> X into a fibration, with A’ replacing A and L(X, A) the fiber. 
Using the construction of Section 6.6 we see that 
L(X, A) = {(a,a) |a:I > X,a(0) =a € A,a(1) = zo} 
T Map((J, 0, 1), (X, A, xo)). 


This shows that if QX — PX + X denotes the path space fibration, 
then L(X, A) = PX|4 =e 1(A). Thus Lemma 6.54 shows that e induces 
an isomorphism ex : 7(PX,L(X,A)) > 7,(X,A) for all k. Since PX 
is contractible, using the long exact sequence for the pair (PX, L(X, A)) 
gives an isomorphism ô : mz(PX, L(X, A)) = Tr-1(L(X, A)). Therefore 
the composite 


€xO -1 
Tk- (L(X, A)) “7 m(X,A) 
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is an isomorphism which makes the diagram 
© > nk X — Tmk(L(X, A)) — mkA TEX 


a| | 1a] 1a] 


[—— Tk+1 X = Tk+1(X, A) E TA TKX 


commute, where the top sequence is the long exact sequence for the fibration 
L(X, A) — A — X and the bottom sequence is the long exact sequence of 
the pair (X, A). 


Homotopy groups are harder to compute and deal with than homology 
groups, essentially because excision fails for relative homotopy groups. In 
Chapter 8 we will discuss stable homotopy and generalized homology the- 
ories, in which (properly interpreted) excision does hold. Stabilization is a 
procedure which looks at a space X only in terms of what homotopy infor- 
mation remains in S”X as n gets large. The fiber L(X, A) and cofiber X/A 
are stably homotopy equivalent. 


6.16. The action of the fundamental group on 
homotopy sets 


The question which arises naturally when studying based spaces is what is 
the difference between the based homotopy classes [X, Y]o and the unbased 
classes [X,Y]? Worrying about base points can be a nuisance. It turns out 
that for simply connected spaces one need not worry; the based and unbased 
homotopy sets are the same. In general, the fundamental group acts on the 
based set as we will now explain. 

Let X be in Ką, that is, it is a based space with a non-degenerate base 
point zo. Suppose Y is a based space. 


Definition 6.55. Let fo, fı: X — Y. Let u: I — Y bea path and suppose 
there is a homotopy F : X x I > Y from fo to fı so that F(ao,t) = u(t). 
Then we say fo is freely homotopic to fı along u, and write 


fo = fi. 


Notice that if fo, fi : (X, zo) > (Y,yo), then u is a loop. Thus a free 
homotopy of based maps gives rise to an element of 71(Y, yo). 


Lemma 6.56. 
1. (Existence) Given a map fo: X — Y anda path u in Y starting at 
fo(zo), then fo = fi for some fi. 
2. (Uniqueness) Suppose fo ~ fi, fo =~ fo and u ~ v (rel OI). Then 
Ti eee I2: 
3. (Multiplicativity) fo = fi, fi = fo = fo = fr 
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Proof. 1. There exists a free homotopy F : X x I — Y with F(ao,t) = 
u(t), F(—,0) = fo, since (X, zo) is a cofibration: 


be eI MOR Cree Cem 


Y 


XxI 


2. Since (I, ðI), (X, xo) are cofibrations, so is their product (X x I, X x 
OI U zo x I) (See Exercise 91) and so the following problem has a solution 


X x I x {0} UX x {0,1} x TU {xo} x I x I — Y. 


XxI xT 
In this diagram, 
1. X x Ix {0} — Y is the map (z, s,0) fo(z). 
2. X x {0} x IY is the homotopy of fo to fı along u. 


3. X x {1} x I — Y is the homotopy of fo to f2 along v. 
4. {ao} x I x I — Y is the path homotopy of u to v. 


The situation is represented in the following picture of a cube X x I x I. 


therefore fı ~ fo 


fos fi 


Then H(—,—,1) is a homotopy of fı to fz along a constant path. 
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3. This is clear. 


In light of Lemma 6.56, we can define an action of 71(Y, yo) on [X,Y ]o 
by the following recipe. 

For [u] € 71(Y, yo) and [f] € [X, Y]o, define [u][f] to be [fi], where fı is 
any map so that f ~ fi. 


Theorem 6.57. This defines an action of nı (Y, yo) on the based set [X,Y ]o, 
and [X,Y] is the quotient set of |X,Y]o by this action if Y is path connected. 


Proof. We need to verify that this action is well-defined. It is independent 
of the choice of representative of [u] by Lemma 6.56, part 2. Suppose now 
[f] = [g] € [X,Y ]o and g = g1. Then 


fi jal f onat g T gı 

so that fı and gı are based homotopic by Lemma 6.56, parts 2 and 3. 
This is an action of the group 7(Y,yo) on the set [X,Y ]o by Lemma 

6.56, part 3. Let 

®:[X,Y]o > [X,Y] 
be the forgetful functor. Clearly ®([u][f]) = [f] and if ®[fo] = [f1], then 
there is a u so that [u][fo] = [fi]. Finally ® is onto by Lemma 6.56, part 3 
and the fact that Y is path-connected. 


Corollary 6.58. A based map of path connected spaces is null-homotopic 
if and only if it is based null-homotopic. 


Proof. If c denotes the constant map, then clearly c ~ c for any u € mY. 
Thus mY fixes the class in |X, Y]o containing the constant map. 


Corollary 6.59. Let X,Y € K,. If Y is a path connected and simply- 
connected space then the forgetful functor [X,Y]o — [X,Y] is bijective. 


6.16.1. Alternative description in terms of covering spaces. Sup- 
pose Y is path connected, and X is simply connected. Then covering space 
theory says that any map f : (X,20) — (Y,yo) lifts to a unique map 


f : (X, £0) > (Y,%o), where Y denotes the universal cover of Y. Moreover 
based homotopic maps lift to based homotopic maps. Thus the function 


Px : IX, Y]o T [X,Y ]o 
induced by the cover p : (Y, 9) — (Y, yo) is a bijection. On the other hand, 


since Y is path connected and simply connected, Corollary 6.59 shows that 
the function [X,Y ]o — [X,Y] induced by the inclusion is a bijection. 
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Now 71(Y, yo) can be identified with group of covering transformations 
of Ý. Thus, 7(Y,yo) acts on [X,Y] by post composition i.e. a: Ý — Ý 
acts on f: X => Y byaof. (Note: one must be careful with left and right 
actions: by convention 71(Y, yo) acts on Ý on the right, so ao f means the 
function z+ f(x) - a.) 

A standard exercise in covering space theory shows that if a € 71(Y, yo) 
the diagram 


Ye pY] 


IIe 


[X,Y] -> [X, fh ev 


commutes, where the action on the left is via an a-homotopy, and the action 
on the right is the action induced by the covering translation corresponding 
to a, and the two left horizontal bijections are induced by the covering 
projection. Thus the two notions of action agree. 


Since 7,Y = [S",Y]o, we have the following corollary. 


Corollary 6.60. For any space Y, nı(Y, yo) acts on nn(Y, yo) for alln with 
quotient [S",Y], the set of free homotopy classes. 


One could restrict to simply connected spaces Y and never worry about 
the distinction between based and unbased homotopy classes of maps into Y. 
This is not practical in general, and so instead one can make a dimension- 
by-dimension definition. 


Definition 6.61. We say Y is n-simple if mY acts trivially on 7,Y. We 
say Y is simple if Y is n-simple for all n. 


Thus, simply connected spaces are simple. 


Proposition 6.62. If F is n-simple, then the fibration F — E — B defines 
a local coefficient system over B with fiber mF’. 


(A good example to think about is the Klein bottle mapping onto the 
circle.) 


Proof. Theorem 6.12 shows that given any fibration, F — E — B, there 
is a well-defined homomorphism 


r { Homotopy classes of self-homotopy \ 


equivalences F — F 
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A homotopy equivalence induces a bijection 
[Srl 7: 
But, since we are assuming that F is n-simple, this is the same as an auto- 
morphism 
Tl > Tmn EF 
Thus, we obtain a homomorphism 


p:™B— Aut(m,(F)), 


i.e. a local coefficient system over B. 


Exercise 113. Prove that the action of 71(Y, yo) on itself is just given by 
conjugation, so that Y is 1-simple if and only if mY is abelian. 


Exercise 114. Show that a topological group is simple. (In fact H-spaces 
are simple.) 


Theorem 6.63. The group 7A acts on nn(X, A), tmX, and mA for alln. 
Moreover, the long exact sequence of the pair 


> TA > TX > Tn(X,A) > Tmn- A >- 


is Tı A-equivariant. 


Proof. Let h : (I,0,1) — (A, £0, £o) represent u € mı(A, zo). Let f : 
(D”, S"-1, p) — (X, A, xo). Then since (S”—!, p) is an NDR-pair, the prob- 
lem 


i Fign-1Uh 
Se= x {O}U {p} x T E A 


SEST 
has a solution h. Since (D”, $”"~") is a cofibration, the problem 
Uh 
D” x {0} U Stx I “ X 
a 
D” xI 


has a solution F. By construction, F'(2,0) = f(x), and also F(—,1) takes 
the triple (D",S"~!,p) to (X, A, zo). Taking u- [f] = [F(—,1)] defines 
the action of mı(A, £o) on mn(X, A; zo). It follows immediately from the 
definitions that the maps in the long exact sequence are mı A-equivariant. 
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Definition 6.64. A pair (X, A) is n-simple if mı A acts trivially on 7,(X, A) 
for all n. 


6.17. The Hurewicz and Whitehead Theorems 


Perhaps the most important result of homotopy theory is the Hurewicz 
Theorem. We will state the general relative version of the Hurewicz theorem 
and its consequence, the Whitehead theorem, in this section. 

Recall that D” is oriented as a submanifold of R”, i.e., the chart D” — 
R” determines the local orientation at any x € D” via the excision iso- 
morphism H,,(D",D" — {x}) = Ha(R”, R” — {x}). This determines the 
fundamental class |D”, $"~+] € Ha(D”, 9”71). The sphere $”~! is oriented 
as the boundary of D”, i.e. the fundamental class [S"~1] € Hy_1(S"~') is 
defined by [S"~!] = 6({D", S"~"]) where 6 : H,(D", S"“') = Hy a(S? +) 
is the connecting homomorphism in the long exact sequence for the pair 
(D”, 8®7}). 

Definition 6.65. The Hurewicz map p : nmn X — Hn X is defined by 


e(Lf]) = f([S")), 


where f : S” — X represents an element of 7,,X,[S"] € H,S” = Z is the 
generator (given by the natural orientation of S”) and f, : H,S" —> H,X 
the induced map. 

There is also a relative Hurewicz map p : T(X,A) > H,(X, A) defined 
by 

p(Lfl) = f(D", S°™)). 

Here [D",S"—!] € H,(D",$S"—') S Z is the generator given by the natu- 
ral orientation, and f, : H,(D",S"~') — H,(X, A) is the homomorphism 
induced by f : (D",S"~1,*) —> (X, A, 20) € mn(X, A; 20). 


Since the connecting homomorphism H,,(D", S"~*) 2i Tai (S”—+) takes 
[D”, 8+] to [S"~1], the map of exact sequences 


T(A) —— t(X) — m,(X,A) — Tn- (A) 


a ae ee 


commutes. 


Let 7,1 (X, A) be the quotient of mn(X, A) by the normal subgroup gen- 
erated by 
{x(a(x))~*|x € m(X,A), a € 7A}. 
(Thus m} (X, A) = m(X, A) if mA = {1}, or if (X, A) is n-simple.) 
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Clearly p factors through m} (X, A), since f,({D",S"]) depends only on 
the free homotopy class of f. The following theorem is the subject of one of 
the projects for this chapter. It says that for simply connected spaces, the 
first non-vanishing homotopy and homology groups coincide. The Hurewicz 
theorem is the most important result in algebraic topology. We will give a 
proof the Hurewicz theorem for simply connected spaces in Chapter 10. 


Theorem 6.66 (Hurewicz theorem). 


1. Letn > 0. Suppose that X is path-connected. If nk(X, xo) = 0 for all 
k <n, then H(X) =0 forall0 < k< n, and the Hurewicz map 


P: nX > Ay)X 
is an isomorphism ifn > 1, and a surjection with kernel the commu- 
tator subgroup of rı X ifn =1. 
2. Letn >1. Suppose X and A are path-connected. If nk(X, A) = 0 for 
allk <n then H(X, A) =0 for allk <n, and 
p: m, (X, A) ase A(X, A) 
is an isomorphism. In particular p : T(X,A) —> H,(X,A) is an 
epimorphism. 


Corollary 6.67 (Hopf degree theorem). The Hurewicz map p : TS" —> 
H,S” is an isomorphism. Hence a degree zero map f : S” — S” is null- 
homotopic. 


Although we have stated this as a corollary of the Hurewicz theorem, 
it can be proven directly using only the (easy) simplicial approximation 
theorem. (The Hopf degree theorem was covered as a project in Chapter 5.) 


Definition 6.68. 
1. A space X is called n-connected if 7,X = 0 for k < n. (Thus “simply 
connected” is synonymous with 1-connected). 
2. A pair (X, A) is called n-connected if m,(X, A) =0 for k < n. 


3. A map f : X — Y is called n-connected if the pair (My, X) is n- 
connected, where My = mapping cylinder of f. 


Using the long exact sequence for (M+, X) and the homotopy equivalence 
My ~ Y we see that f is n-connected if and only if 
fe i WRX > TERY 


is an isomorphism for k < n and an epimorphism for k = n. Replacing the 
map f : X — Y by a fibration and using the long exact sequence for the 
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homotopy groups of a fibration shows that f is n-connected if and only if 
the homotopy fiber of f is (n — 1)-connected. 


Corollary 6.69 (Whitehead theorem). 
1. If f: X — Y is n-connected, then fx: HX — HY is an isomor- 
phism for allq < n and an epimorphism for q =n. 
2. If X,Y are 1-connected, and f : X — Y is a map such that 
fs: HX > HY 
is an isomorphism for allq < n and an epimorphism for q = n. Then 
f is n-connected. 


3. If X,Y are 1-connected spaces, f : X — Y a map inducing an isomor- 


phism on Z-homology, then f induces isomorphisms fx : nk X 5 nkY 
for all k. 


Exercise 115. Prove Corollary 6.69. 


A map f : X — Y inducing an isomorphism of 7,.X — mgY for all k 
is called a weak homotopy equivalence. Thus a map inducing a homology 
isomorphism between simply connected spaces is a weak homotopy equiva- 
lence. Conversely a weak homotopy equivalence between two spaces gives a 
homology isomorphism. 

We will see later (Theorem 7.34) that if X,Y are CW-complexes, then 
f: X — Y is a weak homotopy equivalence if and only if f is a homotopy 
equivalence. As a consequence, 


Corollary 6.70. A continuous map f : X — Y between simply connected 
CW-complexes inducing an isomorphism on all Z-homology groups is a ho- 
motopy equivalence. 


This corollary does not imply that if X,Y are two simply connected 
spaces with the same homology, then they are homotopy equivalent; one 
needs a map inducing the homology equivalence. 

For example, X = S* v (9? x S$?) and Y = CP? V CP” are simply con- 
nected spaces with the same homology. They are not homotopy equivalent 
because their cohomology rings are different. In particular, there does not 
exist a continuous map from X to Y inducing isomorphisms on homology. 

The Whitehead theorem for non-simply connected spaces involves ho- 
mology with local coefficients: If f : X — Y is a map, let f : X —> Y 
be the corresponding lift to universal covers. Recall from Shapiro’s lemma 
(Exercise 75) that 


Hy(X;Z) = H(X, Zn X]) forall k 
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and y 
TEX SnkX for k>l1 
(and similarly for Y). 
We obtain (with m = 7X = mY): 
Theorem 6.71. If f: X — Y induces an isomorphism f, : mı X > mY, 
then f is n-connected if and only if it induces isomorphisms 
A(X; Z[r]) > H:(Y; Z[r]) 


fork <n and an epimorphism 


Ha(X; Z[r]) > Hn (Y; Z[r]) 
In particular, f is a weak homotopy equivalence (homotopy equivalence if 
X,Y are CW-complexes) if only if fx: H(X; Ap) > Hg(Y; Ap) is an iso- 
morphism for all local coefficient systems p : n — Aut(A). 


Thus, in the presence of a map f : X — Y, homotopy equivalences can 
be detected by homology. 


6.18. Projects for Chapter 6 


6.18.1. The Hurewicz theorem. The statement is given in Theorem 
6.66. A reference is §IV.4-IV.7 in [43]. Another possibility is to give a 
spectral sequence proof. Chapter 10 contains a spectral sequence proof the 
Hurewicz theorem. 


6.18.2. The Freudenthal suspension theorem. The statement is given 
in Theorem 8.7. A good reference for the proof is §VII.6-VII.7 in [43]. You 
can find a spectral sequence proof in Section 10.3. 


Chapter 7 


Obstruction Theory 
and 
Filenberg-MacLane 
Spaces 


7.1. Basic problems of obstruction theory 


Obstruction theory addresses the following types of problems. Let (X, A) 
be a CW-pair, Y an arbitrary space, and p: E — B a fibration. 

1. Extension problem. Suppose f : A — Y is a continuous map. When does 
f extend to all of X? The problem is stated in the following diagram. 


ms . 


(Given the two solid arrows can one find a dotted arrow so that the diagram 
commutes?) 


2. Homotopy problem. 
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Letom h =e 


XxI 


In words, given two maps fo, fı : X — Y and a homotopy of the restrictions 
foga: 4 Y to fija : 4> Y, can one find a homotopy from fo to fi? 


If A is empty this is just the question of whether two maps fo and fı are 
homotopic. This problem is different from the homotopy extension problem 
(which is always solvable in our context) since in this case fı is specified. 


Notice that the the homotopy problem is a special case of the extension 
problem. 


3. Lifting problem. 


X—+B 
If f : X — B is given, can we find a lift of f to E? This is a special case 


of the relative lifting problem 


— 


|b 


X — B 


4. Cross section problem. This is just a special case of the relative lifting 
problem in the case when X = B and f : X — B is the identity map. 


The cross section and relative lifting problems are equivalent since the 
relative lifting problem reduces to finding a cross section of the pullback 
bundle f*E — X. 


Fibrations and cofibrations are easier to work with than arbitrary maps 
since they have fibers and cofibers. Although we have required that (X, A) 
be a CW-pair and p : E — B be a fibration, the methods of Chapter 6 show 
how to work in complete generality. Suppose that X and A are arbitrary 
CW-complexes and g : A — X is an arbitrary continuous map. The cellular 
approximation theorem (Theorem 6.47) implies that g is homotopic to a 
cellular map; call it h : A > X. The mapping cylinder Mp is then a CW- 
complex containing A as a subspace and (Mp, A) is a CW-pair. Similarly if 
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p: E — B is not a fibration, replace E by the mapping path space Pp of p 
to obtain a fibration P, — B. 


Then the following exercise is an easy consequence of the homotopy lift- 
ing property, the homotopy extension property, and the method of turning 
maps into fibrations or cofibrations. 


Exercise 116. Each of the four problems stated above is solvable for arbi- 
trary continuous maps g : A —> X and p : E — B between CW-complexes if 
and only if it is solvable for the CW-pair (Mp, A) and the fibration P, > E. 


To solve the following exercise, work cell-by-cell one dimension at a time. 
Obstruction theory is a formalization of this geometric argument. 


Exercise 117. (Motivating exercise of obstruction theory) Any map f : 
X — Y from an n-dimensional CW-complex to an n-connected space is 
null-homotopic. 


It turns out that if Y is only assumed to be (n — 1)-connected there is a 
single obstruction 0(f) € H"(X;mY) which vanishes if and only if the map 
f is null-homotopic. 


The strategy of obstruction theory is to solve the four problems cell- 
by-cell, and skeleton-by-skeleton. Thus, if the problem is solved over the 
n-skeleton Xn of X, and e"*t! is an (n + 1)-cell on X, some map is defined 
on 0e"*! and so the problem is to extend it over e”t!. The obstruction 
to extending this map is that it be nullhomotopic, or, more formally, that 
the element of 7,Y represented by the composite S” — de"t! = X, > Y 
equals zero. 


In this way we obtain a cellular cochain which assigns to e"t! € X the 
element in 7,Y. If this cochain is the zero cochain, then the map can be 
extended over the (n + 1)-skeleton of X. It turns out this cochain is in fact 
a cocycle and so represents a cohomology class in H"*!(X;7,Y). 


The remarkable result is that if this cocycle represents the zero cohomol- 
ogy class, then by redefining the map on the n-skeleton one can then extend 
it over the (n + 1)-skeleton of X (if you take one step backwards, then you 
will be able to take two steps forward). 


We will deal with the extension and homotopy problems first. The ho- 
motopy problem can be viewed as a relative form of the extension problem; 
just take 


(X', A) =(X x I,X x OIUAx I). 
Hence the problem of finding a homotopy between f : X — Y and g: 


X — Y is obstructed by classes in H"+!(X x I, X x {0,1}; mnY), which is 
isomorphic to H"(X;7nY). 
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We end this introduction to obstruction theory with some comments to 
indicate how the results of obstruction theory lead to a major conceptual 
shift in perspective on what homology is. 


Let A be an abelian group and K(A,n) be a space such that 
A ifk=n, 


0 otherwise. 


mk(K(A,n)) = l 


Such a space is called an Filenberg-MacLane space of type (A,n). Then the 
solution to the homotopy problem for maps into Y = K(A,n) shows that 
there is a single obstruction 0 € H"(X;7,(K(A,n))) to homotoping a map 
f : X — K(A,n) to another map g : X — K(A,n). With a little more work 
one shows that this sets up an isomorphism 


[X, K(A,n)] Š H"(X; A). 


This suggests one could define H"(X; A) to be [X, K(A,n)]. This obser- 
vation forms the basic link between the homological algebra approach to co- 
homology and homotopy theory. From this perspective the Puppe sequence 
(Theorem 6.42) immediately gives the long exact sequence in cohomology, 
and the other Eilenberg—Steenrod axioms are trivial to verify. But more 
importantly, it suggests that one could find generalizations of cohomology 
by replacing the sequence of spaces K(A, n) by some other sequence En, 
and defining functors from spaces to sets (or groups, or rings, depending on 
how much structure one has on the sequence En) by 


X > [X, En]. 


This indeed works and leads to the notion of a spectrum {En} and its cor- 
responding generalized homology theory, one of the subjects of Chapter 8. 


7.2. The obstruction cocycle 


Suppose that (X, A) is a relative CW-complex. We refer the reader to 
Definition 1.3 for the precise definition. 

Notice that X/A is a CW-complex. The dimension of (X, A) is defined 
to be the highest dimension of the cells attached (we allow the dimension to 
be infinite). 

Suppose that g : A — Y a continuous map with Y path connected. We 
wish to study the question of whether g can be extended to map X > Y. 

Since Y is path connected, the map g : A — Y extends over the 1- 
skeleton X,. Thus the zeroth and first step in extending g : A— Y to X is 
always possible (when Y is path connected). 


Suppose that g : A — Y has been extended to g : Xn —> Y for some 
n> 1. 
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We now make an simplifying assumption. 
Assumption. Y is n-simple, so that [S",Y] = mY. 
(We will indicate later how to avoid this assumption by using local coeffi- 
cients. ) 


Theorem 7.1 (main theorem of obstruction theory). Let (X,A) be a rel- 
ative CW-complez, n > 1, and Y a path—-connected n-simple space. Let 
9g: Xn —>Y be a continuous map. 


1. There is a cellular cocycle 0(g) € C"*1(X, A; nnY ) which vanishes if 
and only if g extends toa map Xni1 > Y. 


2. The cohomology class [0(g)| € H”! (X, A;mY) vanishes if and only 
if the restriction Ix, | Xn-1 > Y extends to a map Xn41ı > Y. 


The proof of this theorem will occupy several sections. 


7.3. Construction of the obstruction cocycle 


Recall that if Jn indexes the n-cells of (X, A), 
CPN, A; TY) Homz(Cn41(X, A), mY) 
= Fanct({e?*"|i € Jngi}, mY) 


Each (n + 1)-cell e”*+ admits a characteristic map 
i: (DPT, 87) > (e7, OEP) C (Xn41, Xn) 
whose restriction to S” we call the attaching map 
fi = dign 1 S” > Xn. 
Composing fi with g : Xn — Y defines a map 
SE ey 
This defines an element [go fi] € [S”, Y], which equals [S”, Y]o = mY, since 


Y is assumed to be n-simple. 


Definition 7.2. Define the obstruction cochain @"*1(g) € C"*!(X, A; mY) 
on the basis of (n + 1)-cells by the formula 
a (g) (egt) = [g 0 fil 
and extend by linearity. 
A map h : S” — Y is homotopically trivial if and only if h extends 


to a map D"*! — Y. The following lemma follows from this fact and the 
definition of adjoining cells. 


Lemma 7.3. 0(g) = 0 if and only if g extends to a map Xn41 > Y 
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We gave a geometric definition of the obstruction cochain and came to 
a geometric conclusion. Next we give an algebraic definition. 


Recall from Section 1.1.3 that the cellular chain complex is defined by 
taking the chain groups to be C,,(X, A) = Hn(Xn, Xn-1). The differential 
is defined to be the composite 


a ; 
Hn(Xn, per) ars n-i(Xn-i) > n-1(Xn-1, Xn 2): 


By the cellular approximation theorem, 7, Xn > 7 Xn+ı is onto ifn = 1, 
and an isomorphism if n > 1, so ™(Xn41, Xn) = 0. Similarly, the cellular 
approximation theorem implies that mk(Xn+1, Xn) = 0 for k < n, hence the 
(relative) Hurewicz theorem implies that Hk(Xn+1, Xn) = 0 for k < n and 
the Hurewicz map 


P : Tn41(Xn41,Xn) > Hn+1(Xn+1, Xn) 
is onto, with kernel the subgroup of mn+1(Xn+1, Xn) generated by the set 
K = {x(a(x))""|2 € m4i(Xn41,Xn), @ € ™Xn}. 
Recall that Rey Matin) denotes 141(Xn41, Xn)/K. 
Lemma 7.4. There is a factorization: 


Tn+1(Xn41, Xn) ms Tn(Xn) 


cae ep 
cag (Xn41, Xn) 


Proof. If a € mıXn, then (a x) = a- Ox. Moreover g(a: z) = g(a) - 
(gx(z)) = gx(z) for z E€ nnXn since Y is n-simple. 


Using Lemma 7.4 one can form the composite 
= 9x00 
(7.1) Cn+1(X, A) = An4i(Xn+1, Xn) Te (Xns1, Xn) an. TnY 
p 
where p : Mer X rpi Kn) —> Hn4+1(Xn+1, Xn) denotes the Hurewicz iso- 
morphism. The composite map of Equation (7.1) defines another cochain in 
Homz(Cy41(X,A));7Y) which we again denote by 0”*!(g). 


Proposition 7.5. The two definitions of 0"*'(g) agree. 


Proof. We first work on the second definition. Given an (n + 1)-cell e?*1, 


let ġi : (D"*1, S”) — (Xn4+1, Xn) be the characteristic map for the cell. 
We construct a map (¢; V u)og: (Dt, 8", p) > (Xn+1, Xn, 20) as the 
composite of a map q : (D"*!, 9”, p) > (D"*! v I, S” v I,p), illustrated in 
the next figure, 
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N 


q 
rp ———> p 


7 


pr+! pr+! VI 


and a map Dt! y I an n+1 Where u is a path in Xn to the base point 


xo. Clearly (¢; V u) oq is homotopic to the characteristic map ¢;. Thus 
p((d; V u) oq) is the generator of Hy+1(Xn+1, Xn) represented by the cell 


e”t! Hence (¢; Vu) og represents the element p~'(e?"") in m1 (Xn4i, Xn). 


By definition, 0((¢; V u) o q) € m™Xn is represented by the composite of 
the map 7: S” — S” V I (obtained by restricting the map q of the previous 
figure to the boundary) and the attaching map fi = jg for the cell ertl 
together with a path u to zo. 


O((Gi Vu) og) = (fiV u)og: S” > Xn. 


Hence by the second definition, 0(g)(e"*") = go (fı Vu) og. But this is 
(go f; Vgou) og which equals [f;] € [S", Y] = mY, which in turn is the 
first definition of 6(g)(e?*"). 


Theorem 7.6. The obstruction cochain 6"+!(g) is a cocycle. 


Proof. Consider the following commutative diagram. 


itnaal Xn42; Xavi) =g An+2 (Xn+2, Xn+1) 


Y Y 
Tn+1(Xn41) An41(Xn+41) 
Y Y 


Ret Andis) = n+1(Xn+1, Xn) 


0(g) 


Y T 


Tn(Xn) = Tm(Y) 
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The unlabeled horizontal arrows are the Hurewicz maps. The unlabeled 
vertical arrows come from homotopy or homology exact sequences of the 
pairs (Xn+42, Xn41) and (Xn41, Xn). 

The theorem follows by noting that the 60(g) is the composite of all the 
right vertical maps, that the top horizontal arrow is onto by the Hurewicz 
Theorem, and the composite of the bottom two vertical maps on the left 


are zero, because they occur in the homotopy exact sequence of the pair 
(Xn+1; Xn) > 


7.4. Proof of the extension theorem 


Lemma 7.3 says that 0”+t1(g) is the zero cocycle if and only if g extends 
over Xn+1. Theorem 7.1 says that if 0”+1(g) is cohomologous to 0, then the 
restriction of g to the (n — 1)-skeleton X,_1 extends over Xn+1. Thus to 
prove Theorem 7.1 it must be shown that if @”*1(g) = ôd for some cochain 
d € C"(X, A;7,Y), then g can be redefined on the n-skeleton relative to the 
(n — 1)-skeleton, then extended over the (n + 1)-skeleton. 


Theorem 7.7. If 6"+'(g) is cohomologous to 0, then the restriction of g : 
Xn — Y to the (n — 1)-skeleton, gj, | : Xn-1 > Y extends over the 


(n + 1)-skeleton Xn41. 


Before we prove this, we prove some preliminary lemmas which will be 
useful for the homotopy classification as well. 


Lemma 7.8. Let fo, fi : Xn — Y be two maps so that FO fxs is homotopic 
to File 2 Then a choice of homotopy defines a difference cochain d € 
C”(X, A;mnY) with 

bd = 6"**(fo) — 0" (fi). 


Proof. Let X = X xI, A= Ax I. Then (X, A) is a relative CW-complex, 
with X, = Xp x OL U Xp_1 x I. Hence a map Š, >Y isa pair of maps 
fo, fi : Xn —> Y and a homotopy G : Xn-1 x I — Y of the restrictions of 
fo, fi to Xn-1- 


Thus one obtains the obstruction cocycle 
Olo, G, fi) € C” (X, Å; mY ) 
to extending foUGU fı to Kivi From this cocycle one obtains the difference 
cochain 
d( fo, G, fi) € C”(X, A; TnY ) 
by restricting to cells of the form e” x J; that is, 


(7.2) d(fo, G, fi)(e?) = (-1)""*0(fo, G fi)(eP x I) 
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for each e? an n-cell of X. (The reason for the sign will be apparent shortly.) 
Using the fact that (fo, G, fi) is a cocycle, for all (n + 1)-cells e?t?, 
0 = (60(fo,G, fi) (e x I) 
(fo. G, FOl; x I) 
(fo, G, fi)((ef*") x I) 
ae aA. 
(-1)"** (6(d(fo, G, f1))( 


Therefore 


x 
x 


(ef** x {1}) — A(fo,G fi)(e"** x {0})) 
eft) + ONER) — Olole). 


ôd( fo, G, fr) = 0"** (fo) — H (fi). 


There is a geometric interpretation for the difference cochain. Identify 
S” with 0(D” x I). For an n-cell e”, let y; : (D", 8"~1) > (Xn, Xn_1) be its 
characteristic map. Then +d(fo, G, fi)(e?) € mY is fo U GU fi composed 
with the attaching map of e} x I as indicated in the next figure. 


ae 


Lemma 7.8 immediately implies the following. 


Corollary 7.9. Given g : Xn > Y, the obstruction cocycle 0"*+(g) is null 
homologous if the restriction gy i Xn-1 — Y is homotopic to a map 
which extends over Xn+1.- 


We want is a converse. What we need is a realization theorem, i.e. 
a proof that for any coboundary 6d € C"*!(X,A;m,Y), any map g, and 
any homotopy G, that there is a map fı so that the difference cochain 
d(g,G, fi) = d. In particular, G could be a homotopy constant in time in 
which case if @"*+1(g) = ôd = 6d(9, Ix, x Idz, fi), the previous lemma 


shows that @"*1(f,) = 0, so that fı extends over Xn41. Since Iy = 
n-1 
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Ikn this would finish this step in the extension process. The realization 
result is the following. 


Proposition 7.10. Given a map fo: Xn — Y and a homotopy G : Xn-1 X 
IY, so that Go = fojx,_, and an element d € C”(X, A; mY), there is a 
map fı : Xn >Y so that G(—,1) = fijx,_, and d = d(fo,G, fi). 


Given the previous geometric description of the difference cochain all we 
really need to prove is: 


Lemma 7.11. For any map f : D” x {0} U S™!x I — Y and for any 
element a € [O(D” x I), Y], there is a map F : 0(D" x I) — Y so that F 
represents a and restricts to f. 


Proof. The proof is easy. Let K : 0(D” x I) — Y be any map representing 
a and let D = D” x {0} U S”! x I. Since D is contractible, both Kj, and f 
are null-homotopic, hence homotopic to each other and the map K gives an 
extension of one end of this homotopy. The homotopy extension property 
of the pair (3(D” x I), D) gives a homotopy H : 0($"~! x I) x I — Y and 
F = Hy, is the required map. 


Proof of Proposition 7.10. Given an n-cell e} of Xn, let 
Qi : (DPS) aus (Xn, Xn-1) 


be the characteristic map. Apply Lemma 7.11 with f = foopiUG@o(pijgn—a x 
Idz) and a = d(e?) and let F; be the map provided by the conclusion of 
Lemma 7.11. Define fı : Xn — Y on the n-cells by fi(y;(x)) = Fi(av, 1). The 
geometric interpretation of the difference cochain shows d( fo, G, f1)(e") = 
d(e?) as desired. 


Proof of Theorem 7.1. The only thing left to show is that if g : Xn > Y 
and if (g) is a coboundary dd, then gjx,_, extends to Xn41. Apply the 
realization proposition to g, d, and the stationary homotopy ((z, t) + g(x)) 
from g)x,,_, to itself . One obtains a map g' : Xn — Y which agrees with g 
upon restriction to X,_1, and satisfies 


dd = A(g) — A(9'). 
Then 0(g') = 0 so g’ extends to Xy41. 


Exercise 118. Find examples of (X, A), Y, and g where: 
1. 0+1 (g)= 0: 
2. a"*1(g) £0, but [6"+1(g)] = 0. 
3. (O"*(g)] £ 0. 
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It is conceivable (and happens frequently) that finding an extension of 
g:Xn— Y to Xn41 may require g to be redefined not just on the n-cells, 
but maybe even the (n — 1)-cells, or, perhaps even on the (n — k)-cells for 
k=1,---,r for some r. 

This suggests that there may be theorems which state “given g, the re- 
striction g] ae extends to Xn+1 if and only if some obstruction vanishes.” 
Such theorems exists, and working them out leads to the definition of sec- 
ondary and higher obstructions. 

To get a feel for where such obstructions may lie, notice that the ob- 
struction cochain 0 is the obstruction to extending g : Xn — Y to Xn41, and 
that its cohomology class [6] is the obstruction to extending g)x,,_, to Xn41. 
The cohomology group is a subquotient of the cochain group C"(X, A; mY). 
It turns out that the obstructions live in further subquotients, that is, in 
subquotients of cohomology. 


7.5. Obstructions to finding a homotopy 


We now turn to the construction of obstructions to finding a homotopy 
between fo: X — Y and fı : X — Y extending a fixed homotopy on A. 


Co puas 


XxI 
This is accomplished by viewing the homotopy problem as an extension 
problem and then applying the Künneth theorem. 
Consider the product relative CW-complex: 


(X*, A*) = (X, A) x (I, ðI) = (X x I,X x ODIUAx I) 


Then a map F : X* — Y is a pair of maps fo, fi : X — Y anda 
homotopy of foj x, tO fi cise Therefore the obstruction class [9"+!(F)] € 
H"*1(X*, A*; mY) is defined. This group is isomorphic to H"(X, A; mY) 
by the Kiinneth Theorem (this is really the suspension isomorphism). Call 
the corresponding element d” (fo, f1) € H"(X,A;mY). Then one gets the 
following theorem. 


Theorem 7.12. Let (X, A) be a relative CW-complex, Y an n-simple space, 
fo. fı: X — Y two maps which agree on A and F : Xn xI—- Y a 
homotopy from fox, to Tijs (rel A). Then the cohomology class of 
d” (fo, fi) equals 0 if and only if the restriction of F to Xn—2 x I extends to 
a homotopy of fox, to filx,,- 
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An interesting special case occurs when fi is constant (see Exercise 117). 


Corollary 7.13. Any continuous map from an n-dimensional CW-complex 
to an n-connected space is null-homotopic. 


7.6. Primary obstructions 


A case where obstruction theory is easy to use occurs if H"*1!(X, A; mY) = 0 
for all n. This occurs quite frequently. For example, if (X, A) has dimension 
a and Y is (a — 1)-connected, then any map from A to Y extends to X. 


The next interesting case occurs when H**+1(X,A;7,Y) is non-zero in 
only one dimension. Then there is a single obstruction to extending g, 
and this obstruction sets up a correspondence between extensions and the 
corresponding cohomology group. As a first step in understanding this cor- 
respondence, we have the following theorem. 


Theorem 7.14. Let (X,A) be a relative CW-complez, n > 1, and Y an 
(n — 1)-connected space (ifn = 1 assume 7Y is abelian). Let f: A— Y be 
a map. Then f extends toa map g : Xn —> Y. If go,g, are extensions of f, 
then goix, = Gilx,_, (rel A) and the obstructions A°+1( gq) and 6"+1(g,) 
are cohomologous. 


Proof. Since Y is path connected, f can be extended over X 1. Since the 
obstructions to extending f lie in H’*!(X,A;7,Y), f can be extended to 
Xn-1. Since the obstructions to finding a homotopy between maps lie in 
H"(X,A;7,Y) any two extensions of f are homotopic over Xn-1, and as 
we saw, the difference cochain has coboundary equal to the difference of the 
obstruction cocycles. 


Definition 7.15. Let (X, A) be a relative CW-complex, n > 1, and Y an 
(n — 1)-connected space (if n = 1 assume 71Y is abelian). Let f : A — Y 
be a map. The obstruction to extending f to Xn+1 is denoted by 


P E RAK AY): 
It is called the primary obstruction to extending f. 
Theorem 7.14 says that the primary obstruction is well-defined and van- 


ishes if and only if f extends over Xn+1. We next show that it is homotopy 
invariant. 


Theorem 7.16. Let (X, A) be a relative CW-complex, n > 1, and Y an 
(n— 1)-connected space (ifn = 1 assume mıY is abelian). Let f: A—Y be 
a map. Suppose f' is homotopic to f. Then y"+1(f’) = y"*1(f). 
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Proof. By Theorem 7.14, f extends toa map g : Xn — Y and f’ extends to 
a map g' : Xn —> Y. Likewise Cie = IX, since Y is highly connected. 
Call the homotopy F. Then the difference cochain satisfies 

ôd(g, F, g') = O(g) — 0(9') 


by Lemma 7.8. This shows y"*1(f) and y”*1(f’) are cohomologous. 


In the situation of the above theorems, if the primary obstruction van- 
ishes then the map f extends to g : Xn41 — Y. However the next obstruc- 
tion class [9”*?(g)] may depend on the choice of g. So it is usually only the 
primary obstruction which is computable. Obstruction theory ain’t all it’s 
cracked up to be. 


To define the primary obstruction for two maps to be homotopic, we 
apply to above theorems to (X x I, X x OI UA I) and obtain the following 
theorem. 


Theorem 7.17. Let (X,A) be a relative CW-complez, n > 1, and Y an 
(n — 1)-connected space (if n = 1 assume mıY is abelian). Let fo, fi : 
X — Y be two functions which agree on A. Then oxn Fags rel 4, 
and the obstruction in H” (X, A; nnY ) to extending this homotopy to Xn is 
independent of the choice of homotopy on Xn—ı and depends only on the 
homotopy classes of fo and fı relative to A. 


In light of this theorem, one can make the following definition. 


Definition 7.18. Let (X, A) be a relative CW-complex, n > 1, and Y an 
(n—1)-connected space (if n = 1 assume 71Y is abelian). Let fo, fi : X > Y 
two functions which agree on A. The obstruction to constructing a homotopy 
fojxa = fix, rel A is denoted 

a" (fo, fi) € H"(X, A; mY) 


and is called the primary obstruction to homotoping fo to fı. It depends 
only on the homotopy classes of fo and fı relative to A. 


7.7. Eilenberg-MacLane spaces 


An important class of spaces are those spaces Y satisfying mgY = 0 for all 


kAn. 


Definition 7.19. Let n be a positive integer and let 7 be a group, with 7 
abelian if n > 1. A CW-complex Y is called a K (r, n)-space if 
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We will see later that (m,n) determines the homotopy type of Y, that is, 
for a fixed pair (m,n), any two K(z,n) spaces are homotopy equivalent. A 
K(a,n)-space is called an Etlenberg-MacLane space. 


Theorem 7.20. Given any n > 0, and any group m with m abelian ifn > 1, 
there exists a K(x,n)-CW-complez. 


Sketch of proof. Let (x;,i € I|rj, j € J) be a presentation (abelian if 
n > 1) ofr. Let Ky, be the wedge Vier S” of n-spheres, one for each 
generator of 7. Then the Van Kampen and Hurewicz theorems imply that 
TK, = 0 for k < n, mı Kı is the free group on the generators of 7 when 
n = 1, and mnKn is the free abelian group on the generators of m when 
n>. 


For each relation, attach an (n + 1)-cell using the relation to define the 
homotopy class of the attaching map. This defines a complex Ky+1 with 


0 ifk<n 


m ifk=n. 


Te (Kn41) = 


For n = 1, this follows from the Van Kampen theorem. For n > 1 and 
k < n, this follows from the cellular approximation theorem and for k = n 
from the Hurewicz theorem. 


Attach (n + 2)-cells to kill mn+1ı(Kn+1). More precisely, choose a set of 
generators for mn+1ı(Kn+1) and attach one (n + 2)-cell for each generator, 
using the generator as the homotopy class of the attaching map. This gives a 
(n + 2)-dimensional complex Kn+2. By the cellular approximation theorem, 
the homotopy groups in dimensions less than n+ 1 are unaffected, and there 
is a surjection 7+41(Kn4i1) > Tnr41(Kn+2). Thus 


0 ifk<nork=n+1, 
nla) =| 


m ifk=n. 


Now attach (n + 3)-cells to kill 7,42, etc. The union of the K, is a 
CW-complex and a K (7,7) space. 


An important property of Eilenberg-MacLane spaces is that they pos- 
sess fundamental cohomology classes. These classes are extremely useful. 
They allow us to set up a functorial correspondence between H"(X,7) and 
[X, K(z,n)]. They are used to define cohomology operations. They can be 
used to give the “fibering data” needed to decompose an arbitrary space 
into Eilenberg-MacLane spaces (Postnikov towers), and also to construct 
characteristic classes for fiber bundles. 


Assume 7 is abelian, so that K(7, n) is simple. Then 


(7.3) HA” (K(a,n);7) = Hom(Hn(K (r, n); Z), 7) = Hom(z, 7), 
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where the first isomorphism is the adjoint of the Kronecker pairing (Exercise 
11) and is an isomorphism by the universal coefficient theorem (Theorem 
2.29). The second map is the Hurewicz isomorphism (Theorem 6.66). 


Definition 7.21. The fundamental class of the K(z,n), 
t E€ H"(K (n,n); T), 


is the class corresponding to the identity map Id : m — m under the isomor- 
phisms of Equation (7.3). 


The fundamental class can be used to define a function 
(7.4) ® : [X, K(a,n)] — H”(X; r) 
by the formula 


for f : X — K(a,n). 
The primary obstruction class can be used to define another function 
(7.5) W : [X, K(2,n)] > H"(X;7) 


by setting Y[f] to be the primary obstruction to homotoping f to the con- 
stant map, 

Y[f] = d"(f, const). 
Theorem 7.14 shows that W[f] depends only on the homotopy class of f, 
and hence is well-defined. 


Theorem 7.22. The functions ® and Y 
[X, K(x, n)| > H"(X;7) 


of Equations (7.4) and (7.5) coincide, are bijections, and are natural with 
respect to maps X — X’. 


Proof. Step 1. W is injective. Let f : X — K(a,n) be a continuous map. 
Obstruction theory says that if d"(f,const) = 0, then f and the constant 
map are homotopic over the n-skeleton. But all higher obstructions vanish 
since they live in zero groups. Hence if Y[f] = 0, f is nullhomotopic. In 
other words U~!{0] = [const]. 

If we knew that [X, K(z,n)] were a group and V a homomorphism, 
then we could conclude that W is injective. (Of course, this follows from the 
present theorem.) 


Instead, we will outline the argument proving the “addition formula” 
d” (f, g) = da"(f, const) — d” (g, const); 


i.e. d”(f,g) = Ulf] — Yig] for any two functions f,g : X — K(r,n). This 
implies that W is injective. 
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To see this, if F' is a homotopy from fix _, to the constant map and G is 
a homotopy from gjy _, to the constant map then compose F and G to get 
a homotopy from fx _, 1 Ix, 4: (Here G means the reverse homotopy, 
i.e. G = Gor where r(z,t) = (x,1— t).) 

Write F » G for this homotopy from Íixn-ı tO 9|x,_,- Then on an n- 
cell e C X the obstruction d”(f,g)(e) € m(K(a,n)) is defined to be the 
homotopy class of the map S” — K(r,n) defined as follows. Decompose 
S” as a neighborhood of the poles together with a neighborhood of the 
equator: S” = D?U(S"-1 x I) U D}. Then define d = d"(f,g)(e) : S” = 
K (m,n) to be the homotopy class of the map which equals f on Dj, F x G 
on S”! x I, and g on D?. Since this map is constant on the equator 
SPs $, the homotopy class of d is clearly the sum of two classes, the 
first representing d” (f, const) (e) and the second representing d” (const, g) (e). 
Therefore d”(f,g) = d"(f, const) — d” (g, const) and so Y[f] = W{g] if and 
only if f is homotopic to g. 


Step 2. W is surjective. We do this by proving a variant of the realization 
proposition (Proposition 7.10) for the difference cochain. 


Given [a] € H"(X;7), choose a cocycle a representing [a]. Since the 
quotient Xn/Xn-1 is the wedge of n-spheres, one for each n-cell of X, a 
defines a function (up to homotopy) 


g : Xn/Xn-1 > K(a,n) 


by having the restriction of g to the i-th n-sphere to be a function repre- 
senting a(e!’) E 7 = 7,(K(a,n)). 

The function g extends to Xn+1/Xn-1 > K (m,n) because a is a cocycle. 
In fact, for each (n + 1)-cell e? +! 


a 


0 = (Sa)(e?*") = a(de"*), 


i 
which implies that the composite 


Shs eT! > Xn > Xn/Xn-1 Klan) 


n+1 


of the attaching map of e; ™ and and g is nullhomotopic. Thus g extends 


over the (n + 1)-skeleton. 

Since H? ++ (X; np4i(K(T,n))) = 0 for i > 1, obstruction theory and 
induction shows that there exists an extension of g : Xn/Xn-1 > K(r,n) 
to g: X/Xn-1 > K(a,n). Composing with the quotient map, one obtains 
a map 


f: X> K(r,n), 
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constant on the (n — 1)-skeleton, so that the characteristic map for an n-cell 
e, induces 


a(e”) : D?/OD”" — X/Xy-1 > K(a,n). 


But d"(f, const)[e”] was defined to be the map on S” which equals f on the 
upper hemisphere and the constant map on the lower hemisphere. Therefore 
d"(f, const) equals a(e”), hence Y[f] = [a] and so W is onto. 


Step 3. W is natural. This follows from the algebraic definition of the 
obstruction cocycle, but we leave the details as an exercise. 


Exercise 119. Prove that Y is natural. 


Step 4. UV = ®. We first prove this for the identity map Id : K(a,n) —> 
K(a,n), and then use naturality. In other words, we need to show the 
primary obstruction to finding a null homotopy of Id is the fundamental class 
L € H"(K(z,n);7)). Since K (a, 7) is (n — 1)-connected, Id is homotopic to 
a map, say Id’, which is constant on the (n — 1)-skeleton K (m, n)n-1. By 
the universal coefficient and Hurewicz theorems, 


H” (K(x,n);7) = Hom(p(tm (K(x, n))), 7). 
The definition of the fundamental class is equivalent to the formula 


(1, plgl) = [g] € m(K (7,1) 


where ( , ) denotes the Kronecker pairing. Thus what we need to show is: 


(d"(Id', const), p[g]) = [g]. 


This is an equation which can be lifted to the cochain level, i.e. we need to 
show that if [g] E€ m,(K(a,7)n, K(T, n)n-1), then 


d” (Id', const) (p[g]) = Id, [g] 


In particular, we only need verify this equation for the characteristic maps 
pi : (D”, S71) = (K(r,n)n, K(T,n)n—1) of the n-cells. But the element 
d” (Id’, const) [p(y;)] € mn(K (r, n)) is represented by the map S” > K (n,n) 
given by the characteristic map composed with Id’ on the upper hemisphere 
and the constant map on the lower hemisphere, and this map is homotopic 
the the characteristic map composed with the identity. Thus 


d” (Id’, const) [o(yi)] = Id [yi] 


as desired. Hence [Id] = W[Id]. 
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Now suppose |f] € [X, K(z,n)]. Then naturality of Y and © means that 
the diagram 


[X, K(m,n)] ~~ [K(a,n), K(,n)] 
wd Vid 
H” (X; r) ~— H"(K(x,n);7) 


commutes when either both vertical arrows are labeled by Ų or when both 
are labeled by ®. Then we have 


Corollary 7.23. For abelian groups m and x’ and n > 1, there is a 1-1 
correspondence 


[K(2,n), K(x’, n)]o = [K (1, n), K(x’, n)] — Hom(rz, 7’) 
taking a map K(n,n) > K(x',n) to the induced map on homotopy groups. 
Proof. 
[K (m,n), K(x’, n)] 


R R 
5 = 
aoe 
3 A 
RS 
SA 
cy Se. 
4 


IIe 


This follows from Theorem 7.22, the universal coefficient theorem, and the 
Hurewicz theorem. The composite is the map induced on the n-homotopy 
group. That the based and unbased homotopy sets are the same follows 
from Corollary 6.59 since K(z,n) is simply connected for n > 1. 


Corollary 7.24. Let K(x,n) and K'(x,n) be two Eilenberg-MacLane spaces 
of type (n,n) forn > 1. The identity map determines a canonical homotopy 
equivalence between them. 


Proof. The homotopy equivalence is simply the map K(z,n) > K'(r,n) 
corresponding to the identity 7 —> 7. 
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We shall see in the next section that Corollaries 7.23 and 7.24 continue 
to hold when n = 1 and a is non-abelian provided one uses based homotopy 
classes. 


Computing the cohomology of Eilenberg-MacLane spaces is very impor- 
tant, because of connections to cohomology operations. 


Definition 7.25. For positive integers n and m and abelian groups 7 and 
mt’, a cohomology operation of type (n,7,m,7’) is a natural transformation 
of functors 6: H”(—; r) => H™(-;7’). 


For example u +> uUu gives a cohomology operation of type (n, Z, 2n, Z). 


Exercise 120. (Serre) Let O(n, n, m,n’) be the set of all cohomology oper- 
ations of type (n,7,m, 7’). Show that 6 > 6(v) gives a 1-1 correspondence 


O(n, n,m, t) — H™(K(r,n); 7’) = [K(2,n), K(x’, m)]. 


We will return to this subject in Section 10.4. 


7.8. Aspherical spaces 


It follows from our work above that for m abelian, [X, K(7,1)] = H'(X;7) = 
Hom(H,X,7) = Hom(7,X, 7). 


For 7 non-abelian we have the following theorem. 


Theorem 7.26. For a based CW-complex X, the map on fundamental groups 
gives a bijection 
[X, K (7, 1)]o > Hom(aX, 7). 


Sketch of Proof. We will assume that the zero-skeleton of X is a single 
point. Then by the Van Kampen theorem, 7X is presented with generators 
given by the characteristic maps of the 1-cells 


yl: D!/9 > X, 
and relations given by the attaching maps of the 2-cells. 
pe: S> X 


We will discuss why the above correspondence is onto. Let y : mı X —> 7 
be a group homomorphism. Construct a map g : Xı — K(z,1) by defining 
g on a l-cell (a circle) e} to be a representative of yfl]. The attaching 
maps y? are trivial in m1 X, and hence g« A = ys] = q(e) = e. Thus 
g extends over the 2-skeleton. The attaching maps of the 3-cells of X are 
null-homotopic in K(z,1), so the map extends over the 3-cells. Continuing 
inductively, one obtains X — K(z,1) realizing y on the fundamental group. 
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The proof that if g,h : X — K(z,1) are two maps inducing the same 
homomorphism (i.e. gx = hy : 7X — 7) then g is based point preserving 
homotopic to h (rel xo) is similar in nature and will be omitted. 


Corollary 7.27. Let K(n,1) and K'(x,1) be two Eilenberg-MacLane spaces 
of type (7,1). The identity map determines a canonical based homotopy 
equivalence between them. 


Proposition 7.28. Suppose that 

1—o L 2 T ae H — 1 
is an exact sequence of (not necessarily abelian) groups. Then the homotopy 
fiber of the map g : K(T,1) — K(H,1) inducing y as in Theorem 7.26 is 


K(L,1) and that the inclusion of the fiber K(L,1) —> K(z,1) induces the 
homomorphism @. 


If L, n, and H are abelian, the same assertions hold with K(m,1) re- 
placed by K(a,n) for any positive integer n. 


Thus short exact sequences of groups correspond exactly to fibrations of 
Eilenberg-MacLane spaces; the sequence of groups 


1—L—r— H—l1 


is a short exact sequence of groups if and only if the corresponding sequence 
of spaces and maps 


K(L,1)— K(a,1) — K(H,1) 
is a fibration sequence up to homotopy. 
Similarly the sequence of abelian groups 


O-L-x7r-H—0 


is exact if and only if for any n the corresponding sequence of spaces and 
maps 

K(L,n) © K(a,n) — K(H,n) 
is a fibration sequence up to homotopy. 


Exercise 121. Prove Proposition 7.28. 


Definition 7.29. A space is aspherical if its universal cover is contractible. 


Corollary 7.34 below implies that a CW-complex is aspherical if and 
only if it is a K(z,1). 

Using K(m,1) spaces one can define functors from groups to abelian 
groups by taking homology and cohomology. The group H,(K(z,1)) is 
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called the nth homology of the group m and is often denoted by H,,(7). Simi- 
larly the nth cohomology of the group m is defined by H” (r) = H"(K(a,1)). 
We will study these functors in greater detail in Chapter 9. Other purely 
algebraic definitions of the (co)homology of groups can also be given. 

Aspherical spaces are ubiquitous. Compact 2-manifolds other than the 
sphere and projective space are K(7,1)’s. Also, K(Z/2,1) = RP. More 
generally K(Z/n,1) = LX, where LẸ is the infinite lens space given as 
S/(Z/n) where S% C C™® is the infinite dimensional sphere and the ac- 
tion is given by multiplication by a primitive n-th root of unity in every 
coordinate. Since tm(X x Y) = tn(X) @ mn(Y), K(Z",1) = (S1)”, the 
n-torus. The Cartan—Hadamard Theorem states that if M is a complete 
Riemannian manifold with sectional curvature everywhere < 0, then for 
every point p E€ M, the exponential map 


exp: TpM — M 
is a covering map. In particular M is aspherical. Here is an application. 


Exercise 122. If M is a complete Riemannian manifold with sectional cur- 
vature everywhere < 0, then mı is torsion-free. 


We also mention the still open 


Borel conjecture. Compact aspherical manifolds with isomorphic funda- 
mental groups are homeomorphic. 


The A(z, 1)-spaces are important for at least three reasons. 

1. If M is a Zr-module, then H,(K(z,1);M) is an important algebraic 
invariant of the group and the module. 

2. K(x,1) = Br, and hence [X, Br] = Hom(7,X,7)/(¢ ~ g¢g7') clas- 
sifies regular covers with deck transformations 7. 

3. In the study of flat bundles, that is, bundles whose structure group 


G reduces to a discrete group 7, the classifying map X — BG factors 
through some K(z, 1). 


7.9. CW-approximations and Whitehead’s 
theorem 


Definition 7.30. 


1. A weak homotopy equivalence is a map f : X — Y which induces 
isomorphisms m;(X, x) — 7i(Y, f(x)) for all i and for all base-points 
xin X. 
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2. A CW-approzimation of a topological space Y is a weak homotopy 
equivalence 
X>Y 


where X is a CW-complex. 


Theorem 7.31. Any space Y has a CW-approximation. 


Proof. We may reduce to the case where Y is path-connected, by approxi- 
mating each path-component separately. We will inductively construct maps 


In : Xn >Y 


which are n-connected, that is, give an surjection on 7, and a bijection on 
Ti for i < n. Also the restriction of gn to the (n — 1)-skeleton will be gn—1. 


Take Xo to be a point. Assume inductively the existence of an n- 
connected map gn : Xn — Y, where Xn is an n-dimensional CW-complex. 
Attach an (n + 1)-cell to Xn for every generator ker gn, : Xn > TY 
to obtain a complex X},,,. Since the attaching maps are in the kernel, 
gn extends to a map gn41 : X),, > Y. By cellular approximation and 
by construction g/, +l È TiX p41 — mY is an isomorphism for i < n+ 1. 
(One could alternatively use the relative Hurewicz theorem). Finally, define 
Xn = Xpy V (V s+!) with an (n + 1)-sphere for each generator of the 
cokernel of gh44, : Mm+1Xh41 7 Tn+1Y. Define the map gn+1 : Xn41 > Y, 
by defining the map on So to be a representative of the corresponding 
element of the cokernel. 


This shows how to construct the skeleta of X = UX,. Topologize X as 
a CW-complex; see Definition 1.3. 


By the relative Hurewicz Theorem, a CW-approximation induces an 
isomorphism on homology. 

Milnor defined a functorial CW-approximation using simplicial methods 
([26]). This is done by defining a CW-complex X with an n-cell for each 
non-degenerate singular n-simplex in Y, where a non-degenerate simplex 
means that it does not factor through a face map. Milnor’s construction 
gives a functor from topological spaces to CW-complexes; this functor takes 
a CW-complex to another complex of the same homotopy type. 


A very useful theorem is given by the following. 


Theorem 7.32 (cofibrant theorem). A map f : Y — Z is a weak homotopy 
equivalence if and only if for all CW-complezes X, 


f: [X,Y] > [X,Z] — [gl [fog] 


is a bijection. 
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Proof. (<=) When Y and Z are simple (e.g. simply-connected), then by 
choosing X to be the n-sphere n = 0,1,2,..., one sees that f is a weak 
homotopy equivalence. We omit the proof without the simplicity hypothesis 
and refer the reader to Whitehead’s book [43]. 


(==) Philosophically, f is a bijection, since it is for spheres and disks, 
and CW-complexes are built from spheres and disks. A easy proof along 
these lines can be given using the Puppe sequence for finite-dimensional 
CW-complexes, but for the general case we need a lemma similar to the 
motivating exercise (Exercise 117). 


Lemma 7.33. Let g : (X,A) — (Z,Y) be a map of pairs where (X, A) is 
a relative CW-complex and Y — Z is a weak homotopy equivalence. Then 
gah (rel A) where h(X) CY. 


Proof. We will construct a sequence of maps hn : X — Z so that hn(Xn) C 
Y with hı = g and hn—1 œ hy (rel Xn_1). (Slowly drag g into Y.) Then 
for a point x in an open n-cell, we define h(x) = h,(x), and the homotopy 
from g to h is defined by squeezing the homotopy hn—1 œ hy into the time 
interval [1 — (1/2”),1 — (1/2”+t)] c [0,1]. 

Assume inductively that hn-1 : X —> Z has been constructed. Let 


yi: (D",S"~") > (Xn, Xn-1) 
be the characteristic map of an n-cell. Since 7,(Z, Y) = 0, the map 
hn-10 yi : (D", S") > (Z,Y) 


is homotopic rel S”~! to a map hy; whose image lies in Y. (See Exercise 
123 below for this interpretation of the vanishing of the relative homotopy 
group.) Then define hn : Xn > Y by 


hn(pile)) = Anale) 


where e € D”. Using the above homotopy, one sees An—1| xn, X hn : Xn > 
Z. Apply the homotopy extension theorem to extend this to a homotopy 
H : X x I > Z and define h,(x) as H(z,1). 


We now return to the proof of the cofibrant theorem. We have a weak 
homotopy equivalence f : Y — Z, which we may as well assume is the 
inclusion of a subspace by replacing Z by a mapping cylinder. We see 


f: [X,Y] > [X, Z] 


is onto by applying the lemma to the pair (X, Ø). We see f+ is injective by 
applying the lemma to the pair (X x I, X x {0,1}). 


188 7. Obstruction Theory and Eilenberg-MacLane Spaces 


Exercise 123. Let Y C Z be path-connected spaces. If mn(Z, Y, yo) = 0, 
show that any map f : (D",$"~!) — (Z,Y) is homotopic rel S"~! to a map 
whose image lies in Y. 


Corollary 7.34 (Whitehead theorem). A weak homotopy equivalence be- 
tween CW-complezes is a homotopy equivalence. 


Proof. Let f : Y — Z be a weak homotopy equivalence between CW- 
complexes. By the surjectivity of f, :[Z,Y]— [Z, Z], there is a g : Z > Y 
so that [Idz] = flg] = [fog]. Then 


flgo fl = [F ° g ° f] = [Idz o f] = [f 0 Idy] = fs [Idy]. 


By the injectivity of fx, [g o f] = [Idy], so f and g are homotopy inverses. 


Corollary 7.35. Any n-connected CW-complex Y has the homotopy type 
of a CW-complex X whose n-skeleton is a point. 


Proof. Apply the proof of the CW-approximation to Y to find a weak 
homotopy equivalence X — Y where Xn is a point. By Corollary 7.34 it is 
a homotopy equivalence. 


Theorem 7.36. Let f: X — Y be a continuous map. Suppose that CW- 
approximations u : X' > X andv:Y'— Y are given. Then there exists a 
map f' so that the diagram 


uU 


X —+ X 


| | 


Yo a 


v 


commutes up to homotopy. Furthermore the map f' is unique up to homo- 
topy. 


The theorem follows from the cofibrant theorem (v, is a bijection.) Ap- 
plying it to the case where f = Idx we see that CW-approximations are 
unique up to homotopy type. The theorem and the cofibrant theorem imply 
that for the purposes of homotopy theory, one may as well assume all spaces 
involved are CW-complexes. A relative version of the cofibrant theorem 
gives the same result for based homotopy theory. 
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7.10. Obstruction theory in fibrations 


We next turn to the lifting and cross section problems. 


Consider the lifting problem: 


E 

A 

g ea 
5 P 
X — B 


where p : E — B is a fibration. Note that if f = Idg, then the lifting 
problem is the same as constructing a cross section of p. 


Suppose g has been defined over the n-skeleton of X. Given an (n + 1)- 
cell e”tt of X, the composite of the attaching map and g gives a map 


S” + X & E. The composite S” — X 4, E *; B is null homotopic since 
it equals S” — X Í, B , which extends over the cell ett — X. 


The homotopy lifting property of fibrations implies that the composite 
St X SE 


is homotopic to a map S” — F, by lifting the null-homotopy in the base 
(cf. Corollary 6.44). 


Thus, to each (n+1)-cell of X we have defined, in a highly non-canonical 
way, a map S” — F. We would like to say that this defines a cochain on X 
with values in 7,,F’. 


If we assume F is n-simple, so that 7,,F' = |S”, F] (unbased maps) then 
any map S” — F defines an element in 7,,F’. 


However, if 7;B Æ 0, then some ambiguity remains, namely it was not 
necessary that f preserved base points, and hence, even if F is n-simple, we 
do not obtain a cochain in C"(X;7,,F'). However, one does get a cochain 
with local coefficients. Thus obstruction theory for fibrations requires the 
use of cohomology with local coefficients, as we will now see. 


Recall from Proposition 6.62 that if F is n-simple, then the fibration 
F — E — B defines a local coefficient system over B with fiber mn F’. In fact 
Proposition 6.62 shows how to associate to each @ € 7,B a homotopy class 
ha of self-homotopy equivalences of F. Then ha induces an automorphism 
of |S", F] by f + hao f. Since we are assuming F is n-simple, [S", F] = 7,F 
and so this shows how the fibration determines a representation p : 7B —> 
Aut(tF). 

Now pull back this local coefficient system over X via f : X — B to 
obtain a local coefficient system over X. We continue to call it p, so 


pimx ts m™B & Aut(t(F)). 


190 7. Obstruction Theory and Eilenberg-MacLane Spaces 


With these hypotheses, one obtains an obstruction cocycle 
"*1(g) € CHX; tn (F)p) = Homage, x (Cn (X), tal F)p)- 
One then can prove the following theorem. 
Theorem 7.37. Let X be a CW-complez, p: E — B be a fibration with 


fiber F. Let f : X — B be a map and g : X” — E a lift of f on the 
n-skeleton. 


If F is n-simple, then an obstruction class 
[07+ (g)] € HX; t(F)p) 
is defined. 


If [0"++(g)] vanishes, then g can be redefined over the n-skeleton (rel the 
(n — 1)-skeleton), then extended over the (n + 1)-skeleton X"*1, 


If the local coefficient system is trivial, for example if m1 X = 0 or mı B = 
0, then [6"*1(g)] € H°*!(X; mn F) (untwisted coefficients). If mı F = 0, then 
F is k-simple for all k, so that the hypotheses of Theorem 7.37 hold. 

If nF = 0 for k < n — 1, then [6"*'(g)] € H”+!(X; mn Fp) is called the 
primary obstruction to lifting f, and is well-defined, i.e. 

1. a lift over the n-skeleton always exists, and 

2. [@”+1(g)] is independent of the choice of lift to the n-skeleton. 


Henceforth we write y"*+!(f) for the primary obstruction to lifting f. 

The proof of Theorem 7.37 is in many ways similar to the proofs given 
earlier. In certain important cases one can reduce this theorem to a special 
case of the extension problem by the following useful device. 

Suppose there is a fibration E — B, so that the fiber can be “delooped” 
in the following sense. Namely there exists a fibration q : B — Z with fiber 
E’ so that the inclusion E’ — B is equivalent to the fibration E — B. Then 
we have seen that F is homotopy equivalent to the loop space QZ, and the 
sequence 

[X, F] > [X, E]  [X, B] + [X, Z] 
is exact by Theorem 6.42. 

This sequence shows that f : X — B can be lifted to g: X — E if and 
only if q| f] is nullhomotopic. Thus the problem of lifting f is equivalent to 
the problem of nullhomotoping qo f. 

As was explained above, there are obstructions 

d*(qo f,*) € H*(X;m(Z)) 
to nullhomotoping go f (provided Z is simple, etc.). But since 
TAZ) = Tk- (QZ) Hs 
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we can view d*(qo f,*) as an element of H*(X;7,_,F). Thus the obstruc- 
tions to finding cross sections are in this special case obtainable from the 
homotopy obstruction theorem. 


This point of view works if E — B is, say, a principal G bundle, since 
one can take Z to be the classifying space BG. 


7.11. Characteristic classes 


One application of obstruction theory is to define characteristic classes. For 
example, suppose p : E — B is an oriented n-plane vector bundle, i.e. a bun- 
dle with fiber R” and structure group GL; (R), the group of automorphisms 
of R” with positive determinant. Then the Euler class e(p) € H"(B;Z) is 
the primary obstruction to finding a section of the bundle 


R” — {0} > Po > B 
where Ey = E — i(B) is E minus the zero section. 


Exercise 124. The primary obstruction to finding a cross section of Eg > 
B lies in H"(B;7,-1(R” — {0})). Show that R” — {0} is n-simple, that 
Tm-1(R” — {0}) = Z, and that 7B acts trivially on 7,_1(R” — {0}), i.e. 
the local coefficient system is trivial (this uses the fact that the bundle is 
orientable). 


In other words the Euler class is the primary obstruction to finding 
a nowhere zero section of p. The Euler class is a characteristic class in 
the sense that given a map of oriented n-plane vector bundles which is an 
isomorphism on fibers 


E' —— E 


v| | 
/ 

B ae B 
then 

f*e(p) = elp’) 
If B is a CW-complex of dimension n, then the primary obstruction is the 
only obstruction, so there is a nowhere zero section if and only if the Euler 
class is zero. The Euler class is related to the Euler characteristic of a 
manifold by the following theorem (see [30]). 


Theorem 7.38. Ifp:TB — B is the tangent bundle of a closed, oriented 
n-manifold, then 
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Corollary 7.39 (Poincaré—Hopf theorem). A closed, oriented n-manifold 
has a nowhere-zero vector field if and only if its Euler characteristic is zero. 


For example, you can’t comb the hairy ball! 


The mod 2 reduction of the Euler class of an R”-vector bundle E — B 
is called the nth Stiefel-Whitney class wn(E) € H"(B;Z/2). 

There are many other aspects of obstruction theory, for example the 
analogue of the homotopy problem in this setting is the problem of finding 
vertical homotopies between two cross sections. There are obstructions 


d"(g, 9°) € H"(X; 1(F)p). 
Here are a few more examples to ponder. 


Exercise 125. When we studied the extension problem, we did not come 
across local coefficient systems. This is because we assumed that Y was 
n-simple. Use Theorem 7.37 stated above together with the inverse of the 
delooping method outlined above to find a statement of a theorem about 
obstructions to extending maps into non-simple spaces. 


Exercise 126. Write down a careful statement of a theorem about the ob- 
struction to finding vertical homotopies between cross sections of a fibration. 


7.12. Projects for Chapter 7 


7.12.1. Postnikov systems. The decomposition of a CW-complex into 
its skeleta has a “dual” construction leading to Postnikov decompositions of 
a space. The word “dual” here is used in the same sense that cofibrations 
and fibrations are dual. The building blocks for CW-complexes are cells 
(D",S"~'). These have homology Z in dimension n and zero in other dimen- 
sions. The building blocks for Postnikov decompositions are the Eilenberg- 
MacLane spaces AK (7,n). For CW-complexes, the attaching maps describe 
how the cells are put together. For Postnikov decompositions, spaces are 
described as iterated fibrations with fibers Eilenberg-Maclane spaces and 
the primary obstruction to finding cross sections determine how the space 
is to assembled from its K(z,n)s. 


For this project, show how to construct a Postnikov tower for a space 
X. 


Theorem 7.40. If X is a simple path connected space, there exists a “tower” 


P Pl 
. —> Xn = Xn-1 veer XY > Xo, 
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as well as maps fn: X — Xn so that the diagrams 


commute for each n. 

For each n, the map pn : Xn > Xn_-1 is a fibration with fiber the 
Eilenberg-MacLane space K(m,(X),n). Moreover, nk(Xn) = 0 fork >n 
and (fn)x : tk(X) > Tk(Xn) is an isomorphism for all k < n. 


To avoid complications you may assume that X is simply connected. 

Each fibration in the tower pn : Xn > Xn—1 has fiber K(mn(X), n), and 
so there is a single obstruction (i.e. the primary obstruction) to finding a 
cross section which lies in 


H°! (Xn-1; ty (rg (X)yn))) = a XY 


This obstruction is called the (n+1)st k-invariant of X and is denoted by 
k"+1_ Using the identification H"*!(Xy_1; nX) = [Xn-1, K(tm,n + 1), 
k’*1 can be thought of a homotopy class of maps X,_1 > K(atn,n + 1) so 
that the fibration K (m,n) @ Xn —> Xn_1 is the pullback of the path space 
fibration K (mn, n) => P > K(amn,n+1) via k°tt, 


Thus to a (simple) path connected space X this construction associates 
a collection {mn, Xn, Pn, k” } where 


1. Tn is an abelian group. 

. Xo is contractible. 

. Pn : Xn > Xn-ı is a fibration with fiber K (mn, n). 
. k” € H” (Xn-1;Tn-1) classifies pn-1. 


o A © N 


. The inclusion of the fiber induces an isomorphism mn(K (Tmn, n)) > 
Tn(Xn). 
This collection has the property that Tmn = m(X). 


This collection of data is called the Postnikov system or Postnikov de- 
composition for X. 


Prove the main result about Postnikov systems. 
Theorem 7.41. The weak homotopy type of X is determined by its Post- 


nikov system. More precisely, given the data {t, Xn, pn, k” } satisfying con- 
ditions 1-5 above there exists a space X with this space as its Postnikov 
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decomposition. If Y is any space with this Postnikov system then X and Y 
are weakly homotopy equivalent. 


A good reference for this material is [43, pg. 421-437] and (14, pg. 
78-82]. 

If time permits, lecture on the dual exposition of obstruction theory from 
the point of view of Postnikov decompositions. Spanier’s book [36] is one 
place to find this material. 


Chapter 8 


Bordism, Spectra, and 
Generalized Homology 


This chapter contains a mixture of algebraic and differential topology and 
serves as an introduction to generalized homology theories. We will give a 
precise definition of a generalized homology theory later, but in the mean- 
time you should think of a generalized homology theory as a functor from 
pairs of spaces to graded abelian groups (or graded R-modules) satisfying 
all Eilenberg—Steenrod axioms but the dimension axiom. 


The material in this chapter will draw on the basic notions and theo- 
rems of differential topology, and you should re-familiarize yourself with the 
notion of smooth maps between smooth manifolds, submanifolds, tangent 
bundles, orientation of a vector bundle, the normal bundle of a submanifold, 
the Sard theorem, transversality and the tubular neighborhood theorem. 
One of the projects for this chapter is to prepare a lecture on these topics. 
A good reference for this material is Hirsch’s book [16]; more elementary 
references include [27] and [15]. 


In this chapter (in contrast to the rest of this book), the word “mani- 
fold” will mean a compact, smooth manifold with or without boundary and 
a submanifold V C M will mean a compact submanifold whose boundary is 
contained in the boundary of M in such a way that V meets the boundary 
of M transversely. The normal bundle of a submanifold i: V — M is the 
quotient bundle i*(TM)/TV, and we will use the notation v(V — M) or 
v(i). If M is a submanifold of R”, or more generally if W has a Riemann- 
ian metric, then the normal bundle v(V — M) can be identified with the 
subbundle of TM|,, consisting of all tangent vectors in T,M which are per- 
pendicular to T,V, where p E€ V. A tubular neighborhood of a submanifold 
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i: V — M isa embedding f : v(i) — M which restricts to the identity on 
(the zero section) V. Informally, we say that the open set U = f(v(i)) c M 
is a tubular neighborhood of V. 


8.1. Framed bordism and homotopy groups of 
spheres 


Pontrjagin and Thom in the 1950’s noted that in many situations there is 
a one-to-one correspondence between problems in geometric topology (= 
manifold theory) and problems in algebraic topology. Usually the algebraic 
problem is more tractable, and its solution leads to geometric consequences. 
In this section we discuss the quintessential example of this correspondence; 
a reference is the last section of Milnor’s beautiful little book [27]. 


We start with an informal discussion of the passage from geometric topol- 
ogy to algebraic topology. 


Definition 8.1. A framing of a submanifold V*~" of a closed manifold 
MF is a embedding ¢ of V x R” in M so that ¢(p,0) = p for all p € V. 
If (W*+1-” y) is a framed submanifold of M x I, then the two framed 
submanifolds of M given by intersecting W with M x {0} and M x {1} 
are framed bordant. Let OF, m be the set of framed bordism classes of 
(k — n)-dimensional framed submanifolds of M. 


A framed submanifold defines a collapse map M — S” = R” U {co} 
by sending ¢(p,v) to v and all points outside the image of ¢ to oo. Note 
that 0 € S” is a regular value and the inverse image of 0 is V. A framed 
bordism gives a homotopy of the two collapse maps. A framed bordism from 
a framed submanifold to the empty set is a null-bordism. In the special case 
of a framed submanifold V*—" of SF, a null-bordism is given by an extension 
to a framed submanifold W*t!—” of D*+!, 


Theorem 8.2. The collapse map induces a bijection OF nm — [M,S"]. 


This method of translating between bordism and homotopy sets is called 
the Pontrjagin-Thom construction. 


Here are some examples (without proof) to help your geometric insight. 
A (framed) point in a S* gives a map S* — S* which generates 7S" S Z. 
Any framed circle in S$? is null-bordant, for example the equator with the 
obvious framing is the boundary of the 2-disk in the 3-ball. However, a 
framed S1 in $3 so that the circle ¢(S! x {(1,0)}) links the S1 with linking 
number 1 represents the generator of 73($%) S Z. (Can you reinterpret 
this in terms of the Hopf map? Why can’t one see the complexities of knot 
theory in framed bordism?) Now S$? is naturally framed in $4, S4 in 9°, ete. 


8.1. Framed bordism and homotopy groups of spheres 197 


so we can suspend the linking number 1 framing of S1 in S? to get a framing 
of St in S*+1 for k > 2. This represents the generator of 7,415" S Zo. 


More generally, one can produce examples of framed manifolds by twist- 
ing and suspending. If (V*—”, ¢) is a framed submanifold of M* anda : V > 
O(n), then the twist is the framed submanifold (V, ¢.a) where ¢.a(p,v) = 
o(p,a(p)v). The framed bordism class depends only on (V,@) and the ho- 
motopy class of a. (See Exercise 132 below for more on this construction.) 
Next if (V*-",¢) is a framed submanifold of S¥, then the suspension of 
(V'-", ¢) is the framed submanifold (V*—", Sø) of SF! is defined using 
the obvious framing of S* in S*+!, with S* x Ryo mapping to the upper 
hemisphere of S**+1. Then the generator of 73($?) mentioned earlier can be 
described by first suspending the inclusion of a framed circle in the 2-sphere, 
and then twisting by the inclusion of the circle in O(2). 


To prove Theorem 8.2 we first want to reinterpret OF m in terms of 
normal framings. The key observation is that a framed submanifold deter- 
mines n linearly independent normal vector fields on M. 


Definition 8.3. 


1. A trivialization of a vector bundle p : E — B with fiber R” is a 
collection {o; : B — E}"_, of sections which form a basis pointwise. 
Thus {01(b),...,0n(b)} is linearly independent and spans the fiber 
E, for each b € B. 

Equivalently, a trivialization is a specific bundle isomorphism E£ ~ 
B x R”. A trivialization is also the same as a choice of section of the 
associated principal frame bundle. 


2. A framing of a vector bundle is a homotopy class of trivializations, 
where two trivializations are called homotopic if there is a continuous 
l-parameter family of trivializations joining them. In terms of the 
associated frame bundle this says the two sections are homotopic in 
the space of sections of the frame bundle. 


A section of a normal bundle is called a normal vector field. 


Definition 8.4. A normal framing of a submanifold V of M is a homotopy 
class of trivializations of the normal bundle v(V — M). If W is a normally 
framed submanifold of M x I, then the two normally framed submanifolds of 
M given by intersecting W with M x {0} and M x {1} are normally framed 
bordant. (You should convince yourself that restriction of v(W — M x I) 
to Vo = (M x {0}) NW is canonically identified with v(Vọ — M)). 


Exercise 127. Show that a framed submanifold (V, ) of M determines a 
normal framing of V in M. Use notation from differential geometry and 
denote the standard coordinate vector fields on R” by {9/8x1,...,8/Ə£n}. 
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Exercise 128. Define a map from the set of bordism classes of (k — n)- 
dimensional framed submanifolds of M to the set of bordism classes of 
(k — n)-dimensional normally framed submanifolds of M and show it is 
a bijection. (The existence part of the tubular neighborhood theorem will 
show the map is surjective, while the uniqueness part will show the map is 
injective.) 


Henceforth we let OF, m denote both the bordism classes of framed 
submanifolds and the bordism classes of normally framed submanifolds of 
M. 


Proof of Theorem 8.2. To define an inverse 
d: |M, S] > Of nm 


to the collapse map 
C: OF am E2 [M, 8" 


one must use differential topology; in fact, this was the original motivation 
for the development of transversality. 

Any element of |M, S”] can be represented by a map f : M > S = 
R” U {oo}, which is smooth in a neighborhood of f~1(0) and transverse to 
0 (i.e. 0 is a regular value). Thus: 


1. The inverse image f~!(0) = V is a smooth submanifold of M* of 
codimension n (i.e. of dimension k — n), and 


2. The differential of f identifies the normal bundle of V in M* with 
the pullback of the normal bundle of 0 € S” via f. More precisely, 
the differential of f, df : TM* — TS” restricts to TM Fly and factors 
through the quotient v(V — M*) to give a map of vector bundles 


d 
v(V = M*) Jos v(0 = S”) 


V 


which is an isomorphism in each fiber. 
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Since the normal bundle of 0 in R” U {oo} is naturally framed by the 
standard basis, the second assertion above implies that the normal bundle 
of V in M* is also framed, i.e. there is a bundle isomorphism 


v(V => ME) ——=~—-+- Vx R" 


bw 


v 


The map d is defined by sending [|f] to f~'(0) with the above framing. 
To see that d is well-defined, consider a homotopy 


F:MxI— S”. 
where F|mx{0,1} is transverse to 0 € S”. Consider the “trace of F” 
F:MxI> S” xI 
(m, t) > (F(m,t),t), 


which has the advantage that it takes boundary points to boundary points. 

The (relative) transversality approximation theorem says that F is homo- 

topic (rel M x {0,1}) to a map transverse to 0 x J. The inverse image of 

0 x I equipped with an appropriate normal framing gives a normally framed 
y —1 = 

bordism between Fux) and Fux) 


Our final task is to show that c and d are mutual inverses. It is easy 
to see that doc is the identity, but to show cod is the identity takes some 
work. First represent an element of |M, S"] by a a map f transverse to 
0 € R”"U {oo} = S”. It seems plausible that the collapse map associated to 
V = f-1(0) with the normal framing induced by df is homotopic to f, but 
there are technical details. 

Here goes. Let v = v(V — M), let g : v > M be a tubular neighbor- 


hood of V, assume v has a metric, and let D = g(D(v)) correspond to the 
disk bundle. Define ® : v > R” by (x) = limo t7! f(g(tx)). Then (x) 
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is the velocity vector of a curve, and by the chain rule ® is the composite of 
the identification of v with v(V —> v) and df o dg. In particular ® gives an 
isomorphism from each fiber of v to R”. 


There is a homotopy f; : D — R” U {co} for —1 < t < 1 given by 


mgl) if —1<t <0, 
v)) = 2 Iliz] 
FACIN )) rie if0<t<1. 


We now have a map 
OD x |—-1,1] U (M — Int D) x {1} U (M — Int D) x {-1} — S” — {0} 


defined by f; on the first piece, by f on the second piece, and by the constant 
map at infinity on the third piece. This extends to a map (M — Int D) x 
[—1,1] => S” — {0} by the Tietze extension theorem. 


We can then paste back in f; to get a homotopy 
F:Mx[-1,1)- S” 
from our original f to a map A so that 
hR” =Int DSV xR” 


N 


where the diffeomorphism = is defined by mapping to V by using the 
original tubular neighborhood and by mapping to R” by h. Thus f ~ h 
where h is in the image of c. It follows that c is surjective and thus that c 
and d are mutual inverses. 


In reading the above proof you need either a fair amount of technical 
skill to fill in the details or you need to be credulous. For an alternate 
approach see [27, Chapter 7]. 


For a real vector bundle over a point, i.e. a vector space, a framing is the 
same as a choice of orientation of the vector space, since GL(n, R) has two 
path components. Thus a normal framing of V C 9*¥ induces an orientation 
on the normal bundle v(V <— S*). (See Section 10.7 for more information 
about orientation.) 


Exercise 129. Let V be a normally framed submanifold of a manifold M. 
Show that an orientation on M induces an orientation on V. (Hint: consider 
the isomorphism TV v = TM|y.) 


Theorem 8.5 (Hopf degree theorem). Let MF be a connected, closed, 
smooth manifold. 


1. If M* is orientable, then two maps M€ — S* are homotopic if and 
only if they have the same degree. 


2. If MÝ is nonorientable, then two maps M® — S*® are homotopic if 
and only if they have the same degree mod 2. 
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Exercise 130. Prove the Hopf degree theorem in two ways: obstruction 
theory and framed bordism. 


The function 7S” — [S*,S”] obtained by forgetting base points is a 
bijection. For n > 1 this follows from the fact that S” is simply connected 
and so vacuously the fundamental group acts trivially. For n = 1 this is still 
true because mS! is trivial for k > 1 and abelian for k = 1. 


The result that 7,5” = Z is a nontrivial result in algebraic topology; it 
is cool that this can be proven using differential topology. 


Exercise 131. We only showed that the isomorphism of Theorem 8.2 is 
a bijection of sets. However, since 7,5” is an abelian group, the framed 
bordism classes inherit an abelian group structure. Prove that this group 
structure on framed bordism is given by taking the disjoint union: 


[Vo] + [Vi] := Vo I Vi c SSE & SF 


with negatives given by changing the orientation of the framing (e.g. replac- 
ing te first vector field in the framing by its negative) 


—[Vo] = [-Vo]. 


We will generalize Theorem 8.2 by considering the effect of the sus- 
pension map S : 7S" — mp415"t! and eventually passing to the limit 
Jim Tke S”. This has the effect of eliminating the thorny embedding 
— CoO 


questions of submanifolds in $*; in the end we will be able to work with 
abstract framed manifolds V without reference to an embedding of V in 
some sphere. 


Exercise 132. (The J-homomorphism) Let V'-" C M* be a non-empty 
normally framed manifold. Use twisting to define a function 


J: [V¥-", O(n)] > [M*, $”]. 


Now let V be the equatorial S47” C SF with the canonical framing coming 
from the inclusions S*-" c S*-"+1 c... C 9%, and show that the function 


T : T-n(O(n)) > TS” 


is a homomorphism provided k > n. It is called the J-homomorphism and 
can be used to construct interesting elements in mks”. 

Draw an explicit picture of a framed circle in R3 = S?—{oo} representing 
J(+) where . € 7O(2) = Z is the generator. 
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8.2. Suspension and the Freudenthal theorem 


Recall that the (reduced) suspension of a space X € K, with nondegenerate 
basepoint is the space 
SX =X xI/~ 


where the subspace (zo x I) U (X x {0,1}) is collapsed to a point. This 
construction is functorial with respect to based maps f : X — Y. In 
particular, the suspension defines a function 


S:[X,Y]o > [SX, SY Jo. 
By Proposition 6.35, SS* = S*+!, so that when X = S*, the suspension 
defines a function, in fact a homomorphism 
S: m7 (Y ) =r Tkl SY) 
for any space Y. Taking Y to be a sphere one obtains 
S : mpl S") > Tg ( 8t). 
We next identify SF c S*+! = $5* as the equator, and similarly S$” C $"+1, 
and interpret the above map in terms of framed bordism. 
If f : SF — S” is smooth, then the suspension 
Sf : gk =$ gr+1 
is smooth away from the base points. If x € S” is a regular value different 


from the base point, and V = f~1'(a) is the normally framed submanifold 
of S* associated to f, then clearly 


V = (Sft) c s* c gt, 


Let us compare normal bundles and normal framings. 
v(V = S+) = v(V eS") vu(SE => 5"), 
= v(V = F) ey 
where ey = V x R = trivial line bundle. 


Similarly, v(x => S"*1) = v(x > S”) @ £{z}, and the differential of Sf 
preserves the trivial factor, since, locally (near the equator S* c S*+1), 


Sf = f x Id: SE x (-e,€) > S” x (-€,€). 
We have shown the following. 
Theorem 8.6. Taking the suspension of a map corresponds, via the 
Pontrjagin-Thom construction, to the same manifold V, but embedded in 


the equator SE C S*+!, and with normal framing the direct sum of the old 
normal framing and the trivial 1-dimensional framing. 
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Now consider the effect of multiple suspensions. 
SÉ : nps” —> npese 


For each suspension, the effect on the normally framed submanifold V is 
to replace it by the same manifold embedded in the equator, with the new 
normal framing Vnew = Vola ® Ev. Thus after £ suspensions, 


£ 
Vnew = Vold ® EV. 


The following fundamental result is the starting point for the investiga- 
tion of “stable” phenomena in homotopy theory. We will not give a proof 
at this time, since a spectral sequence proof is the easiest way to go. The 
proof is given in Section 10.3. 


Theorem 8.7 (Freudenthal suspension theorem). Suppose that X is an 
(n — 1)-connected space (n > 2). Then the suspension homomorphism 


S: TX =} Tk+1 SX 


is an isomorphism if k < 2n — 1 and an epimorphism if k = 2n — 1. 


The most important case is when X = S”, and here the Freudenthal 
suspension theorem can also be given a differential topology proof using 
framed bordism and the facts that any j-manifold embeds in S” for n > 
2j + 1, uniquely up to isotopy if n > 2j + 2, and that any embedding of a 
j-manifold in $"*! is isotopic to an embedding in 9” if n > 2j +1. 


Exercise 133. Show that for any k-dimensional CW-complex X and for 
any (n — 1)-connected space Y (n > 2) the suspension map 


IX, Y]o > [SX, SY ]o 


is bijective if k < 2n— 1 and surjective if k = 2n— 1. (Hint: Instead consider 
the map [X,Y ]o — [X,QSY]o. Convert the map Y > QSY to a fibration 
and apply cross-section obstruction theory as well as the Freudenthal sus- 
pension theorem.) 


For a based space X, r” X = [X, S”]o is called the n-th cohomotopy set. 
If X is a CW-complex with dim X < 2n — 1, then Exercise 133 implies 
that t” X is a group, with group structure given by suspending and using 
the suspension coordinate in SX. The reader might ponder the geometric 
meaning (framed bordism) of the cohomotopy group structure when X is a 
manifold. 


Definition 8.8. The k-th stable homotopy group of a based space X is the 
limit 
me X = lim Thos X. 
oe) 
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The stable k-stem is 
= = Tk S S0, 


The computation of the stable k-stem for all k is the holy grail of the 


field of homotopy theory. 


The Hurewicz theorem implies that if X is (n — 1)-connected, then SX 
is n-connected, since HıSX = H iX = 0ifLl < n and mı X =0if X 
is path connected. The following corollary follows from this fact and the 
Freudenthal theorem. 


Corollary 8.9. If X is path connected, 

TEX = ml SEX) = mkl SX)  forl>k. 
For the stable k-stem, 

ne = Top +2(S**?) = Trel S’) forl>k+2. 


Recall from Equation (6.3) that m(O(n — 1)) > m(O(n)), induced by 
the inclusion O(n — 1) = O(n), is an isomorphism for k < n — 2, and 
therefore letting O = limp. O(n), mkO = m,(O(n)) for k < n— 2. It 
follows from the definitions that the following diagram commutes 


te(O(n — 1)) + aryn1(S"2) 


™(O(n)) Tr+n(S") 


with the horizontal maps the J-homomorphisms, the left vertical map in- 
duced by the inclusion, and the right vertical map the suspension homomor- 
phism. If k < n — 2, then both vertical maps are isomorphisms, and so one 
obtains the stable J-homomorphism 


J : 1%(O) > ae. 


Corollary 8.10. The Pontrjagin-Thom construction defines an isomorphism 
from TS to the normally framed bordism classes of normally framed k- 
dimensional closed submanifolds of S” for any n > 2k + 2. 


8.3. Stable tangential framings 


We wish to remove the restriction that our normally framed manifolds be 
submanifolds of S”. To this end we need to eliminate the reference to the 
normal bundle. This turns out to be easy and corresponds to the fact that 
the normal and tangent bundles of a submanifold of S” are inverses in a 
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certain stable sense. Since the tangent bundle is an intrinsic invariant of 
a smooth manifold, and so is defined independently of any embedding in 
S*, this will enable us to replace normal framings with tangential framings. 
On the homotopy level, however, we will need to take suspensions when 
describing in what way the bundles are inverses. In the end this means that 
we will obtain an isomorphism between stably tangentially framed bordism 
classes and stable homotopy groups. 

In what follows, ef will denote a trivialized j-dimensional real bundle 
over a space. 


Lemma 8.11. Let VE C S” be a closed, oriented, normally framed sub- 
manifold of S”. Then 


1. A normal framing y : v(V => S”) Se 


"—k induces a trivialization 


2. A trivialization 7: TV @e & et! induces a trivialization 


v(V eo ou) Q ektl ~ erti, 


Proof. The inclusion S” C R”+! has a trivial 1-dimensional normal bundle 
which can be framed by choosing the outward unit normal as a basis. This 
shows that the once stabilized tangent bundle of S” is canonically trivialized 


TS eS ert 
since the tangent bundle of R”+! is canonically trivialized. 
There is a canonical decomposition 
(TS" 9 e)jy =v(V => S”) BTV Ge. 
Using the trivialization of TS” @ £, one has a canonical isomorphism 
erti S y(V => S")OTV Ge. 
Thus a normal framing y : v(V — 9%) & e”-* induces an isomorphism 
enti x enk MTV Oe, 


k+1 


and, conversely a trivialization y : TV @e =e induces an isomorphism 


entl ~ v(V ay S”) @ ektL 


Definition 8.12. A stable (tangential) framing of an k-dimensional mani- 
fold V is an equivalence class of trivializations of 


TV @e" 
where e” is the trivial bundle V x R”. Two trivializations 


ti TV Ge" 224, ty: TV Qe % ktm 
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are considered equivalent if there exists some N greater than nı and nz such 
that the direct sum trivializations 


ti © Id: TV p e™ et x skt gNm = tN 


and 


to O Id : TV Be™ GEN & gktn2 q N5n2 — ht N 


are homotopic. 

Similarly, a stable normal framing of a submanifold V of S% is an equiv- 
alence class of trivializations of v(V —> 95%) $ e” and a stable framing of a 
bundle 7 is an equivalence class of trivializations of 7 €”. 


A tangential framing is easier to work with than a normal framing, since 
one does not need to refer to an embedding V C S” to define a tangential 
framing. However, stable normal framings and stable tangential framings 
are equivalent; essentially because the tangent bundle of S” is canonically 
stably framed. Lemma 8.11 generalizes to give the following theorem. 


Theorem 8.13. There is a 1-1 correspondence between stable tangential 
framings and stable normal framings of a manifold V. More precisely: 


1. Leti: VS” be an embedding. A stable framing of TV determines 
stable framing of v(i) and conversely. 

2. Let i : Vo S™ and i2 : V — S™ be embeddings. For n large 
enough there exists a canonical (up to homotopy) identification 


v(i) @ eM & vig) @ e7”, 


A stable framing of v(i1) determines one of v(i2) and vice versa. 


Proof. 1. The proof of Lemma 8.11 gives a canonical identification 
v(V => S”) oe PTV Ser"! 


for all € > 0. Associativity of 6 shows stable framings of the normal bundle 
and tangent bundles coincide. 


2. Let ii: V co S™ and i2 : V — S™ be embeddings. There is a 
formal proof that stable framings of v(i) and v(iz) coincide. Namely, a 
stable framing of v(i,) determines a stable framing of TV by part 1, which 
in turn determines a stable framing of v(i2). However, the full statement of 
part 2 applies to submanifolds with non-trivial normal bundle, and theorems 
from differential topology must be used. 


Choose n large enough so that any two embeddings of V in S” are 
isotopic. (Transversality theorems imply that n > 2k + 1 suffices.) 
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The composite V 4, gm 4i, S”, with S$” us S” the equatorial embed- 
ding, has normal bundle 


v(ji oii) = V(t) BE™ ™. 
Similarly, the composite V 2, gna 2, 9” has normal bundle 
V(j20 i2) = v(i2) Be™ ™. 


Then j2 072 is isotopic to 71071, and the isotopy induces an isomorphism 
v(j2 o i2) = v(j1 o i1). 

If n > 2(k + 1) +1, then any self-isotopy is isotopic to the constant 
isotopy, so that the identification v(j2 o i2) = v(jı o i1) is canonical (up to 
homotopy). 


Definition 8.14. Two real vector bundles E, F over V are called stably 
equivalent if there exists non-negative integers i, j so that E@®e’ and F Ge! 
are isomorphic. 


Since every smooth compact manifold embeds in S” for some n, the 
second part of Theorem 8.13 has the consequence that the stable normal 
bundle (i.e. the stable equivalence class of the normal bundle for some 
embedding) is a well defined invariant of a smooth manifold, independent of 
the embedding, just as the tangent bundle is. However, something stronger 
holds. If v(i;) and v(t2) are normal bundles of two different embeddings of 
a manifold in a sphere, then not only are v(i,) and v(i2) stably equivalent, 
but the stable isomorphism is determined up to homotopy. 


Returning to bordism, we see that the inclusion S” C S"+! sets up a 
correspondence between the suspension operation and stabilizing a normal 
(or equivalently tangential) framing. Consequently Corollary 8.10 can be 
restated as follows. 


Corollary 8.15. The stable k-stem EA is isomorphic to the stably tan- 
gentially framed bordism classes of stably tangentially framed k-dimensional 
smooth, oriented compact manifolds without boundary. 


This statement is more appealing since it refers to k-dimensional mani- 
folds intrinsically, without reference to an embedding in some S$”. 


Here is a list of some computations of stable homotopy groups of spheres 
for you to reflect on. (Note: 7? has been computed for k < 64. There is no 
reasonable conjecture for me for general k, although there are many results 
known. For example, in Chapter 10, we will show that the groups are finite 
for k > 0; me = Z by the Hopf degree theorem.) 
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k i 2 3 4 5 6 
TS Z/2 Z/2 Z/24 0 0 Z/2 
k 7 8 9 10 11 12 


m|| Z/240 |(Z/2?| (Z/2)3 Z/6 |Z/504 0 


k 13 14 15 16 17 18 
Tee Z/3 (Z/2)?|Z/480 $ Z/2|(Z/2)?|(Z/2)4|Z/8 & Z/2 
k 19 20 21 22 23 24 


r? ||Z/264 @ Z/2| Z/24 (2/2? |(Z/2)2|—¢ (Z/2)? 


t T% is Z/16 $ Z/8O 2/20 Z/9 6 Z/3 O Z/5 © Z/7 ® 2/13. 


The reference [32] is a good source for the tools to compute 72. 


We will give stably framed manifolds representing generators of T? for 
k < 9; you may challenge your local homotopy theorist to supply the proofs. 
In this range there are (basically) two sources of framed manifolds: normal 
framings on spheres coming from the image of the stable J-homomorphism 
J : mk(O) > TA , and tangential framing coming from Lie groups. There is 
considerable overlap between these sources. 


Bott periodicity (Theorem 6.49) computes mg(O). 


k || o | 1 |2/3]4/5]/6}7] 8 
mO || Z/2|Z/2|0)Z)0;0}0| Z| 2/2 


Then J : 7,0 > me is an isomorphism for k = 1, an epimorphism for 
k = 3,7, and a monomorphism for k = 8. 


Another source for framed manifolds are Lie groups. If G is a compact 
k-dimensional Lie group and T.G & RF is an identification of its tangent 
space at the identity, then one can use the group multiplication to identify 
TG = GxR* and thereby frame the tangent bundle. This is the so-called Lie 
invariant framing. The generators of the cyclic groups me ; r? ; mS : ny ; ne ; r$ 
are given by e, 91, S1 x 91, 83,93 x S°, 97 with invariant framings. (The 
unit octonions 9” fail to be a group because of the lack of associativity, but 
nonetheless, they do have an invariant framing.) 


Finally, the generators of rS are given by S8 with framing given by the 
J-homomorphism and the unique exotic sphere in dimension 8. (An exotic 
sphere is a smooth manifold homeomorphic to a sphere and not diffeomor- 
phic to a sphere.) 
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We have given a bordism description of the groups i . If X is any 


space, ne X can be given a bordism description also. In this case one adds 
the structure of a map from the manifold to X. (A map from a manifold to 
a space X is sometimes called a singular manifold in X.) 


Definition 8.16. Let (V;, yi : TV; B el & etta), i = 0,1 be two stably 
framed k-manifolds and gi : V; ~ X, i = 0,1 two maps. 


We say (Vo, Yo, go) is stably framed bordant to (V1, %1, 91) over X if there 
exists a stably framed bordism (W,7) from (Vo, yo) to (Vi, 71) and a map 


G:W —X 


extending go and gj. 


We introduce the notation: 


1. Let X4 denote X I pt, the union of X with a disjoint base point. 


2. Let QË (X) denote the stably framed bordism classes of stably framed 
k-manifolds over X. 


Since every space maps uniquely to point, and since S° = pt 4, we can 
restate Corollary 8.15 in this notation as 


QR (pt) = wR (pt4) 
since T? = T? (90) = r? (pt4). 
More generally one can easily prove the following theorem. 
Theorem 8.17. 02(X) = T$ (X4). 
The proof of this theorem is essentially the same as for X = pt; one just 


has to carry the map V — X along for the ride. We give an outline of the 
argument and indicate a map T? (X4) > QË (X). 


Sketch of proof. Choose £ large so that T? (X4) = Tkel X4 AS). 
The smash product X, A Sf = X, x S°/X, V S = X x S"/X x pt is 
called the half smash of X and S and is depicted in the following picture. 


LIT 


X, x sf X aS 
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Given f : Sté = X, A S*, make f transverse to X x {x}, where x € 9 
is a point different from the base point. (You should think carefully about 
what transversality means since X is just a topological space. The point 
is that smoothness is only needed in the normal directions, since one can 
project to the sphere.) 

Then f~'(X x {x}) = V is a smooth, compact manifold, and since a 
neighborhood of X x {x} in X} AS% is homeomorphic to X x Rf as indicated 
in the following figure, 


mM Xx {asc Xa 


the submanifold V has a framed normal bundle, and fiy : V > Xx {x} =X. 
This procedure shows how to associate a stably framed manifold with a map 
to X to a (stable) map f : Stf — X, AS. One can show as before, using 
the Pontrjagin-Thom construction, that the induced map mp4¢(X4 A S°) > 
Q(X) is an isomorphism. 


Exercise 134. Define the reverse map QË (X) > tS (X4). 


8.4. Spectra 


The collection of spheres, {S”}°° 9, together with the maps (in fact homeo- 
morphisms) 
hse 

forms a system of spaces and maps from which one can construct the stable 
homotopy groups 7° (X). Another such system is the collection of Eilenberg— 
MacLane spaces K(Z, n) from which we can recover the cohomology groups 
by the identification H"(X;Z) = [X,K(Z,n)| according the the results of 
Chapter 7. 

The notion of a spectrum abstracts from these two examples and intro- 


duces a category which measures “stable” phenomena, that is, phenomena 
which are preserved by suspending. Recall that H"(X) = H"*+1(9X) and 
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by definition TS (X) = 7° 41(9X). Thus cohomology and stable homotopy 
groups are measuring stable information about a space X. 


Definition 8.18. A spectrum is a sequence of pairs { Kn, kn} where the Kn 
are based spaces and kn : SK, — Ky+1 are basepoint preserving maps, 
where SK,, denotes the suspension. 


In Exercise 95 you saw that the the n-fold reduced suspension of S” X of 
X is homeomorphic to S” A X. Thus we can rewrite the definition of stable 
homotopy groups as 
TSX = lim mnel S% AX) 
Loo 
where the limit is taken over the homomorphisms 
Tuel SA X) > Tapel SHEA X). 
These homomorphisms are composites of the suspension 
Tnyel SA X) > Taye (SCS A X)), 
the identification S(S° A X) = St A (SE^ X) = S(S®) A X, and the map 
Tn+e+1(S(S*) A X) > Tmn4e41 (9ft! A X) induced by the map ky : $(S°) > 
SH, 
Thus we see a natural link between the sphere spectrum 
S = {9”, kn : S(9”) = S11} 
and the stable homotopy groups 
TS (X) = lim mnel Sf A X). 
L—00 


Another example is provided by ordinary integral homology. The path 
space fibration and the long exact sequence in homotopy, shows that the loop 
space of the Eilenberg-MacLane space K(Z,n + 1) is homotopy equivalent 
to K(Z,n). Fixing a model for K(Z,n) for each n, there exists a sequence 
of homotopy equivalences 

hn: K(Z,n) > OK(Z,n +1). 
Then h, defines, by taking its adjoint, a map 
kn : S(K(Z,n)) > K(Z,n +1). 
In this way we obtain the Filenberg-MacLane spectrum 
K(Z) = {K(Z,n), kn}. 
We have seen in Theorem 7.22 that H"(X;Z) = |X, K(Z,n)]. 


Ordinary homology and cohomology are derived from the Eilenberg— 
MacLane spectrum, as the next theorem indicates. This point of view gen- 
eralizes to motivate the definition of homology and cohomology with respect 
to any spectrum. 
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Theorem 8.19. For any space X, 


1. 
A(X; Z) = jim Tr pe(X + A K(Z,£)). 


H” (X; Z) = lim [S"(X4),K(Z,n + Oo 


Recall that for n > 0, H"(X) = H"(X,) = H"1($X,) = H"*1($X,); 
in fact the diagram 


[X,, K(Z,n)]o —2— [SX4,SK(Z,n)]o 


hn& kn 


(X+, QK(Z,n + 1)Jo — [SX4, K(Z,n + 1)]o 


commutes. This shows that we could have defined the cohomology of a space 
by 
H” (X; Z) = lim ISfX4; K(Z,n + Blo, 


and verifies the second part of this theorem. The first part can be proven by 
starting with this fact and using Spanier-Whitehead duality. See the project 
on Spanier-Whitehead duality at the end of this chapter. 

These two examples and Theorem 8.19 leads to the following definition. 
Recall that X denotes the space X with a disjoint base point. In particular, 
if A C X, then (X4/A+) = X/A if A is non-empty and equals X if A is 
empty. 


Definition 8.20. Let K = { Kn, kn} be a spectrum. Define the (unreduced) 
homology and cohomology with coefficients in the spectrum K to be the 
functor taking a space X to the abelian group 


A, (X;K) = jm Tn+e(X+ A Ke) 


and 
H"(X;K) = jim [S°(X4); Knelo, 


the reduced homology and cohomology with coefficients in the spectrum K to 
be the functor taking a based space X to the abelian group 


Hal xe) jim Tn4e(X A Ke) 


and 7 
H"(X;K) = lim [S°X; Knselo, 
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and the homology and cohomology of a pair with coefficients in the spectrum 
K to be the functor taking a pair of space (X, A) to the abelian group 


Hy(X,A;K) = lim tye((X4/A+) A Ke) 


and 
H"(X,A;K) = lim [S"(X4/A+); Knsdlo, 


It is a theorem that these are generalized (co)homology theories; they 
satisfy all the Eilenberg—Steenrod axioms except the dimension axiom. We 
will discuss this in more detail later. 

For example, stable homotopy theory Hy (X ;S) = 75X is a reduced 
homology theory; framed bordism H,(X;8) = 79X, = QË(X) is an unre- 
duced homology theory. 

Note that H,,(pt; K) can be non-zero for n Æ 0, for example H,,(pt;S) = 
n°. Ordinary homology is characterized by the fact that H,,(pt) = 0 for 
n #0, (see Theorem 1.31). The groups H,,(pt; K) are called the coefficients 
of the spectrum. 

There are many relationships between reduced homology, unreduced ho- 
mology, suspension, and homology of pairs, some of which are obvious and 
some of which are not. We list some facts for homology. 

e For a based space X, H,(X;K) = Hn41(SX;K). 

e For a space X, H,(X;K) = H,(X4;K). 

e For a pair of spaces, Hn(X, A; K) S Hy(X/A; K). 

e For a CW-pair, H,,(X,A;K) fits into the long exact sequence of a 

pair. 


8.5. More general bordism theories 


(Stably) framed bordism is a special case of a general bordism theory, where 
one considers bordisms respecting some specific stable structure on the nor- 
mal bundle of a smooth manifold. We will give examples of stable structures 
now, and then ask you to supply a general definition in Exercise 135. Basi- 
cally a property of vector bundles is stable if whenever a bundle ņ has that 
property, then so does 7 @ e* for all k. 


8.5.1. Framing. A stable framing on a bundle [7] is, as we have seen, a 
choice of homotopy class of bundle isomorphism 
subject to the equivalence relation generated by the requirement that 


yu y@ld:n@e pe X ertt, 
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8.5.2. The empty structure. This refers to bundles with no extra struc- 
ture. 


8.5.3. Orientation. This is weaker than requiring a framing. The most 
succinct way to define an orientation of a n-plane bundle 7 of is to choose a 
homotopy class of trivialization of the highest exterior power of the bundle, 


yi AN(n) Se. 


Equivalently, an orientation is a reduction of the structure group to 
GL(n,R), the group of n-by-n matrices with positive determinant. A 
oriented manifold is a manifold with an orientation on its tangent bundle. 


Since A?+’(V @ W) is canonically isomorphic to \¢V @ AW if V is a 
a-dimensional vector space and W is a b-dimensional vector space, it follows 
that A"(7) is canonically isomorphic to A+*(n @ e*) for any k > 0. Thus 
an orientation on 7 induces one on 7 @ €, so an orientation is a well-defined 
stable property. 


8.5.4. Spin structure. Let Spin(n) — SO(n) be the double cover where 
Spin(n) is connected for n > 1. A spin structure on an n-plane bundle 7 
over a space M is a reduction of the structure group to Spin(n). This is 
equivalent to giving a principal Spin(n)-bundle P — M and an isomorphism 
n S (P Xspin(n) R” > M). A spin manifold is a manifold whose tangent 
bundle has a spin structure. Spin structures come up in differential geometry 
and index theory. 

The stabilization map SO(n) —> SO(n + 1) induces a map Spin(n) > 
Spin(n + 1). Thus a principal Spin(n)-bundle P — M induces a principal 
Spin(n + 1)-bundle P X spin(n) Spin(n + 1) + M, and hence a spin structure 
on 7 gives a spin structure on 7 @e. A spin structure is a stable property. 


A framing on a bundle gives a spin structure. A spin structure on a 
bundle gives an orientation. It turns out that a spin structure is equivalent 
to a framing on the 2-skeleton of M. 


8.5.5. Stable complex structure. An complex structure on a bundle 7 
is a bundle map J : 7 — 7 so that Jo J = —Id. This forces the (real) 
dimension of 7 to be even. Equivalently complex structure is a reduction 
of the structure group to GL(k,C) C GL(2k,R). The tangent bundle of a 
complex manifold admits a complex structure. One calls a manifold with 
a complex structure on its tangent bundle an almost complex manifold and 
it may or may not admit the structure of a complex manifold. (It can be 
shown that Sê is an almost complex manifold, but whether or not Sô is a 
complex manifold is still an open question.) 
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One way to define a stable complex structure on a bundle 77 is as a section 
J €T(Hom(n @ e*, n @e*)) 


satisfying J? = —Id in each fiber. Given such a J, one can extend it canon- 
ically to 

J=JoieT(Hom(n oe" pe”, ne oe”) 

by identifying e% with M x Cf and using multiplication by i to define 
i €T(Hom(M x Cf, M x C*)). As usual, two such structures are identified 
if they are homotopic. Note that odd-dimensional manifolds cannot have 


almost complex structures but may have stable almost complex structures. 


If y:n@e* S ef is a stable framing, up to equivalence we may assume 
that £ is even. Then identifying ef with M x C%/2 induces an stable complex 
structure on 7 @ e*. Thus stably framed bundles have a stable complex 
structure. 


Similarly, a complex structure determines an orientation, since a com- 
plex vector space has a canonical (real) orientation. To see this, notice 
that if {e1,...,e-} is a complex basis for a complex vector space, then 
{e1,7€1,:-+ ,e,,7e,} is a real basis whose orientation class is independent 
of the choice of the basis {e1,...,e,}. 


The orthogonal group O(n) is a strong deformation retract of the general 
linear group GL(n, R); this can be shown using the Gram-Schmidt process. 
This leads to a one-to-one correspondence between isomorphism classes of 
vector bundles and isomorphism classes of R”-bundles with structure group 
O(n) over a paracompact base space. An R”-bundle with a metric has 
structure group O(n). Conversely an R”-bundle with structure group O(n) 
over a connected base space admits a metric, uniquely defined up to scaling. 
Henceforth in this chapter all bundles will have metrics with orthogonal 
structure group. 


The following exercise indicates how to define a structure on a stable 
bundle in general. 


Exercise 135. Let G = {Gn} be a sequence of topological groups with con- 
tinuous homomorphisms Gn > G41 and Gn — O(n) so that the diagram 


Gn TR Gn+1 
l l 
O(n) => O(n+1) 
commutes for each n, where the injection O(n) —> O(n + 1) is defined by 
A i 


anlo i 


Use this to define a stable G-structure on a bundle 7. (Hint: either use clas- 
sifying spaces or else consider the overlap functions for the stable bundle.) 
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Define what a homomorphism G — G’ should be in such a way that 
a bundle with a stable G-structure becomes a bundle with a stable G- 
structure. 


There are many examples of G-structures. As a perhaps unusual ex- 
ample, one could take Gn to be O(n) or SO(n) with the discrete topology. 
This spectrum arises in the study of flat bundles and algebraic K-theory. 


For our previous examples, a framing corresponds to Gn = 1, the trivial 
group for all n. The empty structure corresponds to Gn = O(n). An orien- 
tation corresponds to Gn = SO(n) C O(n). A spin structure corresponds 
to Gn = Spin(n) —> SO(n). An stable complex structure corresponds to 
Gn = U ([n/2]) c O(n). 

Concepts such as orientation and almost complex structure are more 
natural on the tangent bundle, while the Pontrjagin-Thom construction and 
hence bordism naturally deals with the stable normal bundle. The following 
exercise generalizes Theorem 8.13 and shows that in some cases one can 
translate back and forth. 


Exercise 136. 


1. Show that an orientation on the stable tangent bundle of a manifold 
determines one on the stable normal bundle and conversely. 


2. Show that a complex structure on the stable tangent bundle of a 
manifold determines one on the stable normal bundle and conversely. 


(Hint/discussion: The real point is that the tangent bundle and normal bun- 
dle are (stably) Whitney sum inverses, so one may as well consider bundles 
a and 8 over a finite-dimensional base space with a framing of a@ 8. A 
complex structure on a is classified a map to G,(C*) and 3 is equivalent 
to the pullback of the orthogonal complement of canonical bundle over the 
complex grassmannian, and hence 8 is equipped with a complex structure. 
Part 1 could be done using exterior powers or using the grassmannian of 
oriented n-planes in R*.) 


Definition 8.21. Given a G-structure, define the n-th G-bordism group of 
a space X to be the G-bordism classes of n-dimensional closed manifolds 
mapping to X with stable G-structures on the normal bundle of an embed- 
ding of the manifold in a sphere. Denote this abelian group (with disjoint 
union as the group operation) by 


S(x). 
Thus an element of QS(X) is represented by an embedded closed sub- 


manifold M” c S*, a continuous map f : M —> X, and a stable G-structure 
y on the normal bundle v(M — $*). Bordism is the equivalence relation 
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generated by replacing k by k + 1, and by 


(Mo Cc S*, fo, Yo) Ss (Mı S S*, fi) 


provided that there exists a compact manifold W c S* x I with boundary 
Mo x {0} UM, x {1} (which we identify with Mo H M1), a map F : W —> X 
and a stable G-structure [ on v(W =— S* x I) which restricts to (Mo I 
Mi, fo O fi, yo U1). 


We previously used the notation Qf for framed bordism, i.e. QF = Q! 
where 1 = G = {Gn}, the trivial group for all n. 


We next want to associate spectra to bordism theories based on a stable 
structure. We have already seen how this works for framed bordism: 


ON (X) = me (X4) = Jim Trel X4 A Ss‘) 


i.e. framed bordism corresponds to the sphere spectrum S = {$”, kn}. 


What do the other bordism theories correspond to? Does there exist a 
spectrum K for each structure G so that 


Of(X) = H,(X;K) = Jim mnel Xa A Ke)? 


The answer is yes; the spectra for bordism theories are called Thom spectra 
MG. In particular, one can define G-cobordism by taking 


H” (X; MG) = lim [S°X4; MGnselo- 


We are using the algebraic topology terminology where cobordism is the 
theory dual (in the Spanier-Whitehead sense) to bordism. It is traditional 
for geometric topologists to call bordant manifolds “cobordant,” but we will 
avoid this terminology in this book. 


Thus we know that M1 is the sphere spectrum. We will give a construc- 
tion for MG for any structure G. 


8.6. Classifying spaces 


The construction of Thom spectral is accomplished most easily via the the- 
ory of classifying spaces. The basic result about classifying spaces is the 
following. The construction and the proof of this theorem is one of the 
student projects for Chapter 4. 


Theorem 8.22. Given any topological group G, there exists a principal G- 
bundle EG — BG where EG is a contractible space. The construction is 
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functorial, so that any continuous group homomorphism a : G — H induces 
a bundle map 


compatible with the actions, so that if x € EG,g € G, 


Ea(x-g) = (Ea(x)) - a(g). 


The space BG is called a classifying space for G. 
The function 


® : Maps(B, BG) — {Principal G-bundles over B} 


defined by pulling back (so ®(f) = f*(EG)) induces a bijection from the ho- 
motopy set |B, BG] to the set of isomorphism classes of principal G'-bundles 
over B, when B is a CW-complex (or more generally a paracompact space). 


The long exact sequence for the fibration G — EG — BG shows that 
TBG = T-1G. In fact, QBG is (weakly) homotopy equivalent to G, as one 
can see by taking the extended fiber sequence --- ~ QEG —> ABG — G > 
EG — BG, computing with homotopy groups, and observing that EG and 
QEG are contractible. Thus the space BG is a delooping of G. 


The following lemma is extremely useful. 


Lemma 8.23. Let p: E — B be a principal G-bundle, and let f : B — BG 
be the classifying map. Then the homotopy fiber of f is weakly homotopy 
equivalent to E. 


Proof. Turn f : B — BG into a fibration q : B’ — BG using Theorem 
6.18 and let F’ denote the homotopy fiber of q : B! — BG. Thus there is a 
commutative diagram 
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with h a homotopy equivalence. The fact that f is the classifying map for 
p: E — B implies that there is a commutative diagram 


es HE 


P 


B—+ BG 
and since EG is contractible, fop=qohop: E — BG is nullhomotopic. 
By the homotopy lifting property for the fibration q : B’ — BG it follows 
that hop: E — B’ is homotopic into the fiber F’ of q : B' — BG and so 
one obtains a homotopy commutative diagram of spaces 


E F' 
P 

Y Y 
p-ep 
f q 

Y = t 
BG = BG. 


The left edge is a fibration, h is a homotopy equivalence, and by the five 
lemma the map mn(E) —> mn (F") is an isomorphism for all n. 


In Lemma 8.23 one can usually conclude that the homotopy fiber of 
f: B — BG is in fact a homotopy equivalence. This would follow if we 
know that B’ is homotopy equivalent to a CW-complex. This follows for 
most G by a theorem of Milnor [24]. 


Exercise 137. Show that given a principal G-bundle E — B there is fibra- 
tion 


E— EG xGE 


| 


BG 


where EG xgE denotes the Borel construction . How is this fibration related 
to the fibration of Lemma 8.23? 


8.7. Construction of the Thom spectra 


We proceed with the construction of the Thom spectra. We begin with a 
few preliminary notions. 


220 8. Bordism, Spectra, and Generalized Homology 


Definition 8.24. If E — B is any vector bundle over a CW-complex B 
with metric then the Thom space of E — B is the quotient D(E)/S(£), 
where D(E) denotes the unit disk bundle of E and S(E) c D(E) denotes 
the unit sphere bundle of E. 


Notice that the zero section B — E defines an embedding of B into the 
Thom space. 


The first part of the following exercise is virtually a tautology, but it 
is key to understanding why the spectra for bordism are given by Thom 
spaces. 


Exercise 138. 


1. If E — B is a smooth vector bundle over a smooth compact manifold 
B, then the Thom space of E is a smooth manifold away from one 
point and the 0-section embedding of B into the Thom space is a 
smooth embedding with normal bundle isomorphic to the bundle E — 
B. 


2. The Thom space of a vector bundle over a compact base is homeo- 
morphic to the one-point compactification of the total space. 


Now let a G-structure be given. Recall that this means we have a 
sequence of continuous groups Gn and homomorphisms Gh — O(n) and 
Gn — Gn+1 such that the diagram 


commutes. 


We will construct the Thom spectrum for this structure from the Thom 
spaces of vector bundles associated to the principal bundles Gn —> EG, > 
BGn. 


Composing the homomorphism Gn — O(n) with the standard action of 
O(n) on R” defines an action of Ga on R”. Use this action to form the 
universal R”-vector bundle over BG, 


EGpn XGn R” 


BG 


Let us denote this vector bundle by Vn — BG,. Notice that by our 
assumption that Gn maps to O(n), this vector bundle has a metric, and so 
the unit sphere and disk bundles are defined. 
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Functoriality gives vector bundle maps (which are linear injections on 
fibers). 


Vn Vn+1 


BG, — BGn+1 
Let MG, denote the Thom space of Va — BG,. Thus M Gn is obtained 
by collapsing the unit sphere bundle of V,, in the unit disk bundle to a point. 
Lemma 8.25. 


1. If E — B is a vector bundle, then the Thom space of E @ e is the 
reduced suspension of the Thom space of E. 


2. A vector bundle map 


| — F' 


|| 


B —> B' 
which is an isomorphism preserving the metric on each fiber induces 


a map of Thom spaces. 


Proof. To see why the first statement is true, note that an O(n)-equivariant 
homeomorphism D"*+! — D” x I determines an homeomorphism of D(E@e) 
with D(E) x I which induces a homeomorphism D(F @ ¢)/S(E @e) with 


(D(E) x I)/(S(E)x I U D(E) x {0,1}). 


But it is easy to see that this identification space is the same as the (reduced) 
suspension of D(E)/S(E). 


The second statement is clear. 


The following theorem states that the collection MG = {MG,,} forms 
a spectrum, and that the corresponding homology theory is the bordism 
theory defined by the corresponding structure. 


Theorem 8.26. The fiberwise injection Va —> Vn4i extends to a (metric 
preserving) bundle map Vn P € —> Vn4i which is an isomorphism on each 
fiber, and hence defines a map 


kn : SMG, > MGni1. 
Thus {M Gn, kn} = MG is a spectrum, called the Thom spectrum. 
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Moreover, the bordism groups QG (X) are isomorphic to H,(X;MG). 


Proof. Since the diagram 


Gn = Gn+1 


l l 
O(n) => O(n+1) 


commutes, where O(n) — O(n + 1) is the homomorphism 
A 0 
ea 


it follows by the construction of V, that the pullback of Vn+ı by the map 
In : BG, —> BGn+1 splits canonically into a direct sum y (Vn+1) = Vn Be. 
Thus the diagram 


Vn ——> Vn+1 
extends to a diagram 


Vn BE — Vn+1 


| 


BGn =< BGn41 
which is an isomorphism on each fiber; this isomorphism preserves the met- 
rics since the actions are orthogonal. 


By Lemma 8.25, the above bundle map defines a map 
kn : SMG, > MGn+1 
establishing the first part of the theorem. 


We now outline how to establish the isomorphism 
Q(x y= Jim npe(X4 A MGi). 
00 
This is a slightly more complicated version of the Pontrjagin-Thom con- 


struction we described before, using the basic property of classifying spaces. 


We will first define the collapse map 
c: QS(X) > jim Tnne X A MG). 


Suppose [W, f, 7] € QS(X). So W is an n-manifold with a G-structure 
on its stable normal bundle, and f : W — X is a continuous map. Embed W 
in SP+ for some large £ so that the normal bundle v(W) has a Gy-structure. 
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Let F — W be the principal O(¢)-bundle of orthonormal frames in 
v(W). The statement that v(W) has a Gy-structure is equivalent to saying 
that there is a principal Gy-bundle P — W and a bundle map 


P F 
W 
which is equivariant with respect to the homomorphism 
Ge > O(£). 
Let qa : W — BG, classify the principal bundle P — W. Then by 


definition v(W) is isomorphic to the pullback c{ (Vo). 


Let U be a tubular neighborhood of W in S"t and D c U c gn 
correspond to the disk bundle. Define a map 


h : SE > MG, 


by taking everything outside of D to the base point, and on D, take the 
composite 


D = D(v(W)) > D(Ve) — MG». 
The product 
fxh: srt! — xX x MG, 
composes with the collapse 
X x MG; > X, AMG 
to give a map 
a=fAh: S X, AMG). 
We have thus defined the collapse map 
c: Q(X) = Jim Tn4e( X+ A MGi) = Hn(X;MG). 
—00 
To motivate the definition of the inverse of c, we will make a few com- 
ments on the above construction. The figure below illustrates that the 


composite of the zero section z : BG, — D(V;) and the quotient map 
D(Ve) + MG; is a embedding. 


BG MG 


224 8. Bordism, Spectra, and Generalized Homology 


We thus will consider BG, to be a subset of MG,. Then in the above 
construction of the collapse map c, W = a7! (X x BG). 


Next we use transversality to define the inverse of this the collapse map 
c. Represent â € H,,(X;MG) by 


a: SH > X} AMG,. 
Observe that the composite 
X x BG => X} x MGi — X, A MG, 


is an embedding, since: 


1. BG, misses the base point of MG, and 
2. the base point of X} misses X. 


(The following figure gives an analogue by illustrating the embedding of 
X x Bin X} AM if B is a point, M is a D?-bundle over B, and X is a 
interval.) 


y point a 
M X AM 
Furthermore 


X x BG C X} AMG 


has a neighborhood which is isomorphic to the pullback 73V~ where 
T2 : X x BG — BG; is the projection on the second factor. Transversality, 
adapted to this setting, says that a : S"+ = X, A MG; can be homotoped 
slightly to a map 8 so that W = 6-'(X x BG?) is a smooth manifold, 
and whose tubular neighborhood, i.e. the normal bundle of W, has a G- 
structure. The composite of 8 : W — X x BG, and pr; : X x BG; > X 
give the desired element (W — X) € Q(X). 


We sort of rushed through the construction of the inverse map to c, so 
we will backtrack and discuss some details. For every point in BG, there 
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is a neighborhood U C BG» over which the bundle V; — BG, is trivial and 
so there is a map 

a!(X x U) > D/S! 
defined by composing œ with projection on the fiber. Transversality then 
applies to this map between manifolds and one can patch together to get 
G6 using partitions of unity. Furthermore, transversality gives a diagram of 
bundle maps, isomorphisms in each fiber, 


v(W = grt) —— Xx V 


Vo 


w pr, 


X x BGe 


BG? 


so that the normal bundle of W inherits a G-structure. 


Next note that replacing £ by + 1 leads to the same bordism element. 
Stabilizing the normal bundle 


v(W => srt) — v(W = S") B e = v(W = ST!) 


corresponds to including W C S+! c §"+1_ Since the composite 


Sse S$, six, n MGi) AAS X} AMG 


replaces the tubular neighborhood of X x BG», i.e. X x Vp by X x (Ve Ge), 
the construction gives a well-defined stable G-structure on the stable normal 
bundle of W. 

The full proof that the indicated map H,(X;MG) —> 0°(X) is well- 
defined and is the inverse of c is a careful but routine check of details in- 
volving bordisms, homotopies, and stabilization. 


Taking X to be a point, we see that the groups (called the coefficients) 

QC = QS (pt) are isomorphic to the homotopy groups jim Tn+e(MG_), since 
00 
pt, \AM=M. 

As an example of how these coefficients can be understood geometrically, 
consider oriented bordism, corresponding to Gn = SO(n). The coefficients 
QSO equal mn+e(MSO¢) for £ large enough. Some basic computations are 
the following. 


1. An oriented closed 0-manifold is just a signed finite number of points. 
This bounds a 1-manifold if and only if the sum of the signs is zero. 
Hence O20 ~Z. Also, reM SO; = Z for l > 2. 


2. Every oriented closed 1-manifold bounds an oriented 2-manifold, since 
St = 9D?. Therefore 07? = 0. 
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3. Every oriented 2-manifold bounds an oriented 3-manifold since any 
oriented 2-manifold embeds in R? with one of the two complementary 
components compact. Thus Q50 = 0. 


4. A theorem of Rohlin states that every oriented 3-manifold bounds a 
4-manifold. Thus OR? = 0. 


5. An oriented 4-manifold has a signature in Z, i.e. the signature of 
its intersection form. A good exercise using Poincaré duality (see 
the projects for Chapter 3) shows that this is an oriented bordism 
invariant, and hence defines a homomorphism 07? — Z. This turns 
out to be an isomorphism. More generally the signature defines a 
map Oe — Z for all k. This is a surjection since the signature of 
CP” is 1. 


6. It is a fact that away from multiples of 4, the oriented bordism groups 
are torsion, i.e. QSO @ Q = 0 if n Æ 4k. 


7. For all n, QSO is finitely generated, in fact, a finite direct sum of Z’s 
and Z/2’s. 


Statements 5, 6, and 7 can be proven by computing mn+e( M SO¢). How 
does one do this? A starting point is the Thom isomorphism theorem, which 
says that for all k, 


Hy (BSO(0)) = Hn+e(MSOr) 


(where H denotes reduced cohomology). The cohomology of BSO(n) can 
be studied in several ways, an so one can obtain information about the 
cohomology of MSO, by this theorem. Combining this with the Hurewicz 
theorem and other methods leads ultimately to a complete computation of 
oriented bordism (due to C.T.C. Wall), and this technique was generalized 
by Adams to a machine called the Adams spectral sequence. We will return 
to the Thom isomorphism theorem in Chapter 10. 


Once the coefficients are understood, one can use the fact that bordism 
is a homology theory to compute QSO (X). For now we just remark that 
there is a map 0°°(X) — H,,(X) defined by taking f : M — X to the 
image of the fundamental class f,[/]. Thus for example, the identity map 
on a closed, oriented manifold M” is non-zero in Q°°(M). 


We can also make an elementary remark about unoriented bordism, 
which corresponds to Gn = O(n). Notice first that for any a € 09(X), 
2a = 0. Indeed, if f : V” — X represents a, take F : V x I — X to be 
F(a,t) = f(x) then (V x I, F) = 2(V, f). Thus Q9(X) consists only of 
elements of order 2. The full computation of unoriented bordism is due to 
Thom. We will discuss this more in Section 10.10. 
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Exercise 139. Show that 09 = Z/2, Q? = 0, and NY = Z/2. (Hint: for 
QY use the classification theorem for closed surfaces, then show that if a 
surface F is a boundary of a 3-manifold, then dim H!(F; Z/2) is even.) 


There are several conventions regarding notation for bordism groups; 
each has its advantages. Given a structure defined by a sequence G = {Gn}, 
one can use the notation 


Q(X), H.(X;MG) or MG,(X). 
There is a generalization of a G-structure called a B-structure. It is 
given by a sequence of commutative diagrams 


Bn Bn 


En En+1 


BOn a BO naz 


where the vertical maps are fibrations. A G-structure in the old sense gives 
a BG = {BG;,}+structure. A B-structure has a Thom spectrum TB = 
{T(&n)}, where €, here denotes the vector bundle pulled back from the 
canonical bundle over BOn. There is a notion of a stable B-structure on a 
normal bundle of an embedded M, which implies that there is a map from the 
(stablized) normal bundle to £. There is a Pontrjagin-Thom isomorphism 


02 (X) X Ha(X; TB). 


For a precise discussion of B-bordism and for further information on 
bordism in general, see [30], [39] and the references therein. 


8.8. Generalized homology theories 


We have several functors from (based) spaces to graded abelian groups: 
stable homotopy 7S (X), bordism Q(X), or, more generally, homology of 
a space with coefficients in a spectrum Hn(X; K). These are examples of 
generalized homology theories. Generalized homology theories come in two 
(equivalent) flavors, reduced and unreduced. Unreduced theories apply to 
unbased spaces and pairs. Reduced theories are functors on based spaces. 
The equivalence between the two points of view is obtained by passing from 
(X, A) to X/A and from X to X4. 


There are three high points to look out for in our discussion of homology 
theories. 


e The axioms of a (co)homology theory are designed for computations. 
One first computes the coefficients of the theory (perhaps using the 
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Adams spectral sequence), and then computes the homology of a CW- 
complex X, using excision, Mayer—Vietoris, or a generalization of cel- 
lular homology discussed in the next chapter, the Atiyah—Hirzebruch 
spectral sequence. 

e There is a uniqueness theorem. A natural transformation of (co)- 
homology theories inducing an isomorphism on coefficients induces 
an isomorphism for all CW-complexes X. 


A (co)homology theory is given by (co)homology with coefficients in 
a spectrum K. 


8.8.1. Reduced homology theories. Let K, be the category of com- 
pactly generated spaces with non-degenerate base points. 


Definition 8.27. A reduced homology theory is 
1. A family of covariant functors 
hn: Ky > A fornez 


where A denotes the category of abelian groups. (Remark: we do not 
assume hn is zero for n < 0.) 


2. A family of natural transformations 
en : hn > hn41 0S 


where S: K, — K, is the (reduced) suspension functor. 
These must satisfy the three following axioms: 


Al. (Homotopy) If fo, fi : X — Y are homotopic, then 
hn( fo) = hn(fi) : hn(X) = hn(Y) 


A2. (Exactness) For f : X — Y, let Cp be the mapping cone of f, 
and j : Y — Cy the inclusion. Then 


hn(X) hn(f) hn(Y) hn (i) 


is exact for all n € Z. 
A3. (Suspension) The homomorphism 
€n(X) : hn(X) > hny (SX) 
given by the natural transformation e, is an isomorphism for 
aln € Z. 


hn(Cf) 


Exercise 140. Show that ordinary singular homology defines a homology 
theory in this sense by taking h,,(X) to be the reduced homology of X. 


There are two other “nondegeneracy” axioms which a given generalized 
homology theory or may not satisfy. 
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A4. (Additivity) If X is a wedge product X = VV ey then 
j 


jet 
is an isomorphism for all n € Z. 
A5. (Isotropy) If f : X — Y is a weak homotopy equivalence, then hn(f) 
is an isomorphism for all n € Z. 


If we work in the category of based CW-complexes instead of Ką, then 
A5 follows from Al by the Whitehead theorem. Given a reduced homology 
theory on based CW-complexes, it extends uniquely to an isotropic theory 
on Ky. 


For any reduced homology theory, hn(pt) = 0 for all n, since 


hn(pt) > hn(pt) > hn(pt/pt) = hn(pt) 
is exact, but also each arrow is an isomorphism. Thus the reduced homology 


of a point says nothing about the theory; instead one makes the following 
definition. 


Definition 8.28. The coefficients of a reduced homology theory are the 
groups {hn(S°)}. 


A homology theory is called ordinary (or proper) if it satisfies 
hn(S°) = 0 for n £0. 


(This is the dimension axiom of Eilenberg-Steenrod.) Singular homology 
with coefficients in an abelian group A is an example of a ordinary theory. 
It follows from a simple argument using the Atiyah-Hirzebruch spectral se- 
quence that any ordinary reduced homology theory is isomorphic to reduced 
singular homology with coefficients in A = ho(S°). 


If (X, A) is an NDR pair, then we saw in Chapter 6 that the mapping 
cone C'r is homotopy equivalent to X/A. Thus hn(A) > hn(X) > hn(X/A) 
is exact. Also in Chapter 6 we proved that the sequence 


A —> X > X/A => SA — SX > S(X/A) —--- 


has each three term sequence a (homotopy) cofibration. Thus 
ha (A) > hna (X) > ha( X/A) hn (SA) > hn SX) >- 


is exact. Applying the transformations en and using Axiom A3 we conclude 
that 


> hn (A) > hn(X) > In(X/A) > hn-1(A) > hn- (X) > + 


is exact. Thus to any reduced homology theory one obtains a long exact 
sequence associated to a cofibration. 
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Exercise 141. Let X be a based CW-complex with subcomplexes A and B, 
both of which contain the base point. Show that for any reduced homology 
theory h, there is a Mayer—Vietoris long exact sequence 


-- > ha( AN B) > hy(A) @ hn (B) > hy (X) > hn_-1(AN B) >- 
8.8.2. Unreduced homology theories. We will derive unreduced theo- 


ries from reduced theories, to emphasize that these are the same concept, 
presented slightly differently. 


Let K? denote the category of NDR pairs (X, A), allowing the case when 
A is empty. Given a reduced homology theory {hn, en} define functors Hn 
on K? as follows (for this discussion, H, does not denote ordinary singular 
homology!). 


1. Let 
hn(X/A) if AZ @, 
hn(X4) ifA=o@ 
2. Let ôn : H,(X, A) —> Hy_-1(A) be the composite: 
Hy (X, A) = hn(X4/A4) = ha (Ci) — hin(SA4) Š hin-1(A+) = Hn (A) 


where C; is the mapping cone of the inclusion i : Ay —> X41, and 
Ci — SA, is the quotient 


Ci > Ci/ X+ = SA4. 
Then {Hn, ôn} satisfy the Eilenberg-Steenrod axioms: 
Al. (Homotopy) If fo, fi : (X, A) > (Y, B) are (freely) homotopic then 
An (fo) = Hn(fi) : Hn(X, A) > Hn (Y, B) 


A2. (Exactness) For a cofibration i: A —> X, let j : (X,¢) => (X, A), 
then 


ss We Ay ees CA 


Hy,(X, A) = fn(X4/Ay) = 


Ee A) Sots 


is exact. 


A3. (Excision) Suppose that X = AU B, with A, B closed, and suppose 
that (A, AN B) is an NDR pair. Then 


H,(A, AN B) > Hn(X, B) 
is an isomorphism for all n € Z. 


Exercise 142. Prove that these three properties hold using the axioms of 
a reduced theory. 


If a reduced theory is additive and/or isotropic, the functors Hn likewise 
satisfy 
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AA. (Additivity) Let X = UWjeyXj, AC X, Aj = Xj NA. Then 


CD An(X;,. Aj) > Hn(X, A) 
jEJ 
is an isomorphism for all n € Z. 


A5. (Isotropy) If f : X — Y is a weak homotopy equivalence, then 
An(f) : Ha(X) > Hn (Y) is an isomorphism for all n € Z. 


Notice that if the reduced theory is ordinary, then Hn (pt) = 0 for n Æ 0. 


One uses these properties to define an unreduced homology theory. 


Definition 8.29. A collection of functors { Hn, ôn} on K? is called a (unre- 
duced) homology theory if it satisfies the three axioms Al, A2, and A3. It is 
called additive and/or isotropic if A4 and/or A5 hold. It is called ordinary 
or proper if H,(pt) = 0 for n £ 0. 


The coefficients of the unreduced homology theory are the groups { H;,(pt)}. 


One can go back and forth: an unreduced homology theory { Hn, ôn} 
defines a reduced one by taking h,(X) = H,(X, {«}). The following theorem 
is proved in [43, Section XII.6]. 


Theorem 8.30. These constructions set up a 1 — 1 correspondence (up to 
natural isomorphism) between reduced homology theories on Ky and (unre- 
duced) homology theories on K?. Moreover the reduced theory is additive, 
isotropic, or ordinary if and only if the corresponding unreduced theory is. 


The uniqueness theorem below has an easy inductive cell-by-cell proof 
in the case of finite CW-complexes, but requires a more delicate limiting 
argument for infinite CW-complexes. 


Theorem 8.31 (Eilenberg-Steenrod uniqueness theorem). 


1. Let T : (An, On) > (H}, 3!) be a natural transformation of homol- 
ogy theories defined on the category of finite CW-pairs such that 
T : H,(pt) —> H! (pt) is an isomorphism. Then T : H,(X,A) > 
H!(X, A) is an isomorphism for all finite CW-pairs. 

2. Let T : (Hn,On) — (H/,,0!,) be a natural transformation of addi- 
tive homology theories defined on the category of CW-pairs where 
T : H,(pt) —> H! (pt) is an isomorphism. Then T : H,(X,A) > 
H! (X, A) is an isomorphism for all CW-pairs. 
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8.8.3. Homology theories and spectra. 
Theorem 8.32. (Reduced) homology with coefficients in a spectrum K 
H,(-;K):X# jim, Tn+e(X A Ke) 
Hy(—sK) : (X, A) = Jim tyye((X4/A4) A Ke) 


is a (reduced) homology theory satisfying the additivity axiom. 


One needs to prove the axioms Al, A2, A3, and A5. The homotopy 
axiom is of course obvious. The axiom A2 follows from the facts about 
the Puppe sequences we proved in Chapter 6 by passing to the limit. The 
suspension axiom holds almost effortlessly from the fact that the theory is 
defined by taking the direct limit over suspension maps. The additivity 
axiom follows from the fact that the image of a sphere is compact and that 
a compact subspace of an infinite wedge is contained in a finite wedge. 


A famous theorem of E. Brown (the Brown representation theorem) gives 
a converse of the above theorem. It leads to a shift in perspective on the 
functors of algebraic topology by prominently placing spectra as the source 
of homology theories. Here is a precise statement. 


Theorem 8.33. 


1. Let {Hn, ôn} be an homology theory. There there exists a spectrum 
K and a natural isomorphism H,,(X, A) = H,(X, A; K) for all finite 
CW-pairs. 

2. Let {Hn, On} be an additive homology theory. There there exists a 
spectrum K and a natural isomorphism H,(X,A) = H,(X,A;K) for 
all CW-pairs. 


We have seen several examples: an ordinary homology theory corre- 
sponds to the Eilenberg—Maclane spectrum K(A), stable homotopy corre- 
sponds to the sphere spectrum S, and the bordism theories correspond to 
Thom spectra. Note that the Brown representation theorem shows that for 
any homology theory, there is a spectrum, and hence an associated general- 
ized cohomology theory. 


Exercise 143. Give a definition of a map of spectra. Define maps of spectra 
S — K(Z) and S — MG inducing the Hurewicz map TS (X) — H,,(X) and 
the map Q(X) — QS (X) from framed to G-bordism. 


8.8.4. Generalized cohomology theories. The development of coho- 
mology theories parallels that of homology theories following the principle 
of reversing arrows. 


Exercise 144. Define reduced and unreduced cohomology theories. 
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There is one surprise however. In order for H”( ;K) to be an additive 
theory (which means the cohomology of a disjoint union is a direct product), 
one must require that K is an Q-spectrum, a spectrum so that the adjoints 


Kn > QKn+1 


of the structure maps kn are homotopy equivalences. Conversely, the Brown 
representation theorem applied to an additive cohomology theory produces 
an Q-spectrum. The Eilenberg-MacLane spectrum is an Q-spectrum while 
the sphere spectrum or more generally bordism spectra are not. 


An important example of a generalized cohomology theory is topological 
K-theory. It is the subject of one of the projects at the end of this chapter. 
Complex topological K-theory has a definition in terms of stable equivalence 
classes of complex vector bundles, but we instead indicate the definition in 
terms of a spectrum. Most proofs of the Bott periodicity theorem (Theorem 
6.51, which states that 7,U = Z for n odd and mnU = 0 for n even), actually 
prove a stronger result, that there is a homotopy equivalence 


Z x BU ~0?(Z x BU). 
This allows the definition of the complex K-theory spectrum with 


(8.1) ae i; x BU if n is even, 


Q(Z x BU) if n is odd. 


The structure maps kn 
S(Z x BU) = Q(Z x BU) 
SQ(Z x BU) > Z x BU 


are given by the adjoints of the Bott periodicity homotopy equivalence and 
the identity map 


Z x BU > 07(Z x BU) 
Q(Z x BU) > Q(Z x BU). 


Thus the complex K-theory spectrum is an Q-spectrum. The corresponding 
cohomology theory is called complex K-theory and satisfies 


K"(X) = K"**(X) for all n € Z. 


In particular this is a non-connective cohomology theory, where a con- 
nective cohomology theory is one that satisfies H"(X) = 0 for all n < no. 
Ordinary homology, as well as bordism theories, are connective, since a 
manifold of negative dimension is empty. 


A good reference for the basic results in the study of spectra (stable 
homotopy theory) is Adams’ book [2]. 
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8.9. Projects for Chapter 8 


8.9.1. Basic notions from differential topology. Define a smooth man- 
ifold and submanifold, the tangent bundle of a smooth manifold, a smooth 
map between manifolds and its differential, an isotopy, the Sard theorem, 
transversality, the tubular neighborhood theorem, the decomposition 


TM|p=TPOv(P > M), 


where P C M is a smooth submanifold, and show that if f: M —> Nisa 
smooth map transverse to a submanifold Q C N, with P = f~!(Q), then 
the differential of f induces a bundle map df : v(P => M) > v(Q = n) 
which is an isomorphism in each fiber. A good reference is Hirsch’s book 
[16]. 


8.9.2. Definition of K-theory. Define the complex (topological) K-theory 
of a space in terms of vector bundles. Indicate why the spectrum for this 
theory is {Kn} given in Equation (8.1). State the Bott periodicity theorem. 
Discuss vector bundles over spheres. Discuss real K-theory. References for 
this material are the books by Atiyah [3] and Husemoller [17]. 


8.9.3. Spanier-Whitehead duality. Spanier-Whitehead duality is a gen- 
eralization of Alexander duality which gives a geometric method of going 
back and forth between a generalized homology theory and a generalized 
cohomology theory. Suppose that X c $”*! is a finite simplicial complex, 
and let Y = SP+! — X, or better, Y = S"+! — U where U is some open 
simplicial neighborhood of X which deformation retracts to X. Recall that 
Alexander duality implies that 


H(X) © Hyp(¥). 
(See Theorem 3.26.) What this means is that the cohomology of X deter- 


mines the homology of Y and vice versa. 


The strategy is to make this work for generalized cohomology theories 
and any space X, and to remove the dependence on the embedding. The 
best way to do this is to do it carefully using spectra. Look at Spanier’s 
article [35]. There is a good sequence of exercises developing this material 
in [36, pages 462-463]. Another reference using the language of spectra is 
[39, page 321]. 

Here is a slightly low-tech outline. You should lecture on the following, 
providing details. 


Given based spaces X and Y, let 
{X,Y} = lim [SE A X, S AY]p. 
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Given a finite simplicial subcomplex X C $"+!, let DaX C S"*' be a finite 
simplicial subcomplex which is a deformation retract of $+! — X. Then 
SDnX is homotopy equivalent to S"+? — X. 


For k large enough, the homotopy type of the suspension S*D,,X de- 
pends only on X and k +n, and not on the choice of embedding into S”*!. 
Moreover, for any spaces Y and Z 


(8.2) {S4Y, Dn X A Z} = {S1 "Y A X, Z} 


As an example, taking Y = S° and Z = K(Z,p +q- n), Equation (8.2) 
says that 


(8.3) {91, DrX A K(Z,pt+q—n)}={ST° AX, K(Z,p+q—n)}. 


Definition 8.20 says that the left side of Equation (8.3) is Fn-p(DnX; K(Z)). 
The right side is H? (X; Z), using the fact that [SA, K (Z, k)] = [A, QK (Z, k)] 
[A, K(Z, k — 1)]. 

What this means is that by combining Alexander duality, the result 
HX) = |X, K(Z,q)] of obstruction theory, and Spanier-Whitehead du- 
ality (i.e. Equation (8.2)), the definition of homology with coefficients in 
the Eilenberg—Maclane spectrum given in Definition 8.20 coincides with the 
usual definition of (ordinary) homology (at least for finite simplicial com- 
plexes, but this works more generally). 


This justifies Definition 8.20 of homology with coefficients in an arbitrary 
spectrum K. It also gives a duality Hn-p(DnX; K) = H?(X;K), which 
could be either considered as a generalization of Alexander duality or as a 
further justification of the definition of (co)homology with coefficients in a 
spectrum. 


Chapter 9 


Spectral Sequences 


Spectral sequences are powerful computational tools in topology. They also 
can give quick proofs of important theoretical results such as the Hurewicz 
theorem and the Freudenthal suspension theorem. Computing with spectral 
sequences is somewhat like computing integrals in calculus; it is helpful to 
have ingenuity and a supply of tricks, and even so, you may not arrive at the 
final solution to your problem. There are many spectral sequences which 
give different kinds of information. We will focus on one important spectral 
sequence, the Leray-Serre-Atiyah-Hirzebruch spectral sequence which takes 
as input a fibration over a CW-complex and a generalized homology or 
cohomology theory. This spectral sequence exhibits a complicated relation- 
ship between the generalized (co)homology of the total space and fiber and 
the ordinary (co)homology of the base. Many other spectral sequences can 
be derived from this one by judicious choice of fibration and generalized 
(co)homology theory. 


Carefully setting up and proving the basic result requires very careful 
bookkeeping; the emphasis in these notes will be on applications and how 
to calculate. The project for this chapter is to outline the proof of the main 
theorem, Theorem 9.6. 


9.1. Definition of a spectral sequence 


Definition 9.1. A spectral sequence is a homological object of the following 
type: 
One is given a sequence of chain complexes 


(E”, d") 
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for r = 1,2,... 


and isomorphisms: 


ker d” : E” — E" 
Ett! = H(E", d) = l 
(E Im d" : E" — E" 


The isomorphisms are fixed as part of the structure of the spectral se- 
quence so henceforth we will fudge the distinction between “©” and “=” in 
the above context. 


In this definition the term “chain complex” just means an abelian group 
(or R-module) with an endomorphism whose square is zero. In many impor- 
tant contexts, the spectral sequence has more structure, namely the chain 
complexes E” are graded or even bigraded, that is, E” decomposes as a direct 
sum of terms E; q for (p,q) € Z Z. Moreover the differentials d” have a 
well-defined bidegree. For example, in a homology spectral sequence, usually 
d” has bidegree (—r,r — 1). In other words d” (Ep) C Ep-rq4r-1: 

A student first exposed to this plethora of notation may be intimidated; 
the important fact to keep in mind is that a bigrading decomposes a big 
object (E") into bite-sized pieces (Ej ,). Information about the Ey , for 
some pairs (p,q) gives information about Ery! for (probably fewer) pairs 
(p,q). But with luck one can derive valuable information. For example, 
from what has been said so far you should easily be able to see that if 
E; = 0 for some fixed pair (p,q), then Ert" = 0 for all k > 0. This simple 
observation can sometimes be used to derive highly non-trivial information. 
When computing with spectral sequences it is very useful to draw diagrams 
like the following. 


3 
2 
q 
1 ASS 
0 
0 1 2 3 4 
— 
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In this picture the short arrow depicts the differential d? : Ežo — E: and 
the long arrow corresponds to the differential d? : E30 — EB o. 


One usually computes with a spectral sequence in the following way. A 
theorem will state that there exists a spectral sequence so that: 


1. the modules E? (or Et) can be identified with something known, and 
2. the limit 
E” = lim E” 
r= oo 


is related to something one wishes to compute. 


It can also work the opposite way, E™ can be related to something known 
and E? can be related to something we wish to compute. In either case, 
this gives a complicated relationship between two things. The relationship 
usually involves exact sequences. In favorable circumstances information 
can be derived by carefully analyzing this relationship. 


As an example to see how this may be used, the Leray—Serre spectral 
sequence of a fibration implies that if F — E — B is a fibration with B 
simply connected, then there is a spectral sequence with 


E> q = M(B; Q) ® Hy(F; Q) 
and with 
A, (E; Q) = BpEgn-p 
This establishes a relationship between the homology of the base, total space, 
and fiber of a fibration. Of course, the hard work when computing with this 
spectral sequence is in getting from E? to E. But partial computations and 
results are often accessible. For example, we will show later (and the reader 


may wish to show as an exercise now) that if 6,H,(B;Q) and @,H,(F; Q) 
are finite-dimensional, then so is PrHn (E; Q) and 


x(B)- x(F) = x(F). 


Another example: if H (B; Q) Hn-p(F; Q) = 0 for all p, then Hn (E; Q) = 
0. This generalizes a similar fact which can be proven for the trivial fibration 
B x F — B using the Künneth theorem. 


The next few definitions will provide us with a language to describe the 
way that the parts of the spectral sequence fit together. 


Definition 9.2. A filtration of an R-module A is an increasing union 


0C CFCC CHOC CA. 


of submodules. A filtration is convergent if the union of the Fp’s is A and 
their intersection is 0. 
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If A itself is graded, then the filtration is assumed to preserve the grading 
ie. Fp N An C Fp+1 N An. If A is graded, then we bigrade the filtration by 
setting 

Fpa = Fpi Apia: 


We will mostly deal with filtrations that are bounded below, i.e. F; = 0 
for some s, or bounded above, i.e. F; = A for some t, or bounded, i.e. bounded 
above and bounded below. In this book, we will always have F_, = 0. 


Definition 9.3. Given a filtration F = {Fn} of an R-module A the associ- 
ated graded module is the graded R-module denoted by Gr(A, F’) and defined 
by 

Fp 
Fp- 


Gr(A, F)p = 


We will usually just write Gr(A) when the filtration is clear from context. 


In general, one is interested in the algebraic structure of A rather than 
Gr(A). Notice that Gr(A) contains some (but not necessarily all) informa- 
tion about A. For example, for a convergent filtration: 


1. If Gr(A) = 0, then A = 0. 


2. If R is a field and A is a finite dimensional vector space, then each 
F; is a subspace and Gr(A) and A have the same dimension. Thus 
in this case Gr(A) determines A up to isomorphism. This holds for 
more general R if each Gr(A)n is free and the filtration is bounded 
above. 


3. If R = Z, then given a prime b, information about the b-primary 
part of Gr(A) gives information about the b-primary part of A; e.g. 
if Gr(A)p has no b-torsion for all p then A has no b-torsion for all 
p. However, the b-primary part of Gr(A) does not determine the b- 
primary part of A; e.g. if Gr(A)o = Z, Gr(A)i = Z/2, and Gr(A)n 
0 for n Æ 0,1, it is impossible to determine whether A = Z or A 
Z® Z/2. 


Ie Il 


In short, knowing the quotients Gr(A), = F,/F,—-1 determines A up to 
“extension questions,” at least when the filtration is bounded. 


Definition 9.4. A bigraded spectral sequence (Ej, ,, d”) is called a homology 


spectral sequence if the differential d” has bidgree (—r,r — 1). 
Definition 9.5. Given a bigraded homology spectral sequence (Ey, d), 
and a graded R-module A,, we say the spectral sequence converges to A, 
and write 
2 
Epa = Apta 
if: 
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1. for each p,q, there exists an ro so that d; q is zero for each r > ro (by 
Exercise 145 below this implies Æ% , surjects to Eiti for r > ro) and, 


2. there is a convergent filtration of A, so that for each n, the limit 


ES n-p = im Ep n-p İS isomorphic to the associated graded module 


Gr(Ax)p. 


In many favorable situations (e.g. first-quadrant spectral sequences where 
Ee, = 0 ifp < 0 or q < 0) the convergence is stronger, namely for each pair 


(p,q) there exists an ro so that E; q = Epq for all r > ro. 


An even stronger notion of convergence is the following. Suppose that 
there exists an ro so that for each (p,q) and all r > ro, Eg, = Egy. When 
this happens we say the spectral sequence collapses at E™. 


Exercise 145. Fix p,q € Z9 Z. 


1. Show that if there exists ro(p,q) so that dj, = 0 for all r > ro(p, q), 
then there exists a surjection Ey g > Dare for all r > ro(p, ¢). 


2. Show that if Ey = 0 whenever p < 0 then there exists a number 
ro = ro(p, q) as above. 


Theorems on spectral sequences usually take the form: “There exists a 
spectral sequence with E? some known object converging to Ax.” This is 
an abbreviated way to say that the E°°-terms are on the one hand the limits 
of the E”-terms, and on the other the graded pieces in the associated graded 
Gr(A,) to Ax. 


9.2. The Leray-Serre-Atiyah-Hirzebruch 
spectral sequence 


Serre, based on earlier work of Leray, constructed a spectral sequence con- 
verging to H,(F), given a fibration 


Paps eR: 


Atiyah and Hirzebruch, based on earlier work of G. Whitehead, constructed 
a spectral sequence converging to G,(B) where G, is an additive generalized 
homology theory and B is a CW-complex . The spectral sequence we present 
here is a combination of these spectral sequences and converges to G,,(£) 
when G, is an additive homology theory. The spectral sequence is carefully 
constructed in [43], and we refer you there for a proof. 


We may assume B is path connected by restricting to path components, 
but we do not wish to assume B is simply connected. In order to deal 
with this case we will have to use local coefficients derived from the fibra- 
tion. Theorem 6.12 shows that the homotopy lifting property gives rise to 
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a homomorphism 
7B — {Homotopy classes of homotopy equivalences F > F}. 
Applying the (homotopy) functor Gn one obtains a representation 
™B — Aut (Gn F) 


for each integer n. Thus for each n, Ga(F) has the structure of a Z[71B] 
module or, equivalently, one has a system of local coefficients over B with 
fiber Ga(F). (Of course, if 7;B = 1 than this is a trivial local coefficient 
system.) 

Taking (ordinary) homology with local coefficients, we can associate the 
group H,(B;G,F) to each pair of integers p,q. Notice that H,(B;G,F) is 
zero if p < 0. 


Theorem 9.6. Let F — E Í, B be a fibration, with B a path connected 
CW-complex. Let G, be an additive homology theory. Then there exists a 
spectral sequence 

Hi BiGg) = E? , > Gpr (E). 


Exercise 146. If G, is an additive, isotropic homology theory, then the 
hypothesis that B is a CW-complex can be omitted. (Hint: for any space 
B there is a weak homotopy equivalence from a CW-complex to B.) 


As a service to the reader, we will explicitly unravel the statement of 
the above theorem. There exists 
1. A (bounded below) filtration 


0 = Fina C Fon C Pind C C Fpn-p C t C Gnl E) 


of Ga(E) = UpFpn—p for each integer n. 
2. A bigraded spectral sequence (E? ,,d”) such that the differential d” 


has bidegree (—r,r — 1) (i.e. d (E?) C Ep-rq+r—1), and so 
ker d” : Epa x Ep-r,q+r-1 
> Epa 


r+1l __ 


Pd aa rT. iT 
Im d: DT araene | 


3. Isomorphisms E? , = Hp(B; GF). 


This spectral sequence converges to G.(F). That is, for each fixed p,q, 


there exists an ro so that 
We -s iT Tr 
d : Epa > Er gtr—-1 


is zero for all r > rọ and so 


Ena = Ee alt Pen eae) 
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for all r > ro. 


Define EX, = lim Æ? _,. There is an isomorphism 
PI pmosco Pd 


law) OO 
Fp q/Fp-1,q+1 = Ena 


Gr(GnrE)p = Epn-p 
with respect to the filtration of G,,(£). 


In this spectral sequence, some filtrations of the groups G',(E) are given, 
with the associated graded groups made up of the pieces Ephn-p. So, for 


example, if Gn(E) = 0, then Egn-p = 0 for each p € Z. 


p: 
The filtration is given by 
Fpm-p = Im (Gn( f1 (BP)) > Gn E) 
where f : E — B is the fibration and BP denotes the p-skeleton of B. 


As a first non-trivial example of computing with spectral sequences we 
consider the problem of computing the homology of the loop space of a 
sphere. Given k > 1, let P = Pp, 9! be the space of paths in S* which start 
at xo € SF. As we saw in Chapter 6 evaluation at the endpoint defines a 
fibration P — S* with fiber the loop space QSF. Moreover the path space 
P is contractible. 


The spectral sequence for this fibration (using homology with integer 
coefficients for G,) has E2, = H,(S*; Hy(QS*)). The coefficients are un- 
twisted since 7(S*) = 0. Therefore 


H,(QS*) ifp=Oorp=k 
9.1 fie i 
(0.1) a T 


In particular this is a first-quadrant spectral sequence. 


Since Hp (P) = 0 for all n Æ 0, the filtration of Hn (P) is trivial for n > 0 
and so Epy = 0 if p+q > 0. Since this is a first-quadrant spectral sequence, 
EX, = 9 for all (p,q) # (0,0), and, furthermore, given any (p,q) # (0,0), 


Eq = 9 for some r large enough. 


otherwise. 


Now here’s the cool part. Looking at the figure and keeping in mind 
the fact that the bidegree of d” is (—r,r — 1), we see that all differentials 
d" : Esg — gig either: 

1. start or end at a zero group, or 


2. r = k and (p,q) = (k,q) with q > 0, so that 


k. pk k 
d . Eka —_ Fig aa eet 
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The following picture shows the E*-stage and the differential d* : Ežo = 
Ek ,-1: The shaded columns contain the only possible non-zero entries, since 
FE? =0ifp#0 ork. 


0 
0 k 
Hence 

(9.2) E? Be Se E 

Thus if (p,q) # (0,0), 
ker d* : Eka = Eaa if (p,q) = (k, q), 

0 = Epa = Eng: = Coker d* : Efq > Edge- if (p,a) = (0,g +k- 1), 
0 otherwise. 


Therefore, the spectral sequence collapses at E*+!, 
Hence d* is an isomorphism, i.e. Ek, = Ee he whenever (k, q) # (0,0) 
or q#1-— k. Using Equations (9.2) and (9.1) we can restate this as 


H (03) = Hygia (QP). 
Using induction, starting with Ho(Q9*) = 0, we conclude that 
Z ifq=aļlk-1)a>0 


0 otherwise. 


(9.3) H,(QS*) = 
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Exercise 147. If SE — S“ J, S™ is a fibration, then @ = 2m — 1 and 
k = m- 1. (In fact, it is a result of Adams that there are only such 
fibrations for m = 1,2,4 and 8.) 


Returning to our general discussion, notice that Eiti and Ex, are sub- 


quotients of E; q ; in particular, since Bii = H (B; GF) we conclude the 


following fundamental fact. 


Theorem 9.7. The associated graded module to the filtration of G,(E) has 
graded summands which are subquotients of Hy(B;Gn—pF). 


This fact is the starting point for many spectral sequence calculations. 
For example, 


Theorem 9.8. If H,(B;Gn_pF) =0 for all p, then G,(E) = 0. 


. 2 
Proof. Since Efn-p 


and so G,(E) = 0. 


= 0 for each p, it follows that E>, = 0 for each p 


9.3. The edge homomorphisms and the 
transgression 


Before we turn to more involved applications, it is useful to know several 
facts about the Leray-Serre-Atiyah-Hirzebruch spectral sequence. These 
facts serve to identify certain homomorphisms which arise in the guts of the 
spectral sequence with natural maps induced by the inclusion of the fiber or 
the projection to the base in the fibration. 


Lemma 9.9. In the Leray-Serre-Atiyah-Hirzebruch spectral sequence there 
is a surjection 
Eon = Egh 


for alln. 


Proof. Notice that 
r+1 ker d” : Eon ae ea 
On — Im d: Et 


r,n—=r+1 


for r>l. 
> Fon 


But, since Ee = 0 for p < 0, we must have dae = 0 for all q and so also 
its subquotient E? „4 = 0 for all q. 
Hence (ker d” : Efn > Er n+r-1) = Eb,n and so 
r+l __ Fon 
On “Tm dr’ 


Thus each E$ n surjects to Egh and hence also to the limit Eh- 
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Proposition 5.14 says that that if V is any local coefficient system over 
a path connected space B, then 


Ho(B;V) =V/(v-—a-v|veV, a€ mB). 
Applying this to V = Gn (F), it follows that there is a surjection 


(9.4) G,(F) > Ho(B;GnF). 


We can now use the spectral sequence to construct a homomorphism 
G,(F) > G,(E£). Theorem 9.10 below asserts that this homomorphism is 
just the homomorphism induced by the inclusion of the fiber into the total 
space. 


Since F_1,-1 = 0, 
Eon = Fo n/F-1 n41 = Fon Cc G,(E). 


This inclusion can be precomposed with the surjections of Lemma 9.9 and 
Equation (9.4) to obtain a homomorphism (called an edge homomorphism) 


(9.5) Ga(F) > Ho(B;GnF) = Efn > ER, C Gn(E). 


Theorem 9.10. The edge homomorphism given by (9.5) equals the map 
ix : Gn(F) > Gna (E) induced by the inclusion i: F — E by the homology 
theory Gx. 


Another simple application of the spectral sequence is to compute ori- 
ented bordism groups of a space in low dimensions. We apply the Leray- 
Serre-Atiyah-Hirzebruch spectral sequence to the fibration pt ~ X as Xx ; 
and take Gs = °°, oriented bordism. 


In this case the Leray-Serre-Atiyah-Hirzebruch spectral sequence says 


By OF? (pt)) = Q30 (X). 


Notice that the coefficients are untwisted; this is because the fibration is 
trivial. Write QSO = QSO (pt). Note that pt — X is split by the constant 
map, hence the edge homomorphism 03° — QSO(X) is a split injection, so 
by Theorem 9.10, the differentials d” : E741 — Eó,n whose targets are 
on the vertical edge of the first quadrant must be zero, i.e. every element of 
Eb n survives to EGS, = Oo”. 

Recall from Section 8.7 that Oe? = 0 for q = 1,2,3, and Oe? = Z for 
q = 0 and 4. Of course ne? = 0 for q < 0. Thus for n = p+q < 4, the 
only (possibly) non-zero terms are E? ọ = Hy(X) and Ejy = 03°. Hence 
E2 = Epn-p for n = 0,1,2,3, and 4. From the spectral sequence one 
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concludes 
980 (X) S H,(X) for n = 0,1,2,3 
03°(X) = Ze H(X). 


It can be shown that the map 08°(X) — H(X) is a Hurewicz map 
which takes f : M — X to f,([M]). In particular this implies that any 
homology class in H p(X) for n = 0,1,2,3, and 4 is represented by a map 
from an oriented manifold to X. The map 39 (X) — Z is the map taking 
f: M — X to the signature of M. 

We next identify another edge homomorphism which can be constructed 
in the same manner as (9.5). The analysis will be slightly more involved 
and we will state it only in the case when G, is ordinary homology with 
coefficients in an R-module (we suppress the coefficients). 

In this context E>, = Hp(B; HF) = 0 for q < 0 or p < 0. So EX, isa 
first-quadrant spectral sequence, i.e. Ep = EX, =O for q <0 or p <0. 

This implies that the filtration of Hn (E) has finite length 


0= F tnt C Fon C Fin 1C- C Pno = Hr(E) 


since 
ifp<Oorn—p<0. 


The second map in the short exact sequence 


0 > Fr-11 > Fro > RO >0 
can thus be thought of as a homomorphism 
(9.6) Ha (E) > Exo: 
Lemma 9.11. There is an inclusion 
AEDA 
foralln. 


Proof. Since Ep+r -r = 0 for r > 1, 
ker d” : Eno 7 En 


r+1 n—r,r—1 k r r 
= = kerd” : E” ,- E” nn 
n,0 Im d’: BES ir E? o n,0 n—r,r—1 
Thus 
He Ery C Epo C Epo Co 
and hence 


PE 2 
Ezo =| | Eno © Eno: 
Tr 
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Note that the constant map from the fiber F to a point induces a ho- 
momorphism H,,(B; HoF) —> H,,B. If F is path connected, then the local 
coefficient system HoF is trivial and H,,(B; Ho(F)) = Hn(B) for all n. 
Theorem 9.12. The composite map (also called an edge homomorphism) 

H, (E) = Fro > EX) C E2 o © Hn(B; HoF) > An(B) 
is just the map induced on homology by the projection f : E — B of the 
fibration. 


The long differential d* : Ežo = EK ;—1 in the spectral sequence for 
a fibration (for ordinary homology) has an alternate geometric interpreta- 
tion called the transgression. It is defined as follows. Suppose f : E > B 
is a fibration with fiber F. Fix k > 0. We assemble the homomorphism 
f- : Hy(E,F) — H;(B,bo), the isomorphism H;,(B) = H,(B,bo), and 
the connecting homomorphism ô : H;(E£,F) — Hp—ı(F) for the long ex- 
act sequence of the pair (E, F) to define a (not well-defined, multi-valued) 
function T : H;,(B)“—” Hpk- (F) as the “composite” 


7: Hy(B) = Hy(B,bo) & Hy (E, F) 2+ Hy_4(F). 


To make this more precise, we take as the domain of 7 the image of 
f- : Hy(E,F) — H;(B,bo) = H}(B), and as the range of r the quotient 
of Hy_(F’) by ô(ker fx : H(E, F) — H;,(B,bo)). A simple diagram chase 
shows T is well-defined with this choice of domain and range. Thus the 
transgression T is an honest homomorphism from a subgroup of H;(B) to a 
quotient group of H;,_\(F'). Intuitively, the transgression is trying his/her 
best to imitate the boundary map in the long exact homotopy sequence for 
a fibration (see Theorem 9.15 below). 


Assume for simplicity that F is path connected, and consider the differ- 

ential 
d" : Eko as EGR 

in the spectral sequence for this fibration (taking G, = H, = ordinary 
homology). Its domain, E$ o is a subgroup of Exo = H(B; Ho(F)) = 
H,(B) because all differentials d” into Ežo are zero for r < k (this is a 
first-quadrant spectral sequence) and hence Ežo is just the intersection of 
the kernels of d" : Eg o > Eg—rr—1 for r < k. 


Similarly the range E$ k—1 OF dé: EX y = E$ g—1 İS a quotient of EG, k-1 = 
Ho(B; Hp_1(F)), which by Proposition 5.14 is just the quotient of Hg—ı (F) 
by the action of 7(B). 


We have shown that like the transgression, the differential d* : EF. = 
Ep, ,_1 has domain identified with a subgroup of H;(B) and range a quotient 
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of Hp—ı(F). The following theorem identifies the transgression and this 
differential. 


Theorem 9.13 (Transgression Theorem). The differential d* : Eko —> Be es 
in the spectral sequence of the fibration F —> E — B coincides with the 
transgression 


H,(B) D domain(r) > range(r) = Hg_1(F)/6(ker fx). 


The proofs of Theorems 9.10, 9.12, and 9.13 are not hard, but require 
an examination of the construction which gives the spectral sequence. We 
omit the proofs, but you should look them up when working through the 
project for this chapter. 


9.4. Applications of the homology spectral 
sequence 


9.4.1. The five-term and Serre exact sequences. 


Corollary 9.14 (Five-term exact sequence). Suppose that F —> E +, Bis 
a fibration with B and F path connected. Then there exists an exact sequence 


H(E) Ż H(B) > Ho(B; Hi(F)) > Hi(E) 4 M(B) > 0. 


The composite of the surjection Hı(F) — Ho(B; Hı(F)) with the map 
Ho(B; Hi(F)) — Hı (E) in this exact sequence is the homomorphism induced 
by the inclusion F — E, and T is the transgression. 


Proof. Take G, = H,(—), ordinary homology, perhaps with coefficients. 
The corresponding first quadrant spectral sequence has 

E? , S M(B; HF) 
and converges to H,(E). 


The local coefficient system mı B — Aut(Ho(F)) is trivial since F is path 
connected. Thus Ežo = H,(B; Ho(F)) = H,(B). 

The following facts either follow immediately from the statement of The- 
orem 9.6 or are easy to verify, using the bigrading of the differentials and 
the fact that the spectral sequence is a first-quadrant spectral sequence. 


1. Hı(B) S Efo = Ely = ER for all r > 2. 

2. Ho(B) S Ežo. 

3. Ho(B; HF) = Ej. 

4. E20 = E30 E30 ker d? : E39 = Eby for all r > 3. 
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5. EN Eg Eğ: coker d? : Ežo = Eby for all r > 3. 


Exercise 148. Prove these five facts. 


The last two facts give an exact sequence 


0 = ES, — FE? È, p2 > HS > 0 
2,0 2,0 0,1 0,1 3 


or, making the appropriate substitutions, the exact sequence 


(9.7) 0 > ES — H2(B) > Ho(B; Hı (F)) > E — 0. 
Since the spectral sequence converges to H,(E), and the Egm-p form 
the associated graded groups for H,,(£), the two sequences 
(9.8) 0> Eq > AE) > ED > 0 
and 
(9.9) ETS — H2(E) > Ex — 0 
are exact. 


Splicing the sequences (9.7), (9.8), and (9.9) together and using the first 
fact above one obtains the exact sequence 


EÑ > Ao(E) > He(B) > Ho(B; Hı(F)) > Hı (E) > M(B) > 0. 
In this sequence the homomorphism H;(E) — H;(B) is the edge homo- 
morphism and hence is induced by the fibration f : E — B. The map 
Ho(B; Hı(F)) — Ho(E) composes with Hı (F) — Ho(B; Hı (F)) to give the 
other edge homomorphism, induced by the inclusion of the fiber. The map 


Hə(B) — Ho(B; Hı(F)) is the transgression. These assertions follow by 
chasing definitions and using Theorems 9.10, 9.12 and 9.13. 


We have seen, beginning with our study of the Puppe sequences, that 
cofibrations give exact sequences in homology and fibrations give exact se- 
quences in homotopy. One might say that a map is a “fibration or cofibration 
in some range” if there are partial long exact sequences. Corollary 9.14 im- 
plies that if mıB acts trivially on Hı(F), then the fibration is a cofibration 
in a certain range. A more general result whose proof is essentially identical 
to that of Corollary 9.14 is given in the following important theorem. 


Theorem 9.15 (Serre exact sequence). Let F > E 4 Bea fibration 
with B and F path connected and with mı B acting trivially on H,F. Suppose 
H, B =0 for0 < p< m and HF = 0 for0 <q <n. Then there is an 
exact sequence 


Hoa 0): MES ect «pan SLE | ORR (ce 


SFB > 0. 
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Exercise 149. Prove Theorem 9.15. 


To understand this result, suppose B is (m — 1)-connected and F is 
(n — 1)-connected. The long exact sequence for a fibration shows that Æ 
is (min(m,n) — 1)-connected, so that by the Hurewitz theorem, H,E = 
0 for q < min(m,n). So trivially the low-dimensional part of the Serre 
exact sequence is exact; indeed all groups are zero for q < min(m,n). The 
remarkable fact is that the sequence remains exact for all min{m,n} < q < 
m+n. 


9.4.2. Euler characteristics and fibrations. Let k be a field. Recall 
that the Euler characteristic of a space Z is defined to be the alternating sum 
x(Z) = 95, (-1)"Gn(Z;k) of the Betti numbers 6,(Z;k) = dim;,(Hn(Z; k)) 
whenever this sum is a finite sum of finite ranks. For finite CW-complexes 
it is equal to the alternating sum of the number of n-cells by the following 
standard exercise applied to the cellular chain complex. 


Exercise 150. Let (C,,0) be a chain complex over a field with @;C; finite- 
dimensional. Show that the alternating sum of the ranks of the C; equals 
the alternating sum of the ranks of the cohomology groups H;(C;,, 0). 


Given a product space E&E = B x F with B and F finite CW-complexes, 
the Kiinneth theorem implies that the homology with field coefficients is a 
tensor product 

A,(E;k) = H.(B;k) ® H.(F;k) 


from which it follows that the Euler characteristic is multiplicative 


X(E) = x(B) x) 


The following theorem extends this formula to the case when E is only a 
product locally, i.e. fiber bundles, and even to fibrations. 


Notice that the homology itself need not be multiplicative for a non- 
trivial fibration. For example, consider the Hopf fibration S? — $7 — S4. 
The graded groups H,(S7; k) and H,(S°;k) 9 H,(S*;k) are not isomorphic, 
even though the Euler characteristics multiply (0 = 0- 2). 


Theorem 9.16. Let p: E — B be a fibration with fiber F, let k be a field, 
and suppose the action of m1 B on H,(F;k) is trivial. Assume that the Euler 
characteristics x(B), x(F) are defined (e.g. if B, F are finite cell complexes). 
Then x(E) is defined and 
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Proof. Since k is a field and the action of 7B on H,(F;k) is trivial, 
H,(B; Hq(F; k)) = Hp(B;k) 8x Ha(F; k) 

by the universal coefficient theorem. Theorem 9.6 with G, = H,(—;k) 

implies that there exists a spectral sequence with 


Eee SH, (Bik) @ y(F;k): 


By hypothesis, E? a is finite-dimensional over k, and is zero for all but 
finitely many pairs (p,q). This implies that the spectral sequence collapses 
at some stage and so EX, = Ep, for r large enough. 

Define 

Ep = Cpl np 
for each n and r > 2 including r = oo. 


Then since the Euler characteristic of the tensor product of two graded 
vector spaces is the product of the Euler characteristics, 


x(EZ) = x(B)x(F). 
Notice that (E7,d") is a (singly) graded chain complex with homology E?*!. 
Exercise 150 shows that for any r > 2, 
x(Ef) = x(H (Ef, a") = x(E™"). 
Since the spectral sequence collapses y(E2) = x(E%°). 


Since we are working over a field, H,,(/;k) is isomorphic to its associ- 
ated graded vector space BpEpn-p = Er. In particular H,(E;k) is finite- 
dimensional and dim H,,(E£;k) = dim EX. 


Therefore, 


x(B)x(F) = x(E2) = x(B2°) = x( Ha (E; k)) = x(E). 


9.4.3. The homology Gysin sequence. 


Theorem 9.17. Let R be a commutative ring. Suppose F — E Í B is a 
fibration, and suppose F is a R-homology n-sphere, i.e. 


R ifi=Oorn, 
0 otherwise. 


H;(F; R) S i 


Assume that ™B acts trivially on H,(F;R). Then there exists an exact 
sequence (R-coefficients): 


D a ys ec aay Ss Pa es N: ree 
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Proof. The spectral sequence for the fibration (using ordinary homology 
with R-coefficients) has 
ifqg=Oorn, 


H,(B; R) 
E? S H, (B; H,F) =} P>? 
pa pl af) t otherwise. 


The following diagram shows the E?-stage. The two shaded rows (q = 0 
and q = n) are the only rows that might contain a non-zero E? y 


Thus the only possibly non-zero differentials are 
+1. pntl +1 
a Ejo T Ep ne 


It follows that 


H,B ifq=0 ; 
Bf a 8h 2 (BF) =| P n ~ 


0 otherwise 
and 
0 ifq#00rn, 
(9.10) Fog = q ker dt}: Bet) = Ee, Fg=0, 
coker d+! ; dE, = ay ifq=n. 


The filtration of H,(E) reduces to 
0 C Enn X Fr-nn C Fro = ae 


r—n,n 
and so the sequences 


0 — ES 


r=n,n 


> H,E > Ero >0 
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are exact for each r. Splicing these with the exact sequences 


ee) n+1 dnt} n+1 
0 ? p,0 ý Ep0 7 E —1,n — 


p-n 70 


o0 
p—n—l1,n 


(obtained from Equation (9.10)) gives the desired exact sequence 


mE HB SBB MaB SaB a 
with the map labelled f, induced by f : E — B by Theorem 9.12. 


Exercise 151. Derive the Wang sequence. If F — E — S” is a fibration 
over S”, then there is an exact sequence 


> H,F — H, E —> H,_,F > Hr iF >.. 


9.5. The cohomology spectral sequence 


The examples in the previous section show that spectral sequences are a 
useful tool for establishing relationships between the homology groups of 
the three spaces forming a fibration. Much better information can often be 
obtained by using the ring structure on cohomology. We next introduce the 
cohomology spectral sequence and relate the ring structures on cohomology 
and the spectral sequence. The ring structure makes the cohomology spec- 
tral sequence a much more powerful computational tool than the homology 
spectral sequence. 


Definition 9.18. A bigraded spectral sequence (EP41, dp) is called a coho- 
mology spectral sequence if the differential d, has bidgree (r, 1 — r). 


Notice the change in placement of the indices in the cohomology spectral 
sequence. The contravariance of cohomology makes it necessary to change 
the notion of a filtration. There is a formal way to do this, namely by 
“lowering indices”, for example rewrite H?(X) as H_,(X), rewrite F? as 
F_p, replace Ep? by E” „q and so forth. Unfortunately for this to work 
the notion of convergence of a spectral sequence has to be modified; with the 
definition we gave above the cohomology spectral sequence of a fibration will 
not converge. Rather than extending the formalism and making the notion 
of convergence technically more complicated, we will instead just make new 
definitions which apply in the cohomology setting. 


Definition 9.19. A (cohomology) filtration of an R-module A is an increas- 
ing union 


CC C Cu heer CH eR Le iced: 


of submodules. A filtration is convergent if the union of the Fp’s is A and 
their intersection is 0. 
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If A itself is graded, then the filtration is assumed to preserve the grading 
ie. FP Q A” c FPL A A”. If A is graded, then we bigrade the filtration by 
setting 

FP = FPA APTI, 


Definition 9.20. Given a cohomology filtration F = { F” } of an R-module 
A the associated graded module is the graded R-module denoted by Gr(A, F) 
and defined by 
p F” 
Gr(A, F) = Fer: 

Definition 9.21. Given a bigraded cohomology spectral sequence (EP, dp), 
and a graded R-module A*, we say the spectral sequence converges to A* and 
write 
if: 

1. for each (p,q) there exists an rọ so that d, : EP"! — EP is zero 
for all r > ro; in particular there is an injection EPA > EP for all 
r > ro, and 


2. there is a convergent filtration of A*, so that for each n, the limit 
ER! = Nr>ro Ep is isomorphic to the associated graded Gr(A*)?. 


Theorem 9.22. Let F— E Í, B be a fibration, with B a path connected 
CW-complex. Let G* be an additive cohomology theory. Assume either that 
B is a finite-dimensional CW-complex or else that there exists an N so that 
GI(F) = 0 for allq < N. Notice that mı(B) acts on GI(F) determining a 
local coefficient system. 


Then there exists a (cohomology) spectral sequence 


H?(B; GIF) S E51 => GPH(E). 


There is a version of this theorem which applies to infinite CW-complexes, 
see [43]. 


Exercise 152. State and prove the cohomology versions of the Serre, Gysin, 
and Wang sequences. Construct the cohomology edge homomorphisms and 
the cohomology transgression and state the analogues of Theorems 9.10, 
9.12, and 9.13. 


As an example we show how to compute the complex K-theory of com- 
plex projective space CP* (see Section 8.8.4 and the project for Chapter 
8). The computation of complex K-theory was the original motivation for 
Atiyah-Hirzebruch to set up their spectral sequence. Complex K-theory is 
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a cohomology theory satisfying K"(X) = K"*+?(X), and its coefficients are 
given by 
K?" (pt) = 10(Z x BU) = Z 
and 
K?"*1 (pt) = mı (Z x BU) =0. 


Theorem 9.22, applied to the trivial fibration 
pt => CPE 74, CPF, 
says there exists a cohomology spectral sequence EP” satisfying 
H?(CP*; K4(pt)) S E9 => K?*+4(CP*), 
The coefficients are untwisted since the fibration is trivial. Since 


Z ifpis even, 0< p< 2k 


0 otherwise, 


H?(CP*) = l 


it follows that 
ER = i if p and q are even, 0 < p < 2k 


0 otherwise. 


This checkerboard pattern forces every differential to be zero, since one 
of the integers (r,1 — r) must be odd! Notice, by the way, that this is not 
a first-quadrant spectral sequence since the K-theory of a point is non-zero 
in positive and negative dimensions. 


Therefore E54 = E%! and the associated graded group to K"(CP*), 
pE P, is a direct sum of k + 1 copies of Z, one for each pair (p,q) so 
that p+q=n, both p and q are even, and 0 < p < 2k. Inducting down the 
filtration we see that K"(CP*) has no torsion and hence is isomorphic to 
its associated graded group. Therefore 


Z‘+1 ifn is even, 


K”(CP*) = | 
0 otherwise. 

To study the multiplicative properties of the cohomology spectral se- 
quence, take G* to be ordinary cohomology with coefficients in a commuta- 
tive ring R: G*(E) = H* (E; R). Let F — E — B bea fibration. To avoid 
working with cup products with local coefficients, we assume that mı B acts 
trivially on H*(F). 


Lemma 9.23. H?(B; HIF) = E$” is a bigraded algebra over R. 
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Proof. The cup product on H*B induces a bilinear map 
H?(B; H! F) x H"(B; H*F) > H?'"(B; HIF ® H*F). 
Composing with the coefficient homomorphism induced by the cup product 
on H*(F) 
H4(F) 8 H°(F) > Ht (F) 
gives the desired multiplication 


EB @ Ez? =H? (B; H1F)& H" (B; H°F)> H?t"(B; HU Py = ERTS, 


In many contexts the map E3 og ES ™ > E3* is an isomorphism. The- 
orem 2.33 can be quite useful in this regard, For example if R is a field 
and B and F are simply connected finite CW-complexes then the map is an 
isomorphism. 


Theorem 9.24. The (Leray-Serre) cohomology spectral sequence of the fi- 
bration is a spectral sequence of R-algebras. More precisely: 
1. Ep” is a bigraded R-algebra, i.e. there are products 
EPI x BM _, Eptnats 
2. di : Ey > E; is a derivation. This means that if a € EP’, b € Ep? 
(9.11) di(a - b) = (dia) - b + (—1)? 14a - db. 


3. The product on E1 is induced from the one on E (see Exercise 153 
below) starting with the product on E> given by cup products, as in 
Lemma 9.23. 


4. The following two ring structures on Ex, coincide. (This assertion is 
a compatibility condition which relates the cup products on B, F, and 
(a) Make E& a bigraded R-algebra by using that each (a,b) € 
ER! x Ess is represented by an element of EP x E;* fort 

large enough. 


(b) The (usual) cup product 
U: H*(E) x H* (E) — H*(E) 
is “filtration preserving”, i.e. the diagram 


FPI x BMS pP+trats 


| | 


HPE x HSE EN Hetatrts p 
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commutes (this comes from the construction of the filtration), 
and so this cup product induces a product on the associated 
graded module, i.e. on Ex. (see Exercise 154). 


Exercise 153. Suppose that E is a graded ring and d: E — E is a dif- 
ferential (d? = 0) and a derivation (Equation 9.11), then show that the 
cohomology H*(E,d) inherits a graded ring structure. 


Exercise 154. Show that a filtration-preserving multiplication on a filtered 
algebra induces a multiplication on the associated graded algebra. 


Proposition 9.25. The rational cohomology ring of K(Z,n) is a polyno- 
mial ring on one generator if n is even and a truncated polynomial ring one 
one generator (in fact an exterior algebra on one generator) if n is odd: 


Qlen| if n is even, 


H*(K(Z,n);Q) = es 2 ifn is odd 


where deg(tn) =n. 


Proof. We induct on n. For n = 1, K(Z,1) = St which has cohomology 
ring Z[v1]/0?. 

Suppose the theorem is true for k < n. Consider the Leray—Serre spec- 
tral sequence for path space fibration K(Z,n — 1) => P — K(Z,n) for 
cohomology with rational coefficients. Then 


E,” = H?(K(Z,n);Q) @q H"(K(Z,n— 1); Q) > H”™(P; Q). 
Since H?*9(P; Q) = 0 for (p,q) # (0,0), The differential 
dn : ED) > En? 


must be an isomorphism. Since E9”! = H"-!(K(Z,n — 1);Q) = Q, 
generated by in—1, and Ey”? = EG = H"(K(Z,n);Q) = Q, generated by 
Ln, it follows that dn(tn-1) is a non-zero multiple of tn. By rescaling the 
generator tn by a rational number assume inductively that dn(tn-1) = tn. 


Consider the cases n even and n odd separately. If n is even, then since 
H4(K(Z,n — 1);Q) = 0 unless q = 0 or n — 1, E59 = 0 unless q = 0 
or n— 1. This implies that 0 = Ek’ = EP", for (p,q) # (0,0) and the 
derivation property of dp says that dp(tn—1",) = +! which, by induction 
on r, is non-zero. It follows easily from 0 = EX! = EP!) for (p,q) # (0,0) 
that H?(K(Z,n);Q) = 0 if p is not a multiple of n, and is isomorphic to Q 
for p = nr. Since $, is non-zero it generates H""(K(Z,n);Q) = Q and so 
H*(K(Z,n); Q) is a polynomial ring on tn as required. 
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If n is odd, the derivation property of dn implies that 
dy (i234) = dn(tn—-1)in-1 T (1) lin-1dnltn-1) = 2tn—1ln.- 


Hence dp : E97? > ES"! is an isomorphism. More generally by induc- 


tion one sees that dn (1,1) = rine’ a}, so that dy : EV")  EmMe-DVO-N 


is an isomorphism. It is then easy to see that the spectral sequence collapses 
at En+1, and hence H?(K(Z,n);Q) = Q for p = 0 or n and zero otherwise. 


We will show how to use Theorem 154 to compute 745°. This famous 
theorem was first proven by G.W. Whitehead and Rohlin (independently). 
The argument is effortless using spectral sequences. 


Theorem 9.26. 749° = Z/2. 


Proof. Since Z = H?(S°) = [S3, K(Z,3)] , choose a map f : S3 — K(Z,3) 
representing the generator. For example, K (Z, 3) can be obtained by adding 
5 cells, 6 cells, etc. to S° inductively to kill all the higher homotopy groups 
of S? and then f can be taken to be the inclusion. The Hurewicz theorem 
implies that fs : 739° — 73(K(Z,3)) is an isomorphism. 

Pull back the fibration 


K(Z,2) > x > K(Z,3) 


(this is shorthand for NK (Z,3) => P — K(Z,3) where P is the contractible 
path space) via f to get a fibration 


(9.12) K(Z,2) > XS: 


Alternatively, let X be the homotopy fiber of f, ic. X — S > K(Z,3) 
is a fibration up to homotopy. Then QK(Z,3) ~ K(Z,2) is the homotopy 
fiber of X — 9? by Theorem 6.40. (We will use the fibration (9.12) again 
in Chapter 10.) 


~ 


In the long exact homotopy sequence for a fibration, 0 : 73S? => 


mə(K(Z,2)). Hence 
0 ifk <3 
TEX = j RON 
Tps? ifk>3. 
In particular, H4 X = 14X = 145°. We will try to compute H4X using a 
spectral sequence. 


Consider the cohomology spectral sequence for the fibration (9.12). Then 
E5" = H?(9°; HYK(Z,2)). Recall that K(Z,2) is the infinite complex pro- 
jective space CP™ whose cohomology algebra is the 1-variable polynomial 
ring H*(K(Z,2)) = Z[c] where deg(c) = 2. 
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Exercise 155. Give another proof of the fact that H*(K(Z,2)) = Z[c| 
using the spectral sequence for the path space fibration 
K(Z,1) — * > K(Z, 2) 


and the identification of K(Z,1) with St. (Hint: the argument is contained 
in the proof of Proposition 9.25.) 


Let i € H?(S?) denote the generator. Then the F2-stage in the spectral 
sequence is indicated in the following diagram. The labels mean that the 
groups in question are infinite cyclic with the indicated generators. The 
empty entries are zero. The entries in this table are computed using Lemma 
9.23. 


Since H?X = 0 = H?X it follows that d?c = i. Therefore, 
dc? =ie+ ci = 2ci 
This implies that Z/2 & B}? = EX? = H®X and 0 = E}* = E% = H4X. 


The universal coefficient theorem implies that H4X = Z/2. We conclude 
that Z/2 = 74X = 748%, as desired. 


Corollary 9.27. 1418" = Z/2 for alln > 3. In particular, n$ = Z/2. 


Proof. This is an immediate consequence of the Freudenthal suspension 
theorem (Theorem 8.7). 


Corollary 9.28. 14S? = Z/2. 
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Proof. Apply the long exact sequence of homotopy groups to the Hopf 
fibration St = $3 = $?. 


The reader should think about the strategy used to make these compu- 
tations. On the one hand fibrations were used to relate homotopy groups of 
various spaces; on the other spectral sequences are used to compute homol- 
ogy groups. The Hurewitz theorem is then used to conclude that a homology 
group computation in fact gives a homotopy group computation. 


9.6. Homology of groups 


Definition 9.29. Let G be a group. Define the cohomology of G with Z 
coefficients by 


H*(G;Z) = H*(K(G,1);Z). 
Similarly define the homology of G 
H(G; Z) = Hk(K(G,1); Z). 


More generally define the homology and cohomology of G with coeffi- 
cients in any R-module A to be the corresponding homology or cohomology 
of K(G,1). 


Corollary 7.27 implies that the homology and cohomology of a group are 
well-defined. Moreover, the assignment G ++ K (G, 1) is functorial and takes 
short exact sequences to fibrations. (The functoriality can be interpreted 
in two different ways. For every group one associates a homotopy type 
of spaces, and a group homomorphism leads to a homotopy class of maps 
between the spaces. Alternatively, one can construct an honest functor from 
the category of groups to the category of spaces by giving a specific model 
of K(G,1) related to the bar resolution in homological algebra.) 


Groups are very mysterious nonabelian things and thus are hard to 
study. Homology of groups gives abelian invariants, and has been very 
useful in group theory as well as topology. 


It follows that to understand the homology of groups related by exact 
sequences amounts to understanding the homology of a fibration, for which, 
as we have seen, spectral sequences are a good tool. 


It is easy to see that K(A x B,1) = K(A,1) x K(B,1), and so the 
Künneth theorem can be used to compute the cohomology of products of 
groups. Therefore the following result is all that is needed to obtain a com- 
plete computation of the cohomology of finitely generated abelian groups. 
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Theorem 9.30. The cohomology of Z/n is given by 
Z if q = 9, 
H4(Z/n;Z) = <4 0 if q is odd, and 
Z/n if q>O0 is even. 


Proof. The exact sequence 0 > Z —> Z >Z /n — 0 induces a fibration 
sequence 


K(Z,2) > K(Z,2) > K(Z/n, 2) 
(see Proposition 7.28). By looping this fibration twice (i.e. taking iterated 
homotopy fibers twice; see Theorem 6.40) we obtain the fibration 


K(Z,1) — K(Z/n,1) — K(Z, 2). 
The fiber K(Z, 1) is a circle. 


Consider the spectral sequence for this fibration. The base is simply 
connected so there is no twisting in the coefficients. Notice that 


0 if q > 1, and 


E?" = H?(K(Z, 2); H1S!) = 
k ea) ) eee ig = 0.06 li 


Using Lemma 9.23, the F2-stage is given by the following table, with the 
empty entries equal to 0 and the others infinite cyclic with the indicated 
generators (where i is the generator of H!(S')). 


Of course d?(i) = ke for some integer k, and the question is: what might 
k be? We can find out by “peeking at the answer.” Since BY? =0= Be. 
we see that H?(K(Z/n,1)) = EX? & Z/k. Since m(K(Z/n,1)) = Z/n, by 
the universal coefficient theorem, we see that H? must be Z/n and hence 
k = +n. (Neat, huh?) 


Let ¢ be the image of c in Be Here is a picture of the E*-stage. 
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From this we see that the spectral sequence collapses at E’, and that as 
graded rings Ex? = H* (K(Z/n,1)). This not only completes the proof of 
the theorem, but also computes the cohomology ring 


H*(K(Z/n,1)) = Z[@ /(na). 


Also, we can get the homology from the cohomology by using the uni- 
versal coefficient theorem: 


Z if q=0, 
H,(Z/n) =< Z/n_ if q is odd, and 
0 if g > 0 is even. 


In applications, it is important to know the mod p-cohomology ring 
(which is the mod p-cohomology ring on an infinite-dimensional lens space). 
By the Künneth theorem (which implies that, with field coefficients, H*(X x 
Y) = H*(X) 8 H*(Y)), it suffices to consider the case where n is a prime 
power. Let F, denote the field Z/pZ for a prime p. 


Exercise 156. Show that H*(Z/2;F2) = Fəļa] where a has degree one, 
and if p* 4 2, H*(Z/p*;F,) = A(a) Q F,[b], where a has degree one and b 
has degree 2. Here A(a) is the 2-dimensional graded algebra over F, with 
A(a)° & F, with generator 1, and A(a)! = F, with generator a. (Hint: Use 
RP® = K(Z/2,1) and that a: a = —a-a for a € Ht.) 


Exercise 157. Compute H?(K(Z/2,n);Z/2) for as many p and n as you 
can. Hint: try induction on n, using the fibration 


K(Z/2,n) > x — K(Z/2,n + 1). 
9.7. Homology of covering spaces 


Suppose that f : X > X is a regular cover of a path connected space X. 
Letting G = ™(X)/fx(m(X)), f : X —> X is a principal G-bundle (with G 
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discrete). Thus G = X — X is pulled back from the universal G-bundle 
G — EG — BG (see Theorem 8.22). In other words, there is a diagram 


G —G 


It follows that the sequence 
Nee Xx 2 Be 


is a fibration (up to homotopy). (One way to see this is to consider the Borel 
fibration X — X xg EG > X. Since G acts freely on X, there is another 
fibration EG —> X xq EG — X/G. Since EG is contractible we see that the 
total space of the Borel fibration is homotopy equivalent to X.) Since G is 
discrete, BG = K(G,1). Applying the homology (or cohomology) spectral 
sequence to this fibration immediately gives the following spectral sequence 
of a covering space (we use the notation H,(G) = H,(K(G,1))). 


Theorem 9.31. Given a regular cover f : X — X with group of covering 
automorphisms G = 11(X)/fx(m1(X)), there is a homology spectral sequence 


A,(G; H,(X)) = È => Hp+q(X) 
and a cohomology spectral sequence 


H? (G; H4(X)) = E2 > HP™(X). 


The twisting of the coefficients is just the one induced by the action of G on 
X by covering transformations. 


Applying the five-term exact sequence (Corollary 9.14) in this context 
gives the very useful exact sequence 


H(X) > H(G) > Ho(G; H1(X)) > H(X) > H(G) > 0. 


Exercise 158. Use the spectral sequence of the universal cover to show 
that for a path connected space X the sequence 


T2a(X) > H(X) > Ho(m(X)) 3 0 


is exact, where p denotes the Hurewicz map. 
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As an application we examine the problem of determining which finite 
groups G can act freely on S*. Equivalently, what are the fundamental 
groups of manifolds covered by the k-sphere? First note that if g : SF — S* 
is a fixed-point free map then g is homotopic to the antipodal map (can you 
remember how to prove this?), and so is orientation-preserving if k is odd 
and orientation-reversing if k is even. Thus if k is even, the composite of 
any two non-trivial elements of G must be trivial, from which it follows that 
G has 1 or 2 elements. We shall henceforth assume k is odd, and hence that 
G acts by orientation-preserving fixed-point free homeomorphisms. 


Thus the cohomology spectral sequence for the cover has 
pm = ~ H1(S*)) = H?(G) ifq=Oorq=k, 


0 otherwise 


and converges to H?+4($*/G). This implies that the only possible non-zero 
differentials are 
Jk —k-1,0 
dk : En = Eki 
and that the spectral sequence collapses at Ek+2. 

Notice that S¥/G is a compact manifold of dimension k, and in particular 
H"(S*/G) = 0 for n > k. This forces E&I = 0 whenever p + q > k. Hence 
the differentials d;, : ee = Beret are isomorphisms for p > 1, and since 
these are the only possible non-zero differentials we have 


ER = ER" = HP(G) and poe SPED ww eG) 


so that H? (G) & HP+*+1(GQ) for p > 1. 
Thus G has periodic cohomology with period k + 1. Any subgroup of G 


also acts freely on S* by restricting the action. This implies the following 
theorem. 


Theorem 9.32. If the finite group G acts freely on an odd-dimensional 
sphere SF, then every subgroup of G has periodic cohomology of period k+1. 


As an application, first note the group Z/p x Z/p does not have periodic 
cohomology; this can be checked using the Künneth theorem. We conclude 
that any finite group acting freely on a sphere cannot contain a subgroup 
isomorphic to Z/p x Z/p. 


9.8. Relative spectral sequences 


In studying maps of fibrations, it is useful to have relative versions of the ho- 
mology and cohomology spectral sequence theorems. There are two relative 
versions, one involving a subspace of the base and one involving a subspace 
of the fiber. 
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Theorem 9.33. Let F — E Í, B be a fibration with B a CW-complez. 
Let AC B a subcomplez. Let D = p~'(A). 


1. There is a homology spectral sequence with 
H, (B, A; GF) = Esi = Gp+q(E, D). 


2. If B is finite-dimensional or if there exist an N so that GI(F) = 0 
for allq < N, there is a cohomology spectral sequence with 


H?(B, A; GIF) = ED? > G?t4(E, D). 


Theorem 9.34. Let F — E Í, B be a fibration with B a CW-complez. 
Let Eo C E so that f| g, : Eo — B is a fibration with fiber Fo. 


1. There is a homology spectral sequence with 
H,(B; Gq(F, Fo)) S Ee => Gpiq(E, Eo). 


2. If B is finite-dimensional or if there exist an N so that GI (F, Fo) = 0 
for allq < N, there is a cohomology spectral sequence with 


H” (B; G° (F, Fo)) = E3" = G?™(E, Eo). 


9.9. Projects for Chapter 9 


9.9.1. Construction of the spectral sequence. Give (or outline) the 
construction of the Leray-Serre-Atiyah-Hirzebruch spectral sequence and 
prove the main theorem, Theorem 9.6. References include [43, Sect XIII.5] 
and [36, Ch. 9] (only for ordinary homology). 


Chapter 10 


Further Applications of 
Spectral Sequences 


10.1. Serre classes of abelian groups 


Definition 10.1. A Serre class of abelian groups is a nonempty collection 
C of abelian groups satisfying: 


1. If0 — A— B—C — 0 is a short exact sequence, then B € €C if and 
only if A,C EC. 


Moreover, there are additional axioms which can be useful: 


2A. If A,B € C, then AQ BEC and Tor(A, B) €C. 
2B. If AEC, then AQ BEC for any abelian group B. 
3. If A € C, then H,,(A; Z) = H,(K(A, 1); Z) is in C for every n > 0. 


Exercise 159. Prove that Axiom 2B implies Axiom 2A. (Hint: Show that 
Tor(A, B) C AQ F for some F.) 


There are many examples of Serre classes, including the trivial class, 
the class of all abelian groups, the class of torsion abelian groups, torsion 
abelian groups such that no element is p"-torsion for a fixed prime p, the 
class of finite abelian groups, and the class of abelian p-groups. You should 
think about which of the axioms these classes satisfy. 


It suffices for our exposition to consider the following two examples. 
1. The class Crq of finitely generated abelian groups. Axioms 1, 2A 


clearly hold (see Exercise 28 and the remark preceding it). Note, 
however, that Z € Cra, but Z® Q is not in Crg, so 2B does not hold. 
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Axiom 3 follows from Theorem 9.30, the Kiinneth theorem, and the 
fact that K(Z,1) = St. 

2. Let P denote a subset of the set of all prime numbers. Let Cp denote 
the class of torsion abelian groups A so that no element of A has order 
a positive power of p for p € P. Thus for example, if P is empty then 
Cp is the class of all torsion abelian groups. If P denotes all primes 
then Cp is the class containing only the trivial group. If P consists of 
the single prime p then we use the notation C, for Cp. 


We will show that the class Cp satisfies Axioms 1, 2B, and 3. First some 
terminology: given a prime p, the p-primary subgroup of an abelian group 
consists of the subgroup of those elements whose order is a power of p. Thus 
Cp consists of those torsion abelian groups whose p-primary subgroup is 
trivial for any p € P. 


Lemma 10.2. The class Cp satisfies Axioms 1, 2B, and 3. 


Proof. Say that an integer n Æ 0 is prime to P if p does not divide n for 
all p € P. Then an abelian group A is in Cp if and only if for all a € A, 
there is an n prime to P so that na = 0. 


We first prove axiom 1. Let 0 — A & B Ê, C — 0 be an exact sequence 
of abelian groups. If B € Cp, then for a € A, there is an n prime to P so 
that na(a) = 0. Hence na = 0, and so A € Cp. If B € Cp, then for c € C, 
choose b € 3~1(c), and n prime to P so that nb = 0. Then nc = nG(b) = 0 
and hence C € Cp. Conversely assume A,C € Cp. Then for b € B, there 
exists an n prime to P so that n((b) = 0. By exactness nb = a(a) for some 
a. Choose m prime to P so that ma = 0. Then mnb = ma(a) = 0, so 
B €Cp. 

Next comes Axiom 2B. Suppose that A € Cp and let B be an arbitrary 
abelian group. Pick an element t = $; a; 8 b; E€ AQ B. Since A € Cp, we 
can find integers n; prime to P so that n;a; = 0. Let n = [] nj; this is prime 
to P and nt = 0. Thus A Q B € Cp. 


We turn to the proof of Axiom 3. Let A € Cp. Suppose first that A is 
finitely generated. Then A is isomorphic to the finite direct sum of cyclic 
groups A = @;Z/p;' where p; ¢ P. Using Theorem 9.30, the Künneth 
theorem, and induction it follows that Hn (K (A, 1); Z) is a finitely generated 
torsion abelian group with trivial p-primary subgroup for any p € P. 


Next let A € Cp be arbitrary and pick an a € H,,(K(A,1);Z). Choose 
a cycle z representing the homology class œ. Since z is a finite sum of sin- 
gular simplices there is a finite subcomplex X C K(A,1) containing the 
image of every singular simplex in z. Therefore œ lies in the image of 
H,,(X) —> H,,(K(A,1)). Let A’ C A denote the finitely generated subgroup 
Im (mı(X) > mı(K(A,1))). Since 7 (K(A,1)) = A € Cp, the subgroup A’ 
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is also in Cp. The space K(A’,1) can be constructed by adding k-cells to X 
for k > 2 and since A’ — A is injective the inclusion X C K(A,1) can be 
extended to give the commutative diagram 


X g K(A,1) 


S 


K(A’,1). 


Thus a € Im (H,,(K(A’,1)) > H,,(K(A,1))) and since A’ is finitely 
generated, œ is torsion with order relatively prime to p for p € P. Thus 
Hy,(K(A,1)) € Cp. 


Definition 10.3. Given a Serre class C, a homomorphism y : A > B 
between two abelian groups is called: 


1. aC-monomorphism if ker y €C, 
2. a C-epimorphism if coker y € C, and 
3. a C-isomorphism if ker p € C and coker ọ € C. 


Two abelian groups A and B are called C-isomorphic if there exists an 
abelian group C and two C-isomorphisms f : C — A and g : C > B. 


Lemma 10.4. Leta: A — B and b : B — C be homomorphisms of abelian 
groups. If two of the three maps a, 3, and Goa are C-isomorphisms, then 
so is the third. 


Proof. This follows from the exact sequence 


0 — ker a — ker Boa & ker 8 — coker a & coker 8o œ — coker 8 = 0. 


We will sometimes write A ¥ B mod C to indicate that A and B are 
C-isomorphic. 


Exercise 160. Let Cy be the class of torsion abelian groups. Show that 
A=BmodCy if and only f A@®Q=BeQ. 


Exercise 161. Prove the five-lemma “mod C.” 


The Hurewicz theorem has the following extremely useful generalization. 
Theorem 10.5. 


1. (mod C Hurewicz theorem) Let X be 1-connected, and suppose C sat- 
isfies Axioms 1, 2A, and 3. 
(a) IfmX €C for alli < n, then HiX EC for all0 <i<n and 
the Hurewicz map 1X — Hn X is a C-isomorphism. 
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(b) If HiX €C for all0 <i<n, then 1X €C for alli <n and 
the Hurewicz map T,X — Hn X is a C-isomorphism. 


2. (mod C relative Hurewicz theorem) Suppose A C X, A and X are 
1-connected, and m2(X,A) = 0. Suppose C satisfies Axioms 1, 2B, 
and 3. 

(a) If m(X,A) € C for alli < n, then H,(X,A) € C for all 
i < n and the Hurewicz map T)(X,A) > Hy(X,A) is a C- 
isomorphism. 

(b) If H;(X,A) € C for alli < n, then m;(X,A) € C for all 
i < n and the Hurewicz map T)(X,A) > Hy(X,A) is a C- 
isomorphism. 


Actually, as you can easily check, the part (b)’s above follow from the 
part (a)’s. We will give a proof of the theorem using spectral sequences and 
the fact that 7, Y — HY is an isomorphism when the fundamental group 
is abelian. By taking C to be the class consisting of the trivial group, we 
obtain proofs of the classical Hurewicz and relative Hurewicz theorems. The 
proof we give simplifies a bit in the classical case. A proof of the classical 
case without the use of spectral sequences was a project in Chapter 6. 


The mod C relative Hurewicz theorem implies the mod C Whitehead 
Theorem. 


Theorem 10.6 (mod C Whitehead theorem ). Let f : A— X, where A, X 
are 1-connected, and suppose f : 772A — 12X is an epimorphism. Let C sat- 
isfy Axioms 1, 2B, and 3. Then the following two statements are equivalent. 


1. fs: tiA — ri X is an C-isomorphism fori <n and a C-epimorphism 
fori=n. 

2. fa: H;A — H;X is a C-isomorphism for i <n and a C-epimorphism 
fori=n. 


Exercise 162. Show that Theorem 10.6 follows from Theorem 10.5. 


Since the homology groups of a finite CW-complex are all in Cpg, the 
mod C Hurewicz theorem has the following important consequence. 


Corollary 10.7. If X is a simply connected finite CW-complez, then all 
the homotopy groups of X are finitely generated. More generally a simply 
connected space has finitely generated homology groups in every dimension 
if and only if it has finitely generated homotopy groups in each dimension. 


This sounds great, but we warn you that only time homotopy groups 
of a simply connected finite CW-complex have been computed is when the 
complex is contractible. 


The hypotheses in the Corollary that X be simply connected is necessary. 
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Exercise 163. Prove that 72(S1 V 92) is not finitely generated. 


Exercise 164. Show that Corollary 10.7 holds more generally when m1 X 
is finite. 


We turn now to the proof of the Hurewicz theorem. 


Proof of Theorem 10.5. Here is the idea of the proof. For a space X, 
consider the path fibration 


Ox Px Sx, 
There is a commutative diagram 
Tn(X, 29) 2— ma (PX, 9X) —2» m-1(0X) 
(10.1) p p i 
Hy(X, 20) —2— Hp(PX,QX) —2+ Hy-1(OX), 


where the vertical maps are Hurewicz maps. The boundary maps ð are 
isomorphisms since PX is contractible. The top f, is an isomorphism since 
f is a fibration (see Lemma 6.54). With the mod C-connectivity hypothesis, 
a spectral sequence argument given below shows that the bottom f, is a C- 
isomorphism. Inductively, the right-hand p is a C-isomorphism, so thereby 
the left-hand p is a C-isomorphism. There are three difficulties with this 
outline. We have to get the induction started, we have to make the mod C 
spectral sequence argument, and we have to deal with the fact that if toX £4 
0, then QX is not simply-connected, so, strictly speaking, the inductive 
hypothesis does not apply. 


We will use the following lemma, which shows why Serre classes are 
tailor-made to be used with spectral sequences. 


Lemma 10.8. Let (E; d") be a first quadrant spectral sequence spectral 
sequence. Let C denote a class of abelian groups. 


1. For any bigraded spectral sequence, if C satisfies Aviom 1, Efq € C 
for some p,q implies that Ey, EC for allr >n. 


2. Le FOE Í, B be a fibration over a simply connected base space. 
If C satisfies Axioms 1 and 2A, if HB E€ C forO < p < n, and if 
HF € C for0 <q < n-1, then f, : H;i(E,F) — H;(B, bo) is a 
C-isomorphism fori <n. 


Proof. 1. A subgroup or a quotient group of a group in C is in C by Axiom 
1. Thus a subquotient of a group in C is in C. Since E% is a subquotient of 


E% the first statement follows. 
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2. Consider the spectral sequence of the relative fibration (Theorem 
9.33) 
P (E, F) => (B, bo). 
The E?-term is 
Be = H,(B, bo; HF) S (Hp(B, bo) ® HyF) © Tor(Hp-1(B, bo), H,F) 


and the spectral sequence converges to H,(F, F). Thus E? a € C and hence 
Ex, € C when p = 0,1 or when 1 < p < n and 0 < q < n—1 (see the shaded 
area in the picture below). 


The picture gives a convincing argument that 
H;(E, F) S H;(B,bo9) modC fori<n, 
but here is a precise one. 
The spectral sequence gives a filtration 


0 = Faai C Foi C Fia- © oC Fia C Fio = Hle, F) 


with 
OO. | n. . . 
p,i—p 7 p,i—p/Fp-1,i-p+1- 


It follows by induction on p, that Fp,i—p € C for p < i, and hence that 
(10.2) H;(E, F) > Ego is a C-isomorphism. 


On the other hand, for r > 2, the exact sequence 


dr 
0> Ef}! > Ely > 


r 
i—r,r—1 
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with the range of d” in C shows that E; ra — Ejo is a C-isomorphism. Since 
the composite of C-isomorphisms is a C-isomorphism, it follows by induction 


that 
(10.3) Eo > Eo is a C-isomorphism. 


(10.2) and (10.3) is a C-isomorphism. But this composite is identified with 
the edge homomorphism (see Theorem 9.12). 


We return to the proof of Part 1(a). The proof is by induction on n. For 
n = 1, mı X = 0 = Hı X. For n = 2, mı X = 0 = A,X, and so Lemma 10.8 
shows that f, : Hə(PX,9X) — H(X, xo) is an isomorphism (use the class 
consisting only of the trivial group). Hence diagram (10.1), the fact the 
m™1(QX) is abelian since QX is an H-space, and Theorem 1.6 (the 7-version 
of the Hurewicz theorem) show that p : 2X — H2X is an isomorphism for 
any simply connected X. 


Now suppose n > 2 and inductively assume for simply connected spaces 
Y with mY €C fori <<n-—1, that H;Y €C for0<i<n-—1 and that the 
Hurewicz map p : nn-1Y — Hn_1Y is a C-isomorphism. Let X be a simply 
connected space so that 7;X € C for i < n. There will be two cases: where 
T2 X = 0 and where m2 X Æ 0. 

In the first case 7(QX) = m2X = 0, and m;(QX) = mi+1X, so we can 
apply the inductive hypothesis to QX and conclude that the right-hand 
P : Tn- (QX) > Hn- (QX) in diagram (10.1) is a C-isomorphism and that 
H;(QX) €C for i < n— 1. Then Lemma 10.8 applied to the path fibration 


ax >Px 4x 


shows that the lower f, in diagram (10.1) is a C-isomorphism. Then Lemma 
10.4 applied repeatedly to diagram (10.1) shows that 7,X — Hy, 1X isa 
C-isomorphism as desired. 

Now suppose we are in the case where 72X 4 0. By hypothesis, m2X € C. 
There isa map f : X — K(m2X, 2) inducing the identity on 72. Let X2 > X 
be the homotopy fiber of this map. Now turn this map into a fibration (see 
Theorem 6.40) to obtain the fibration 


K(m2X,1) > X% > X. 


Note by Axiom 3, H;(K(m2X,1)) € C for i > 0. This has two consequences, 
first that 


H,(X2) > H;(X2, K(T2X,1)) 
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is a C-isomorphism for i > 0, and second that Lemma 10.8 applies and so 
Hy(X2, K(m2X,1)) > Hi(X, zo) 


is a C-isomorphism for 0 < i < n. Thus the composite of the last two maps 
H;(X2) > H;X is a C-isomorphism for 0 < i < n. Summarizing, 

1. H;X2 EC for allO<i<n, 

2. Ha X2 = H,X mod C, 

3. ni X2 = m; X for all i > 2, 

4. 7X9 = 0 = 70X29. 

Thus p : t(X2) > Hn(X2) is a C-isomorphism and H;(X2) € C for 


0<i<n by the m2 = 0 case, hence the same is true for X. This completes 
the proof of Part 1(a) of the mod C Hurewicz Theorem. 

Part 1(b) follows formally from Part 1(a). Indeed, let X be simply- 
connected and suppose H;X €C for 0 <i <n. Then use induction on 7 to 
show p : m;X — H;X is a C-isomorphism for 1< i <n. 

We now show how to deduce the relative Hurewicz theorem from the ab- 


solute theorem. We assume that X and A are simply connected, nonempty, 
and that 72(X, A) = 0. The diagram 


T2 Å e T2 X 


HA — HX 


commutes, with the vertical maps Hurewicz isomorphisms and the horizontal 
maps induced by inclusion. Since the top horizontal map is surjective, so 
is the bottom one, and it follows from the long exact sequence in homology 
that H(X, A) =0. 

Now suppose n > 2 and inductively assume that for any simply con- 
nected pair B C Y with mo(Y,B) = 0, and m;(Y, B) € C fori < n- 1, 
that H;(Y, B) € C and that the Hurewicz map p : m;(Y, B) — H;(Y, B) is 
a C-isomorphism for i < n — 1. Let (X, A) be a pair of simply connected 
spaces with H;(X, A) €C fori<n. 

Now let n > 2 and assume that m,(X,A) € C for k < n. Then by 
induction H(X, A) € C for k < n. We must show that p : mn(X, A) > 
Hp (X, A) is a C-isomorphism. 

Let f : PX — X denote the path space fibration, and let L = L(X, A) = 
f-\(A). Thus we have a relative fibration 


QX — (PX, L) > (X, A). 
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Recall from page 155 in Chapter 6 that 7,_,(L) S mk(X, A) for all k. The 
Leray—Serre spectral sequence for this fibration has 
E? , = H(X, A; Hy(2.X)) 
and converges to Hp+4(PX, L). The coefficients are untwisted since X and 
A are simply connected. 
We have 


Hy(X, A; Hy(Q.X)) = Hp(X, A)®Hq(QX) ® Tor(Hp-1(X, A), H (QX)) € € 


for p < n. This follows from the fact that Hp(X,A) € C for p < n and 
Axiom 2B. (Don’t let this point slip by you, this is where we needed the 
axiom 2B which is stronger than 2A.) 

Therefore (see the picture on page 272 again): 

1. all differentials out of Ey, o have range in C, and so H,(X, A) = Epo = 

Ezo mod C for all r, and 

2. Egn-p € C for p > 0, and so H,(PX,L) = ER mod C. 

Arguing as above we have: 
H, (PX, L) = Ezo mod C 

= H,(X, A) mod C. 

This C-isomorphism is induced by the edge homomorphism and hence coin- 
cides with the homomorphism induced by f : (PX, L) — (X, A). 

The diagram 


(10.4) 


A, (X, A) oS n(PX, L) 2 n—1(L) 


commutes, with the two right horizontal arrows isomorphisms by the long 
exact sequence of the pair in homology and homotopy groups and the fact 
that PX is contractible. 

The top left horizontal arrow is an isomorphism since f : PX — X isa 
fibration (see Lemma 6.54). Since m—ı(L) = m,(X, A) = 0, mı (L) = 0 and 
Tk(L) € C for all k < n— 1. The absolute Hurewicz theorem implies that 
P: Tn—1 (L) > Hn- (L) is a C-isomorphism. 

Finally the bottom left horizontal map is a C-isomorphism by (10.4). 
Moving around the diagram shows that the Hurewicz map p : 7,(X,A) > 
H,,(X, A) is a C-isomorphism. This proves Part 2(a) of Theorem 10.5. As 
before, Part 2(b) follows from Part 2(a). 
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10.2. Homotopy groups of spheres 


In this section we will use the machinery of spectral sequences and Serre 
classes to obtain more non-trivial information about the elusive homotopy 
groups of spheres. An immediate consequence of Corollary 10.7 is the fol- 
lowing. 


Corollary 10.9. The homotopy groups of spheres 7,5” are finitely gener- 
ated abelian groups. 


Here is a result which follows easily from Serre mod C theory. 


Theorem 10.10. [fn is odd, TmS” is finite form £n. 


Proof. If n = 1, then tS! = tmR = 0 for m Æ 1. If n > 1 is odd, then a 
map f : S” — K(Z,n) inducing an isomorphism on mn, induces an isomor- 
phism on homology with rational coefficients by Proposition 9.25. Taking 
the Serre class Cg as in Exercise 160, we see f, induces a Cg-isomorphism 
on homology, and hence, by the mod C Whitehead theorem, also a Cg- 
isomorphism on homotopy. Thus for all m, the kernel and cokernel of 


fa i mS” > Tm(K(Z, n)) 


are torsion groups. However the homotopy groups of spheres are finitely 
generated. The result follows. 


Corollary 10.11. The stable homotopy groups of spheres n9 are finite for 
n> 0. 


Exercise 165. Prove that if n is even, then mS” is finite except for k =n 
and k = 2n — 1, and that mo,_,S” is the direct sum of Z and a finite 
abelian group. (Hint: Let S” — T — S” be the unit tangent bundle 
of S” for n even. Show that mT — mns” is not onto, by, for example, 
showing that a lift of Id : S” — S” leads to a nonzero vector field on S”, 
and hence a homotopy from the identity to the antipodal map. Conclude 
that m,T — TnS” is the zero map. By looking at the transgression, deduce 
that H,,(T) is finite except for HoT = Hən-ıT = Z. Find a map inducing 
an isomorphism H;,(T) = A,($?2"~1) mod Cg. Then mk(T) & (S21) 
mod Cg via the Whitehead theorem. Then apply Theorem 10.10.) 


For the next sequence of results, let K(Z,2) — X — S? be the fibration 
from (9.12). Thus X is the homotopy fiber of the map S3 — K(Z,3) 
inducing an isomorphism on 73. It follows that 7,X = 0 for n < 3 and 
TX = mn S? for n > 3. 
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Lemma 10.12. 
0 if k is odd, 
A,X =<Z if k =0, and 
Zin. ifk=2n. 
Proof. The integral cohomology ring of K(Z,2) = CP®™ is a polynomial 
ring H*(K(Z,2);Z) = Zc], where deg c = 2 (see Exercise 155). 


Consider the cohomology spectral sequence for the fibration (9.12). This 
has 


Eg = H* (S?) @ Zid. 
More precisely, 
E3" = H?(S°; H"(K(Z, 2))) 
0 if p= 1,2 or p > 3, or if q is odd, 
Z- if =0 and q = 2k is even, and 


Z-ic’ if p=3 and q = 2k is even, 


where . € H? (S°) denotes the generator, using Theorem 2.33 (the universal 
coefficient theorem for cohomology). Notice also that since all the differen- 
tials dọ are zero, Eo = E3. 

Since H?X = 0 = H°X, the differential dz : Be = E3? must be an 
isomorphism, and so d3c = ı (after perhaps replacing 1 by —v). Thus 


d(e) = (de) -c+ c- de=1-c+e t= 2c. 
More generally, one shows by an easy induction argument that 
d(e) = n et, 
All other differentials in the spectral sequence are zero since either their 
domain or range is zero. Therefore EX”? = Z/n and hence H?”+!(X) = 


Z/n if n > 1. The universal coefficient theorem now implies that Hən(X) = 
Z/n for n> 1. 


Corollary 10.13. If p is a prime, the p-primary component of 75° is zero 
if 3<i< 2p, and is Z/p if i = 2p. 


Proof. We use the class Cp. As before, let X be the space from the fibration 
(9.12). Lemma 10.12 implies that H;(X) € Cp for 0 < i < 2p. Using the 
mod C Hurewicz theorem we conclude that 1;(X) € Cp for 0 < i < 2p, and 
Z/p = H2p(X) S Tæ(X) mod Cp. This implies that the p-primary part of 
T2p(X) is Z/p. The corollary now follows from the fact that m;(X) = 7;(.$°) 
for i £ 3. 
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With a bit more work one can show that the p-primary component of 7° 
is trivial for n < 2p—3 and equals Z/p for n = 2p—3 (see [36]). Take a look 
at the table on page 208 to verify this in low dimensions. So for example, mS 
has trivial p-primary part for p > 2 and 7? = Z/3 © (2-primary subgroup). 

We turn now to the computation of 7. 


In Theorem 9.28 we computed that mS? =Z /2. Consider the suspen- 
sion map s : 8? > 09°, i.e. the adjoint of the identification S(9°) = $°. 
Let F be the homotopy fiber of s. The long exact sequence of homotopy 
groups of the fibration 


(10.5) Fo L +983 


shows that mıF = m2F = 0. Thus by the Hurewicz theorem 73f = A3F. 
The spectral sequence for the fibration (10.5) shows that the transgression 
T : H3F — H4(QS*) is an isomorphism. In Chapter 9 we computed that 
Z S H,(QS*) (see Equation (9.3)), and hence Z & H3(F) = 73(F). 


The long exact sequence in homotopy groups for (10.5) is 
SSTA 2s m (QS?) > m3 F > 173.97 > 745° > 0. 


From the Hopf fibration St > S? — 92 we know that 73.9? = Z, and from 
Theorem 9.26 we know 74S? = Z/2. Since 73F = Z it follows from this 
exact sequence that the suspension map s, : 749? — m4(QS?) = m59? is 
onto. Therefore, 75° is either 0 or Z/2. We will show that 758° = Z/2. 

Consider once again our friend the space X of the fibration (9.12). Since 
n4X = 148° = Z/2, Let f : X — K(Z/2,4) be a map inducing an iso- 
morphism on 74 and let Y denote the homotopy fiber of f. Since Y is 
4-connected, H5(Y;Z) = 15Y = 75X = 158°. Since 75$° is either 0 or Z/2, 
the universal coefficient theorem implies that m58? = H°(Y; Z/2). 

In the spectral sequence in Z/2-cohomology for the fibration Y —> X —> 
K(Z/2,4), the differential 


H®(F;Z/2) = E95 = E95 %, pS? = pS? — H6(K(Z/2,4);Z/2) 


is surjective. This follows from the facts that Y is 4-connected, K(Z/2, 4) 
is 3-connected, and Lemma 10.12 which implies that H®(X;Z/2) = 0 (you 
should check this fact). 


We will show in Section 10.5 below (Equation (10.12)) that 
H®(K(Z/2,4);Z/2) = Z/2. 
Hence H°(F; Z/2) surjects to Z/2 and therefore equals Z/2. Thus we have 
computed 759° = Z/2. 


The homotopy exact sequence for the Hopf fibration S? — $7 — St 
shows that mS = 1654 S m5S?. In particular this shows that the sequence 
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of suspension homomorphisms 


18° —> 1381 —> 148? 3 158° — 1654 = r3 


0—0 > Z/2 Š Z/2 Š Z/2. 


The long exact sequence of homotopy groups for the Hopf fibration St — 
S? — S$? shows that m58? = 15$%, and so 75.57 = Z/2 also. 
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For any space X, identify the reduced cone CX as a quotient of [0,1] x X 
with the inclusion X C CX corresponding to x +> (1,x). Take the reduced 
suspension SX to be CX/X, and let c: CX — SX denote the quotient map. 
Unless otherwise specified, in this section H; denotes (ordinary) homology 
with some fixed (untwisted) coefficients. 


Now consider the two fundamental maps 
s: X => OSX, rH (th (t,2)) 
and 
lL: SQX > X, (t,a) a(t). 
Then s : Y — QSY induces the suspension map 
X, YJ > [X, 29SX] = [SX, SY]o. 
In particular, taking X = S* yields the suspension homomorphism 
S421 (Y) > mei (SY). 
The map £: SQX — X induces the “looping” map 
IX, Y]o © [SQX,Y]o = [2X, OY ]o 


which takes a function to the induced function on loop spaces. The purpose 
of this section is to prove the Freudenthal suspension theorem (Theorem 8.7) 
and to develop material for a dual result about stable cohomology operations 
given in the next section. 

We will relate these maps to the transgression for the path space fi- 
bration. For simplicity we assume throughout that X and Y are simply 
connected. 


We begin with the map s. Consider the path space fibration over SY: 
QSY — PSY + SY 
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where e evaluates a path at its endpoint. The transgression in homology for 
this fibration is the “composite” (with domain a submodule of of H;(SY) 
and range a quotient module of Hy_1(QSY)): 


T: H,(SY,*) D Im(ex) > Hy(PSY,QSY) È Hy_1(QSY)/A(ker ex). 


Let S, : Hy-1(Y) — Hx(SY) denote the suspension isomorphism, defined 
as the composite of isomorphisms 


Se: He a(Y) & Hy(CY,Y) > Hi (SY, +) © Hi (SY). 
Theorem 10.14. The domain of T is all of H,(Y). Moreover, the map 
sx : Hpi(Y) > Hg_-1(QSY) induced by s is a lift of To Sy. 


In particular, if r : Hy(SY) > Hy_y(QSY) is an isomorphism then so 
1S Sx t Ay_i(Y) _- Ay (QSY). 


Proof. Consider the map f : CY — PSY defined by 


Fa, y) =(r& (rt,y)). 


Then eo f : CY — SY is just the map (t,y) + (t,y), ie. the natural 
collapse map c. Moreover, the restriction of f to Y = {1} x Y c CY is the 
map y |> (r > (r,y)); this is just the map s. In other words, f induces a 
map of pairs f : (CY,Y) > (PSY,QSY) whose restriction to the subspaces 
is s. Thus f induces a map of the long exact sequences of the pairs; since 
PSY and CY are contractible every third term vanishes and so we obtain 
commuting diagrams with the horizontal arrows isomorphisms: 


ð 


H;(CY,Y) Ay_-1(Y) 


| 
H,(PSY,QSY) —2+ Hy-1(QSY) 


Since eo f = c, the diagram 


H,(CY,Y) i ~- H,(PSY,QSY) 


Ay, (SY, * 


commutes, with c, an isomorphism. It follows that e, is onto, so that the 
domain of r is all of Hj,(SY). Moreover ô o fso (c,)~! is a lift of 7, and so 
using the definition of S, and the commuting square above we compute: 


TOS, =O00 f, 0 (c)! oS, = Of,07+ = sx. 
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As an application of Theorem 10.14, we prove the Freudenthal suspen- 
sion theorem (Theorem 8.7). 


Suppose that Y is a (n — 1)-connected space, with n > 1. Using 
the Hurewicz theorem and the suspension isomorphism S, : H,(Y;Z) S 
Hy41(SY;Z) we see that SY is n-connected. Since 7,(QSY) = mei (SY), 
QSY is (n — 1)-connected, and hence its homology vanishes in dimensions 
less than n by the Hurewicz theorem. 


The Serre exact sequence (Theorem 9.15) for the fibration 
QSY —> PSY 5 SY 
is 
Hon (QSY;Z) > Han (PSY; Z) > Hon(SY;Z) > Hon—1(QSY;Z) >- 

and since the path space PSY is contractible it follows that the transgres- 
sion T : H(SY;Z) — Hp—ı(QSY; Z) is an isomorphism for all k < 2n. 
Theorem 10.14 implies that s, : H,_1(Y;Z) > Hp-1ı(QSY ; Z) is an isomor- 
phism for all k < 2n. Hence the relative homology groups H(QSY, Y; Z) 
vanish for k < 2n— 1. From the relative Hurewicz theorem we conclude that 
Tk(QSY, Y) = 0 for k < 2n — 1 and so s, : mk(Y) > Tk(QSY ) is an isomor- 
phism for k < 2n — 1 and an epimorphism for k = 2n — 1. The composite 


m(Y) > mk(QSY) = me41(SY) is the suspension homomorphism and so 
we have proven the Freudenthal suspension theorem. 


We turn our attention to the map £: SQX — X. This induces a map 
l, : Ay (SQX) > H(X) 
which we can precompose with the suspension isomorphism to obtain 
l o Sx : H-1 (QX) > H(X). 
The transgression for the path space fibration over X, 
9X > PX SX. 


is the homomorphism 
T: Hy(X,*) D Im(e,) “+ Hy(PX, QX) 2+ Hy_1(QX)/A(ker ex). 
The following theorem is the analogue of Theorem 10.14 for the map @. 


Theorem 10.15. The homomorphism l, o S, is a left inverse for T on its 
domain, i.e. L, o S 07(2) = x if x lies in the domain of r. Hence T is 
injective. 

In particular, if r: Hy(X) > Hp-1(QX) is an isomorphism then T and 
Ll o S, are inverses. 
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Proof. This time we use the map g : COX — PX defined by 
(t,a) = (s > a(st)). 


Thus g(0,a) and g(t, const) are both the constant path at x, so that this 
indeed well-defines a map on the reduced cone. Moreover, g(1,a) = a, and 
so g defines a map of pairs g : (COX,QX) — (PX,QX) which restricts 
to the identity map on QX. Since both COX and PX are contractible it 
follows that the maps between the long exact sequences of these pairs reduce 
to a commuting triangle of isomorphisms 


Hy, (COX, OX) = - H,(PX,QX) 


Pee. eet 


Ay-1(QX). 


The composite e o g : COX — X is the map (t,a) + a(t). Since QX is 
the fiber of the fibration e, e o g factors through the suspension SQX, and 
in fact the diagram 


commutes. 
Thus 


ly Sa T = L90 le)! = ha SOl) (ey * 
= by SrO (laca)! = lacal Ca) Tt = Id. 


One of course needs to be careful with domains and ranges in this calculation. 


Theorems 10.14 and 10.15 have their cohomology analogues, whose state- 
ments and proofs are given essentially by reversing all the arrows. We will 
use the cohomology analogue of Theorem 10.15 in our discussion of stable co- 
homology operations. Let 9* : H*(SY) — H*—1(Y) denote the suspension 
isomorphism in cohomology. 


Corollary 10.16. Suppose that the cohomology transgression 
T* : H®-1(QX) > H*(X) 


for the path space fibration QX — PX — X is an isomorphism. 


Then the composite S* o €* is the inverse of T*. 
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The following exercise gives a “dual” description of the isomorphism S*. 


Exercise 166. From the perspective of the Eilenberg—MacLane spectrum, 
prove that S* : H*(SY) + H*~!(Y) is the composite of the adjoint and the 
map induced by the homotopy equivalence NK (A, k) ~ K(A,k — 1): 


H*(SY;A)&[SY,K(A, k)]o = [Y,QK (A, k)]o S [Y,K (A, k—1)]o 2 H* 1 (Y;A). 
10.4. Cohomology operations 


We have seen that the cohomology of a space with coefficients in a ring has 
a natural ring structure. Cohomology operations are a further refinement 
of the structure of the cohomology of a space. We have already come across 
cohomology operations in Chapter 7 (see Definition 7.25 and Exercise 120). 


10.4.1. Definition and simple examples. We recall the definition. 
Definition 10.17. If A,C are abelian groups, a cohomology operation of 
type (n, A;q, C) is a natural transformation of functors 
6: H”(—; A) > H4(-;C). 
The set of all cohomology operations of type (n,A;q,C) is denoted by 
O(n, A; q, C). 
The following are some standard examples. 


Coefficient homomorphisms. If h : A — C is a homomorphism, then h 
induces homomorphisms 


h, : H”(X; A) > H” (X; C) 
for all n; these are natural, so h defines an operation h, of type (n, A; n, C') 
for any n. 


Bockstein homomorphisms. If 


(10.6) O-A-B-C—-—0 


is a short exact sequence of abelian groups, then 0 — Hom(C,X,A) > 
Hom(C,.X, B) > Hom(C,X,C) — 0 is exact, where C,X denotes the sin- 
gular or cellular chain complex of X. Thus one obtains a long exact sequence 
in cohomology. 


-> H*(X; A) > H*(X; B) > H*(X;C) > H"H! (X; A) >- 
The connecting homomorphisms 
Br : H*(X;C) > H™1(X; A) 


are called the Bockstein operators associated to the short exact sequence 
(10.6). For each k this construction defines a cohomology operation (x of 
type (k,C;k +1, A). 


284 10. Further Applications of Spectral Sequences 


Squaring. If R is a ring, Let 6, : H"(X;R) — H?"(X; R) be the map 
TrexruUg. 

Then ôn is a natural transformation since f*(x U x) = f*(x) U f*(x), and 

hence a cohomology operation of type (n, R; 2n, R). 


Remark. At this point we would like to avoid using the symbol “U” for 
the product in the cohomology ring of a space and will use juxtaposition to 
indicate multiplication whenever it is convenient. 


Notice that 0, is not a homomorphism, since (x + y)? 4 x? + y? in 
general. In fact the definition of a cohomology operation does not require it 
to be a homomorphism. 


Main example. Let A,C be abelian groups, and let 
u € H4(K(A,n);C). 
For CW-complexes Theorem 7.22 says that 
[X, K(A,n)] = H”(X; A), via (f 1X > K(A,n)) = f* (0), 
where. € H"(K(A,n); A) is the fundamental class of K (A, n) (see Definition 
7.21). 
Thus, u € H4(K(A,n);C) defines a map (up to homotopy) 
fu: K(A, n) > K(C,q) 
and hence u defines a cohomology operation 4, as the composite 
H"(X; A) = [X; K(A,n)] 225 [x, K(C,q)] = HUX;C). 
So u € H4(K(A,n);C) defines the operation 6,, of type (n, A; q, C). 
In Exercise 120 you showed that the correspondence u +> 6, gave a 
bijection between H4(K(A,n);C) and O(n, A; q, C); the inverse map is 0 > 
O(v). 


10.4.2. Stable operations. 


Definition 10.18. Given a cohomology operation 6 € O(n, A;q,C), the 
suspension of 6, o*(0), is the operation of type (n — 1, A;q — 1, C) defined 
by requiring the following diagram to commute, 
o*(0 
H"! (X; A) a H*1(X;C) 


H" (SX; A) = H1(SX;C') 
where the vertical maps are the usual suspension isomorphisms, 
S* : H"(SX; A) = H"! (X; A) and S* : H4(SX;C) = H91(X;C). 
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(The name “suspension” is perhaps not the best choice for o*, since 
as we will see below it is induced by the “looping” map £ of Section 10.3 
and so is more properly thought of as a desuspension. However this is its 
traditional name and so we will stick to it. The reader should not confuse it 
with the suspension isomorphism $* : H*(S.X) — H*~!(X) although they 
are of course related.) 

Thus to any cohomology operation 0 we can associate the sequence 
a*(6),0*(a0*(0)),--- . This motivates the following definition. 


Definition 10.19. A stable cohomology operation of degree r and type (A, C) 
is a sequence of operations 0 = {6,,} where 


6, E O(n, A;n+r,C) and o*(6,) = On-1. 


Thus a stable operation of degree r and type (A, C) is the same thing as an 
element in the inverse limit of the sequence 


.» SSH K(An);C) 23H" K(A,n—1);C)-2>- -ZH TU K(A,DC). 


Denote by A’(A;C) the set of all stable cohomology operations 6 = {0n} of 
degree r and type (A,C). 


To decide whether a cohomology operation 6 € O(n, A;q,C) forms a 
component of a stable cohomology operation, at the very least we need to 
know whether 6 = o*(6’) for some 6’. This is possible if 0 is transgressive, 
as we now explain. 


The map 
a* : O(n, A;q,C) > O(n — 1, A;q—1,C) 
is defined for each (n, A; q, C). Using Exercise 120 we think of o* as a map 
o* : H4(K(A,n);C) > HT 1(K(A,n— 1);C) 

or, equivalently, a map 

o” : [A(A,n), KC, g)Jo > [A(A,n — 1), KC, — Dlo 
me = [QK(A,n), QK(C, g))o- 
Exercise 167. Show that in Equation (10.7), o* is given by “looping”, i.e. 

o° =: [K(A, n), K(C,g)]o > [QK(A,n), OK(C,g)]o, 


where (Qf)(a)(t) = f(a(t)). Conclude that the composite of o* with the 
isomorphism given by the adjoint 


is (*, the map induced by £: SQOK(A,n) — K(A,n) of Section 10.3. 
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Since the suspension isomorphism S* : H4(SX; C) — H?1(X;C) is the 
composite of the adjoint and the identification QK (C, q) = K(C,q — 1): 


oo [SX, K(C, q)lo T [X, OK(K, q)lo = [X, K(C,q = 1)Jo, 
it follows immediately from Exercise 167 that 
(10.8) GSS ol: 


Consider the cohomology transgression 7* for the path space fibration 
over K(A,n) 
(10.9) K(A,n —1) > P > K(A,n). 


Corollary 10.16 implies that the homomorphism o* is a left inverse of 7*. 
This immediately implies the following. 


Corollary 10.20. If the class 0 € H4(K(A,n); B) is transgressive (i.e. in 
the domain of the transgression T), then o*(T*(0)) = 0. 


What this corollary says is that 6 € O(n, A;q,C) is of the form o*(6’) 
if 0 is transgressive for the fibration (10.9), when viewed as an element in 
H(K(A,n); C). 


Theorem 10.21. Ifn > 2, the transgression for the fibration (10.9) induces 
isomorphisms 


7: HO!H(K(A,n — 1);C) > H%(K(A,n);C) 


for 2n >q+2. 


Proof. Consider the Leray-Serre cohomology spectral sequence (with C 
coefficients) for the fibration (10.9). Since E>! = H?(K(A,n); HI(K(A,n— 
1)), the E$? terms vanish if 1 <p<n-—lorifl<q<n-2. 

This implies that if 2n > q+ 2, 


H?(K(A,n—-1)) S Et" = Bor} 


and 
H4(K(A,n)) = E9? = E9. 


Since the total space is contractible, E&I = 0 if p +q # 0. Hence the 
differential dọ : Ey’? > E8” is an isomorphism. Theorem 9.13 states that 
this differential coincides with the transgression, and so we conclude that 
the transgression 7 : H¢~'(K(A,n — 1)) — H4(K(A,n)) is an isomorphism 
for 2n > q+ 2. 
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Since o* and 7* are inverses, if one starts with a cohomology operation 
6 € H4(K(A,n);C), then the sequence 0,0*(0),0*(a*(0)),--- can be ex- 
tended to the left to give a stable operation provided 0, 7*(0), 7*(7*(@)) ete. 
are transgressive. 


A convenient way to organize this information is the following. If we 
write 
A” (A; C) = lim H"™"(K(A,n);C), 
then Theorem 10.21 shows that the limit is attained at a finite stage: 
(10.10) 9 .A"(A;C) = lim H"*"(K(A,n);C) = H?"*1(K(A,r + 1);C). 


and so a class 0 € H?"+!(K(A,r+1);C) defines the stable operation 
-,7°(7"(8)), 7° (8),0,0° (8), 0° (07(8)), ++ 


Exercise 168. Show that the composition of two stable cohomology oper- 
ations is a stable cohomology operation. 


The proof of the following proposition is easy and is left to the reader. 


Proposition 10.22. IfG is an abelian group then the sum and composition 
give A(G) = ®A"(G,G) the structure of a graded, associative ring with unit. 
T: 


Exercise 169. Prove Proposition 10.22. 


Exercise 170. Use Exercise 167 to show that if 0 is a stable cohomol- 
ogy operation, then 6(f +g) = 0(f) + 0(g). (Hint: if f,g € H”(X; A) = 
[X, K(A,n)]o = [X,QK(A,n — 1)]o, then the group structure is given by 
taking composition of loops, which is preserved by o*.) 


An interesting consequence of Proposition 10.22 and Exercise 170 is that 
for any space X, the cohomology H*(X;G) has the structure of a module 
over A(G). This additional structure is functorial. 


Definition 10.23. Take G = Z/p, p a prime. Then A, = A(Z/p) is called 
the mod p Steenrod algebra. It is a graded algebra over Z/p. 


Thus the Z/p cohomology algebra of a space is a module over the mod 
p Steenrod algebra. 


Exercise 171. Given two spectra K and K’, define what a map of degree 
r from K to K’ is, and what a homotopy of such maps is. Then show that 
taking K(A) (resp. K(B)) to be the Eilenberg—MacLane spectrum for the 
abelian group A (resp. B), 


A*(A, B) = [K(A), K(B)]«. 
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Can you define stable cohomology operations for arbitrary generalized 
homology theories? 


10.5. The mod 2 Steenrod algebra 


The goal in this section is to explore the mod 2 Steenrod algebra. We will 
take an ad-hoc, hands-on approach. A systematic exposition of this impor- 
tant algebra can be found in many homotopy theory texts. The standard 
reference is [31]. 

The complete structure of the mod 2 Steenrod algebra is described in 
the following result, most of whose proof we will omit. 


Theorem 10.24. Let T be the (bigraded) tensor algebra over Z/2 generated 
by the symbols Sq’ fori > 0. (Thus, if V is the graded Z/2 vector space 
spanned by a basis Sq°, Sq',--- , then T =T(V) =Z/20VO(V@V)@-::) 
Let I CT be the two-sided homogeneous ideal generated by: 
1. 1+ Sq° and 
2. (Adem relations) 
[a/2] 


see se+ S(O oo! 
c=0 


a ) Sete Q Sq 
for all O <a < 2b. 

Then Ag is isomorphic to T/I. The identification takes the Sq’ to stable 
operations satisfying: 

a. Sq'(x) =0 ifa € H*-?(X),p> 0. 

b. S(x) = x? if x € H*(X). 

c. Sq! is the Bockstein associated to the short exact sequence 

0 — Z/2 5 Z/4 5 Z/2 = 0. 


d. (Cartan formula) 


Sq (xy) = or y 
J 


In this theorem the Sq’ should be interpreted as a stable operations 
in the sense that Sq‘ = {Sqn} where Sdn) : H"(X) — H™**(X) and 
(54m) = Sdi 

Exercise 170 says that each component 6, of a stable operation is a 
group homomorphism. Thus the Sq’ are additive, i.e. Sdn) : H”(X) > 
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H"*+*(X) is a group homomorphism for all n. The operation Sq’ is not a 
ring homomorphism, this is clear from the Cartan formula. For example, 


Sq! (ab) = Sq'a-b+a- Sq'b 


so Sq! is a derivation. However, if we define the total square by the formula 


Sq= >? Sg 
i=0 


(on each element z € H? (X) the sum is finite; Sq(£) = r+ Sq'a+---+Sq@x 
since Sq?**x = 0 for k > 0) then the Cartan formula simplifies to 


Sq(xy) = Sq(x)Sq(y) 


What this says is that the Sq’ are the homogeneous components of a ring 
endomorphism Sq of the cohomology algebra H*(X; Z/2). 


There are several ways of constructing the Sq’ and verifying their proper- 
ties. We will not prove Theorem 10.24 in general, but instead will construct 
the operations Sq‘ and focus on some special cases, taking the point of view 
that computing A} is the same, using Equation (10.10), as computing the 
cohomology H?"+!(K(Z/2,r + 1); Z/2). 

As a first simple computation, notice that 

AY = H!(K(Z/2, 1); Z/2) = Z/2 = H"(K(Z/2,n);Z/2). 
The generator is 


tn E€ H"(K(Z/2,n);Z/2) = Hom(An(K(Z/2,n)), Z/2), 


i.e. the generator is the fundamental class, which corresponds to te identity 
map via the identification H"(K(Z/2,n);Z/2) = [K(Z/2,n), K(Z/2,n)o. 
This implies that the corresponding cohomology operation is the identity 
operation, which we denote by Sq°. 


Next consider 
Aj = H?(K(Z/2,2),Z/2) * H"*!(K(Z/2,n),Z/2) for all n > 2. 


Recall that the isomorphism is given by the transgression in the spectral 
sequence for the (path space) fibration 


K(Z/2,n—1) > * > K(Z/2,n). 
Proposition 10.25. The transgression 
T* : H?(K(Z/2,1);Z/2) > H3(K(Z/2, 2), Z/2) 


is an isomorphism. 
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Notice that the statement falls just out of the range of Theorem 10.21. 


Before we prove this proposition, we draw some conclusions. Recall that 
infinite-dimensional real projective space RP™ has the homotopy type of a 
K(Z/2,1). Therefore the cohomology ring H*(K(Z/2,1)) is isomorphic to 
the polynomial ring Z/2[v1]. In particular, 


H?(K(Z/2,1);Z/2) = Z/2, 


generated by 17. Hence A} = Z/2. It is represented by an element which we 
denote by Sq!. 


Explicitly, define Sdn) € H"™*!(K(Z/2,n);Z/2) by 


POOR a) ifn>l1; 
(10.11) Sdn) = n—1 
0 ifn =0. 


From earlier remarks it follows that Sdn) = o*(Sdin41)) ifn > 1. By 


construction it is immediate that 
Sql) : H'(X;Z/2) > H?(X;Z/2) 


is the map z > x”. The following exercise shows that o*(S4q()) =0= Saio) 
confirming that Equation (10.11) gives the correct definition for Sdo): 


Exercise 172. Show that for any space X, the map 
H” (SX) > H” (SX) 


given by z + 2? is zero for n > 0. (Hint: Consider the cup product 


H"(CX, X) x H"(CX) — H?” (CX, X) of Corollary 3.24.) 


Proof of Proposition 10.25. Consider the cohomology spectral sequence 
for the path space fibration 


K(Z/2,1) > * > K(Z/2,2). 


The £2 level in low degrees is tabulated in the following diagram. 
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q 


Since d2(71) = i it follows that do (i?) = d2(t1)t1 +i deoty = iz2i1 +4412 = 
2iji2 = 0. Thus if survives to E3, and hence is transgressive. Moreover dg : 
ES? = E3? must be an isomorphism, since E537 = 0 for all (p,q) # (0,0). 
Thus i? transgresses to a generator 7 (i?) of H?(K(Z/2, 2); Z/2). 


We next turn our attention to 
A? = H°(K(Z/2,3);Z/2) = H"+?(K(Z/2,n), Z/2) 
for n > 3. The spectral sequence for the fibration 
K(Z/2,2) > * — K(Z/2,3) 


in low dimensions is described in the diagram: 


P 


We have used the fact from the proof of Proposition 10.25 that 7(v3) 
generates H3(K(Z/2,2);Z/2). 
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Three differentials are drawn. The differential d3 : ES? = E3? is 
an isomorphism since Be = By? = H?(K(Z/2,2)) = Z/2i2). Also 
E3° = H3(K(Z/2,3)) = Z/2(13) and since EX? = 0 for all (p, q) # (0,0) we 
conclude that d3lg = 13. 


Now observe that since 
E3? = H?(K(Z/2,3)) & H?(K(Z/2,2)) = Z/2(t203), 
the differential dg : He = E3? = ES? takes i to 2t2t3 = 0. 


Lemma 10.26. Ey is isomorphic to Z/2, spanned by 13. 


Assuming Lemma 10.26 for a moment, it follows that ds : E9* = Eee 
is an isomorphism, so that 13 is transgressive, and 


Be? = E>” = H°(K(Z/2,3), 2/2) = Z/2(r(3)). 
Thus 
(10.12) Z/2 = A? = H**?(K(Z/2,k);Z/2) for k> 3, 
2 2: 


spanned by 7(:2). We denote T(12) by Sq?. More precisely, denote 7(v3) 
by Sq): Then let Sq? = {Sq} where San) = TOS) for n > 3, 
Sdo) = 2, and Sai) = Sq) = 0. 

Since Sq) = 13, it follows that Sq?x = x? if x € H?(X;Z/2). Exercise 
172 shows that o*(S qo)) =0=S Tay so we have correctly defined the stable 


operation Sq?. 


Proof of Lemma 10.26. First, 
EA” = ED = H°(K(Z/2,3); H*(K(Z/2,2)) = H*(K(Z/2,2)). 
Hence it must be shown that H*(K(Z/2,2)) S Z/2, generated by 13. 

Let f : K(Z,2) — K(Z/2,2) be a map representing the generator c of 
H?(K(Z, 2); Z/2) = Z/2. Recall that K(Z,2) ~ CP®, so that its cohomol- 
ogy ring H*(K(Z, 2); Z/2) is isomorphic to Z/2[c], the polynomial ring with 
generator c. In particular, c? 4 0. By definition of the map f, f*(t2) = c. So 
f*(3) = 2 £0. Hence 13 is non-zero in H“(K(Z/2,2);Z/2). To complete 
the proof it therefore suffices to show that H4(K(Z/2,2)) = Z/2. 


Consider the spectral sequence for the path space fibration 
K(Z/2,1) = * — K(Z/2,2). 


The facts d2(v7) = 0 and d3(v?) 4 0 established in the proof of Proposition 
10.25 imply that də : Bee = Z/2(t2t1) > Bee is an isomorphism. Thus 


Z/2 = E*° = H*(K(Z/2,2)) as desired. 
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The construction of Sq! and Sq? suggests we define Sq” in the following 
way. Let in E€ H"(K(Z/2,n), Z/2) denote the fundamental class. Let 


yo = 2 € H"(K(Z/2,n);Z/2). 
In the spectral sequence for the fibration 
K(Z/2,n) = * > K(Z/2,n+1), 


the differential d,+1 takes in to tn+1. Thus dr+i(yo) = 2eningi = 0 and 
hence yo is transgressive. 


Let 
yı =don+1(yo)=7" (yo) € Boot = Ey" = HK (Z/2,n + 1); Z/2). 
Then o*(y1) = yo. 


The transgressions are isomorphisms 
T* : H®TE(K(Z/2,n + k); Z/2) > Ht (K(Z/2,n+k4+1);Z/2) 
for k > 1. Thus we define 
yr = (7*)" (vo) € H? (K(Z/2,n + r); Z/2). 
This defines a sequence {yr} with o*(y,) = Yr—1 for r > 1. 


If we extend this sequence by defining £r = 0 for r < 0, then we still have 
o*(yr) = Yr-1 by Exercise 172. Hence the sequence {yr} defines a stable 
cohomology operation Sdk) = yn—k in A2. By construction, Sq"x = 2? if 
x € H"(X;Z/2). 

This completes the construction of the Steenrod operations Sq”. This 
approach does not reveal much about their structure beyond showing that 
Sq"(x) = 2? if x € H” (X; Z/2). Showing that the Sq” generate the Steen- 
rod algebra Ag, establishing the Adem relations, and proving the rest of 
Theorem 10.24 is more involved and requires a more detailed analysis of 
the cohomology of the Eilenberg—Maclane spaces. We will content ourselves 
with proving part (c) of Theorem 10.24, identifying Sq! with the Bockstein 
operator. 


Lemma 10.27. The stable operation Sq! is the Bockstein associated to the 
exact sequence 


0 — Z/2 5 Z/4 > Z/2 = 0. 


Proof. Consider the long exact sequence in cohomology of K = K(Z/2,k) 
associated to the short exact sequence 0 —> Z/2 — Z/4 — Z/2 — 0. This is 
the sequence 


-> H®1(K;Z/2) > H*®(K;Z/2) > 
H*(K;Z/4) > H*(K;Z/2) Ê H+H (K;Z/2) 3». 
By definition the map labeled 8 is the Bockstein. 
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The Hurewicz and universal coefficient theorems show that 
H*!(K;.Z/2) = 0. 
Also, 
H*(K;Z/2) = Hom(H;(K), Z/2) = Hom(Z/2, Z/2) = Z/2 
and 
H*(K;Z/4) = Hom(H;,(K); Z/4) = Hom(Z/2, Z/4) = Z/2. 
It follows that 8 is an injection. 
Induction using the spectral sequences for the fibrations 
K(Z/2,n—1) = * > K(Z/2,n) 
and the fact that the cellular chain complex for K(Z/2,1) = RP® is 


ey rey peta) Ney eee 


shows that 
Agyi(K;Z) = Ay(K(Z/2,k — 1); Z) 
= H(K(Z/2,1); Z) 
= 0. 
Thus 
H*(K;Z/2) = Hom(HApyi(K,Z),Z/2)) © Ext (HK, Z/2) 


0 Z/2, 
so that 8 is an isomorphism. 


By definition, the cohomology operation 8 corresponds to the element 
Blik) in H**"(K; Z/2) = Z/2, but Sq! was constructed to be the generator 
of H*+!(K;Z/2). Thus 6 = Sq. 


Here is an interesting application of the Steenrod squares to the homo- 


topy groups of spheres. Consider the Hopf fibration S? — S7 Boge Using 
h as an attaching map for an 8-cell to S4, we obtain the quaternionic pro- 
jective plane X = HP?. This has Z/2-cohomology Z/2 in dimensions 0, 4 
and 8. Poincaré duality implies that the intersection form on fourth coho- 
mology is non-degenerate. Therefore, (using Z/2-coefficients) if x € H*(X), 
x? = Sq*(x) € H(X) = Z/2 is non-zero. 

If we use the suspension Sh : S® — $° to attach an 9-cell to S°, we obtain 
the suspension SX (prove this). We will show that Sh is not nullhomotopic, 
and hence the suspension homomorphism 717$* — mgs? = rS (which is onto 
by the Freudenthal suspension theorem) is non-zero. 
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Let y € H°(SX) denote the non-zero element. Suppose to the contrary 
that Sh is nullhomotopic. Then SX is homotopy equivalent to the wedge 
S° v S8. In particular the map Sq* : H°(SX) > H®($X) is trivial, since if 
y is the non-zero element of H°($° v S8), then y is pulled back from H°($°) 
via the projection S° v S8 — 95, but H°(S°) = 0 and so by naturality 
Sgt (y) =0. 

But, since Sg“ is a stable operation, the diagram 


m(x) 2+ (x) 


-]| | 


5 Sq" 9 
H°(SX) {+ H°(SX) 


commutes, and so Sq*(y) Æ 0. 


Thus Sh : S8 — SŽ is non-nullhomotopic, and so r3 is non-zero. 


A similar argument, using the Hopf fibration S$” — S15 — 98 solves the 
following exercise. 


Exercise 173. Show that the suspension 


155° -> migs? = TS 


is non-trivial on the homotopy class of the Hopf map S1 > $°. 


10.6. The Thom isomorphism theorem 


The Thom isomorphism theorem is a generalization of the fact that sus- 
pension induces an isomorphism H"(B) =% H**+"(S*B). Roughly speak- 
ing, the Thom isomorphism theorem says that the suspension isomorphism 
continues to hold when one “twists” the suspension construction. More 
precisely, the k-fold suspension S*B can be considered as the quotient 
(B x D*)/(B x S*-"). This is generalized by replacing the space B x D* 
by the disk bundle of some vector bundle over B and replacing B x S*—! by 
the corresponding sphere bundle. 

Recall that the Thom space M(E) of a vector bundle E — B with 
metric is identified with D(E)/S(E), where S(E) denote the unit sphere 
bundle and D(E) denote the unit disk bundle of E — B. The collapsing 
map defines, via excision, an isomorphism (with any coefficients) 


H™(E, Eo) > H™(M(E), p) 


where Eo denotes the complement in E of the zero section. The inclusion of 
a fiber R? = E, C E can be viewed as a vector bundle map from a bundle 
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over the point b € B to E, and so induces a restriction homomorphism (for 
any choice of coefficients C’) 


(10.13) 
C ifm=k, 


H” (E, Eo; C)— H” (Ep, (Eo)s; C)= H™ (R*, RF — {0};C)= 
0 ifmFék. 


We will be concerned only with the two fundamental cases of C = Z/2 
and C = Z. 


Exercise 174. Prove that a vector bundle Rë  E — B is orientable (i.e. 
its structure group reduces from O(k) to SO(k); see Definition 4.10) if and 
only if the the local coefficient system 


m™(B) > Aut(H*(R*,R* — {0}; Z)) = Aut(Z) S Z/2 


(determined by Corollary 6.13) is trivial. Notice that by pulling back bun- 
dles, it is enough to prove this for B = S1. Prove that a vector bundle 
over S is orientable if and only if it is trivial. (Hint: use the clutching 
construction and the fact that O(k) has exactly two path components.) 


In preparation for the statement of the Thom isomorphism theorem, 
notice that given a vector bundle Rk => E ?, B, there is a cup product 
(with any ring coefficients) 


(10.14) H?(B) x H%(E, Ey) > H?+4(E, Eo) 
obtained by pre-composing the cup product 
H”(E) x H4(E, Eo) > H?*4(E, Eo) 


(see Corollary 3.24) with the isomorphism p* : H?(B) — H?(E) induced by 
the bundle projection. 


Theorem 10.28 (Thom isomorphism theorem). Given a vector bundle 
R*GE>B 
with k > 1, 


1. There exists a unique class u € H*(E, Eo; Z/2) so that for eachb € B, 
the restriction to the fiber over b, 


H*(E, Eo; Z/2) > H*(Ep, (Eo); Z/2) = Z/2 


(see Equation (10.13)) takes u to the unique non-zero element. This 
class u has the property that the homomorphism 


® : H"(B;Z/2) > H**"(E, Eo; Z/2), z> zUu 
(Using the cup product (10.14)) is an isomorphism for all n. 
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2. If the vector bundle E — B is orientable, then there exists a class 
a € H*(E,Eo;Z) so that for each b € B the restriction to the fiber 
over b, 

H"(E, Eo; Z) > H" (Ep, (Eo); Z) = Z 
takes u to a generator. The class u is unique up to sign. It has the 
property that the homomorphism 
® : H”(B;Z) > H*'*"(E, Eo; Z), r> rUŭ 
is an isomorphism for all n. Moreover the coefficient homomorphism 
H*(E, Eo; Z) > H} (E, Eo; Z/2) takes u to ù. 


The classes u and ŭ are natural with respect to pulling back vector bundles: 
if f : B’ — B is a continuous map, and E' = f*(E) the pulled back bundle, 
then (with the obvious notation) u! = f*(u) and w = f* (ù). 


Definition 10.29. The cohomology class u € H¥(E, Eo, Z/2) (resp. ŭ € 
H*(E, Eo, Z)) whose existence is assured by Theorem 10.28 is called the 
Thom class for Rë — E — B. If we wish to emphasize the bundle E > B, 
we will denote its Thom class by ug (resp. wiz). 


Proof of Theorem 10.28. We prove the two cases (Z and Z/2) simulta- 
neously. To simplify the notation we replace the pair (E, Eo) by the pair 
(D(E), S(E)) where D(E) denotes the unit disk bundle and S(E) the unit 
sphere bundle of E for some riemannian metric. We lose no information 
since the inclusions (D(E), S(E)) => (E, Eo) and (D*, S*~1) — (Ep, (Eo)s) 
are deformation retracts. 
Consider the spectral sequence for the relative fibration 
(D*, S*1) — (D(E), S(E)) > B 

with Z/2 or Z coefficients. 


Using the universal coefficient theorem, (and, for the orientable case, the 
fact that the coefficients are untwisted) 


Bee c= HEB DES) 
SRBE HDE SY 
‘ ifq£k 


I 


APB). ifq=k. 
The isomorphism H?(B) > E} E is given by y +> y Q T where 7 generates 
H*(D*, 8¥71). 
Clearly 
HP+*(D(B), S(E)) if q =k, 


EPI — Epa — 
5 a t otherwise. 
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Thus H?(B) = H?+*(D(E), S(E)). 

Let u (resp. Č) generate H*(D(E),S(E)) = H°(X), which is isomor- 
phic to Z/2 (resp. Z). Clearly u is unique and & is unique up to sign. 
Then the multiplicative properties of the spectral sequence imply that the 
isomorphism H?(B) ~ H?t*(D(E),S(E)) is given by y © yU u (resp. 
yu ù). 

Naturality of the classes u and ŭ follow from the naturality properties 
of the spectral sequences with respect to cellular maps and the cellular 
approximation theorem. 

The fact that u (resp. ŭ) restricts to the generator in each fiber fol- 
lows from naturality by considering the inclusion of the fibrations induced 
by the inclusion of a point b in B. The fact that ŭ is mapped to u via 
H*(D(E), S(E); Z) — H*(D(E), S(E); Z/2) follows from uniqueness of the 
Thom class and commutativity of the diagram 


H*(D(E),S(E);Z) — H*(D(E), S(E);Z/2) 


H*(D*, S17) H*(D*, SP "7/9 


where the vertical arrows are induced by the inclusions and the horizontal 
arrows by the coefficient homomorphism Z — Z/2. 


The Thom isomorphism theorem has a homology counterpart. We will 
use the following corollary below. 


Corollary 10.30. Taking the cap product with u € H*(E, Eo; Z/2) induces 
isomorphisms 


u N : Anin(E, Eo; Z/2) > Hn (B; Z/2). 


Proof. (Use Z/2-coefficients throughout the proof.) For any space X, 
H,,(X) is isomorphic to Hom(H”(X),Z/2) via x +» (—,x}), where ( , ) 
denotes the Kronecker pairing. 

The composite isomorphism 


Hn(E, Eo) =Hom( H": (E Ep), Z/2) S, Hom(H”(B),Z/2) = Ha (B) 


is given by x > z, where x and z are related by 
(8,2) =(GUu,2) forall Ge H”(B). 
Since (GU u, x) = BN (uN x), we conclude that z= uN z. 
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10.7. Intersection theory 


One very useful consequence of the Thom isomorphism theorem is the iden- 
tification of intersection numbers with cup products in manifolds. For sim- 
plicity we will only discuss the case of smooth compact manifolds, but ev- 
erything we say holds in greater generality (with trickier proofs). In this 
section all homology and cohomology is taken with Z coefficients. 


Resolving the various notions of orientability is necessary, and so our 
exposition will involve a sequence of exercises to relate the various notions. 
These exercises are all straightforward but they can be a bit confusing. A 
mastery of orientation issues is quite useful for a working mathematician, 
and you should keep in mind that such a mastery comes only from a thorough 
understanding of the equivalence between different points of view. (In other 
words: solve these exercises! ) 


Recall that an orientation of a real finite-dimensional vector space V is 
an equivalence class of bases of V where two bases are considered equivalent 
if the determinant of the change of basis matrix is positive. Notice that a 
choice of basis identifies V with R™ for some m. This in turn induces an 
isomorphism 


(10.15) Hm(V,V —{0}) > Hm(R™,R™ — {0}) = Z. 


Exercise 175. Show that changing the orientation of V changes the iden- 
tification of Equation (10.15) by a sign. 


It follows from this exercise that an orientation of V can be defined as a 
choice of generator of Hm(V, V — {0}). By choosing the dual generator an 
orientation of V can also be defined as a choice of orientation of H™(V, V — 
{0}). 

We have come across several notions of orientability for smooth mani- 
folds. One notion is that a smooth manifold M is orientable if its tangent 
bundle is orientable; i.e. the structure group of TM can be reduced from 
O(m) to SO(m). An orientation is a choice of such a reduction. 


Exercise 176. Show that an orientation in this sense determines an equiv- 
alence class of bases at each tangent space TpM. (Hint: use Exercise 174.) 
More generally show that a reduction of the structure group of a vector 
bundle E from O(n) to SO(n) determines an equivalence class of bases in 
each fiber Ey, so that these equivalence classes are compatible with the lo- 
cal trivializations of E; i.e. the homeomorphism E|y ~ U x R” takes the 
orientation of E, to the same orientation fo R” for all x € U. 


Another notion of orientability says that a compact, connected manifold 
M is orientable if Hm(M,0M) = Z and that an orientation is a choice 
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[M,0M] € H,,(M,0M) of generator, called the fundamental class of the 
oriented manifold M. In the course of the proof of the Poincaré duality 
theorem one shows that if [M, M] is the fundamental class of M, then for 
each p E€ M the inclusion Hm(M, 8M) —> Hm(M, M — p) is an isomorphism. 

Given p € M (and a choice of riemannian metric on M) the exponential 
map exp : 7,M — M restricts to a diffeomorphism in a small ball W C T,M, 
exp: W — U C M and hence gives isomorphisms (the first and third are 
excision isomorphisms) 


Hm (ToM, TpM — 0) & Hm(W,W — 0) 3 Hm(U,U — p) & Hm(M, M — p). 


This shows that the choice of fundamental class [M, 9M] € Hm(M, 3M) 
orients the tangent space T,M. 


Exercise 177. Prove that this sets up an identification between the two 
notions of an orientation of a smooth manifold (the choice of |M, M] and 
an orientation of the vector bundle TM.) 


The fundamental class |M, 90M] € H,,(M,0M) of an oriented manifold 
determines the dual cohomology fundamental class |M,0M]* € H™(M,0M) 
(and conversely) by the equation 


((M,0M]*,[M,0M]) =1 
where ( , ) denotes the Kronecker pairing. 


Suppose that V and W are oriented subspaces of an oriented vector 
space Z, and that dim (V) + dim (W) = dim (Z). Suppose that V and W 
are transverse, i.e. VAW = 0. Then the intersection number of V and W is 
the number in {+1} defined to be the sign of the determinant of the change 
of basis matrix from the (ordered) basis {by, bw} to bz, where by, by, 
and bz denote bases in the given equivalence classes. Notice that reversing 
the order of V and W changes the intersection number by (—1)4(V)4im()_ 


Now suppose that A and B are smooth, compact, connected, oriented 
submanifolds of dimensions a and b of a compact oriented manifold M of 
dimension m. (A smooth manifold is oriented if its tangent bundle is ori- 
ented.) Assume that A is properly embedded, i.e. the boundary of A is 
embedded in the boundary of M. Assume also that the boundary of B is 
empty and that B is contained in the interior of M. Finally assume that A 
and B are transverse. This means that at each point p € AN B, the tangent 
subspaces TpA and 7,B span T,M. 


Definition 10.31. Suppose that a+b = m. Then since A and B are 
transverse and compact, their intersection consists of a finite number of 
points. Because A, B, and M are oriented, we can assign an intersection 
number €p to each intersection point p E€ AM B by taking the intersection 
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number (as above) of the oriented subspaces T,A and T,B in T,M. Then 
define the intersection number of A and B to be the integer 


A-B= b Ep- 


pEANB 


Notice that A- B = (-1)°B- A. 

Since A and B are oriented, they have fundamental classes [A,A] € 
H,(A,O0A), |B] € M(B). Let e4 : A C M and eg: B C M denote the 
inclusions. Then e4 (|A, A]) € Ha(M,0M) and eg([B]) € H(M). 


Theorem 10.32. Leta € H?(M) be the Poincaré dual to e4([A,ðA]), and 
B € H"(M,0OM) the Poincaré dual to eg(|B]), i.e. 


aN [M,ðM] = e4([A4,ð3A]) and 8N [M,ðM] = ep([B)). 
Then 
(10.16) A-B=(aU8,[M,0M)}) 


where ( , ) denotes the Kronecker pairing. 


Theorem 10.32 justifies the terminology “intersection pairing” for the 
cup product 


H®(M) x H*(M,O0M)  H™(M,OM) Š Z 


(see Section 3.6.2). Moreover, it implies that the intersection number A- B 
depends only on the homology classes e4(|A,0A]) and eg(|B]). In partic- 
ular, given any not necessarily transverse submanifolds A and B as above, 
the transversality theorems imply that B can be isotoped to be transverse to 
A. This preserves the class eg([B]) and so the resulting intersection number 
A; B is independent of the choice of the isotopy. 


With more work one can define z- y for any classes x € Ha(M,0M) and 
y € H,(M), or even on the chain level for a simplicial complex and its dual 
cell complex (by thinking of a simplex as a submanifold). Theorem 10.32 is 
true in this greater generality. Alternatively, this approach can be reversed 
to give a proof of Poincaré duality and a definition of cup products in terms 
of intersections. 


There is also a mod 2 version of Theorem 10.32 in which orientation 
issues do not play a role; one defines A-2 B to be the number of intersection 
points of A and B when A and B are transverse. It holds in greater gener- 
ality since none of the manifolds need to be orientable, but the conclusion 
is correspondingly weaker; it only holds mod 2. To help you digest the fol- 
lowing argument you might first consider the mod 2 case, thereby avoiding 
sign and orientation issues which complicate the proof. 
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Proof of Theorem 10.32. Let E denote the normal bundle of B C M. 
The tubular neighborhood theorem implies that E can be embedded as a 
neighborhood of B in M, with B itself corresponding to the zero section. 
Give E a metric. 


It is a straightforward consequence of the fact that A and B are trans- 
verse that for € > 0 small enough, the disk bundle D(E) of vectors of E of 
length less than or equal to € intersects A in a finite number of disks Dp, one 
for each p in AN B, with each D, isotopic rel boundary in (D(E), 0D(E)) to 
a fiber of the disk bundle D(E) — B. Using the isotopy extension theorem 
(and maybe making £ smaller if necessary), we may assume A intersects 
D(E) exactly in a union of fibers, one for each point p € AN B. In other 
words, after an isotopy supported in Æ which fixes each p € AN B, 


AND(E)= |] D(2)p. 
pEANB 


For convenience we simplify notation by setting D = D(E). Thus the 
boundary OD is the e-sphere bundle of Æ. The subanifold A intersects D in 
a union of disks Dp, one for each p € AN B. The situation is illustrated in 
the following figure. 


Dp 


The manifold D is oriented as a submanifold of M. To see this, notice 
that there are excision isomorphisms 


(10.17) Hm(D, 8D) © Hm(D, D — £) % Hm(M, M — x) © Hm(M,3M) 
for any x € Int(D). Moving from left to right orients D compatibly with 


M. Alternatively, TD = TM|p so the orientation of the tangent bundle of 
M orients the tangent bundle of D. 
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The normal bundle E — B is orientable. One way to see this is to use 
the Whitney sum decomposition 


E®TB2=TM|p 


(since E = v(B c M) ). The fact that TB and TM are orientable implies 
that E is orientable. Orient E so that the intersection number of a fiber Ez 
of E with the zero section B equals 1: 


E,:-B=1. 


Exercise 178. Show that this condition uniquely specifies an orientation 
of the normal bundle E. 


This orients the fibers Dz, i.e. for each x € B one gets a preferred 
generator [Dz,0Dz| of Ha(Dz,0Dz). 

The Thom isomorphism theorem says that there is a unique Thom class 
ŭ € H*(D,0OD) so that Ua: H*(B) — H***(D, ðD) is an isomorphism for 
all k so that the restriction of & to the fiber Dy satisfies |p, = [Dz,0Dz]*, 
i.e. (ù, |D», ð Da)) = 1. 

Now [B]* U ŭ& generates H™ (D,D) and so equals [D,0D]* up to sign. 
The sign is equal to (—1)%®. To see this one can use naturality of the Thom 
class and work over a small open set in B diffeomorphic to a ball of dimension 
a. 


Exercise 179. Prove that wU[B]* = [D, 0D]* (and hence, by Theorem 3.13 
[B)*Ua = (—1)”[D, AD)*) by pulling E — B back over a small neighborhood 
UCB. 


Thus, using Exercise 37 and Proposition 3.21, 
(-1)” = ([B]* U å, [D, OD) 
= ([B]* U &) N [D,D] 
= [B]" N (&N [D, ðD]) 
= ([B]*, N [D, aD) 
and so, since H?(D) S Z and H,(D) = Z, 
ùn [D, OD] = (—1) |B}. 
In other words, (—1)%èŭ is the Poincaré dual to [B] in D. 

The inclusion 7; : (D,OD) C (M, M—Int(D)) induces excision isomor- 
phisms in homology and cohomology. Hence H,,(M,M-—Int(D)) is isomor- 
phic to Z. The inclusion ig : (M,0M) c (M, M—Int(D)) is not an excision, 
but induces an isomorphism 


Hn(M,0M) > H,(M, M — Int(D)) 
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since both groups are isomorphic to Z and the inclusions of both pairs to 
(M, M — x) are excisions. Because the orientations were chosen compatibly, 


i ([D, ðD]) = [M, M — Int(D)] = ig((M, OM). 
It follows from naturality of the cap product 
H?(X,Y) x H(X, Y) > Hy_»(X) 


for any pair (X,Y) that the diagram 
n[D,aD] 


H”(D, ðD) Hy-p(D) 
A 
i1 a1 
HP(M, M —Int(D) ee) 
A 
i2 Id 
Hem, am) 2M) H, (M) 


commutes. 

Denote by j* the composite ig o (i;)7! : H?(D,OD) — H?(M,0M). 
The diagram above shows that if x € H?(D,OD), i1(aN[D,OD]) = 7*(«)N 
[M,0M]. Taking x = ŭ and using the notation |B] for the image of the 
fundamental class of B in either D or M we conclude that 


j*(@) N [M, ðM] = a(@n [D, aD]) = (-1)™ 1B]. 


In particular 
B= (-1)"7*(@). 

We can think of the homomorphism j* as being induced by the quotient 
map j : M/M — D/ðD. Thus we have a corresponding homomorphism 
jx : H)(M,OM) — H,(D,O0D). Using the notation [A, 0A] for the funda- 
mental class of A in H,(M,0M), the class j,({[A, 0A]) is represented by the 
union of fibers Dp, one for each p € AM B, but oriented according to the 
local intersection number of A and B at p. Precisely: 


jx([A, OA]) = ys Ep|Dp, © Dp], 
pEANB 


where €p = 1 or —1 according to whether or not the two orientations of 
Dp C (AN D) given by 


1. restricting the orientation of A to Dp, and, 


2. The orientation of Dp as a fiber of the normal bundle D 
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agree. This is because the map j : M/M — D/0OD takes A/OA to 
Up(Dp/ODp) = Vp(Dp/ODp). 
By definition, 


Sep = AB. 
p 


We now compute: 


—1)”j*(@), [M, 8M) 


Exercise 180. State (and prove) the mod 2 version of Theorem 10.32. 


During the proof of Theorem 10.32 we also proved the following. 


Corollary 10.33. Lete: B C M be an embedding of a smooth, closed, 
oriented manifold in a compact, oriented manifold. Let D denote a closed 
tubular neighborhood of B in M, with Thom class ù € H"~°(D, 0D), and let 
j: M/OM — D/OD denote the collapse map. Then j*(ti) is the Poincaré 
dual to e,([B]) (up to sign). 


The sign ambiguity in Corollary 10.33 comes from the fact that there 
are two possible choices of Thom classes ŭ; during the proof of Corollary 
10.33 we made a specific choice by requiring that (u,[Dz,0D,z|) = Dz: B. 

We describe the usual way that a geometric topologist thinks of the 
Poincaré dual 3 € H°(M,0M) to a cycle represented by a submanifold B C 
M. Given a cycle x € Ha(M,0M) represented by an oriented submanifold 
(A,A) C (M,0M), the class 8 is represented by the cochain whose value 
on x is given by the formula 


(6.0) = Bs A, 


In brief, “the Poincaré dual 8 to B is given by intersecting with B.” 


306 10. Further Applications of Spectral Sequences 


To see why this is true, we compute: 


B-A=(-1)"A-B 
(—1)*(a UB, [M, OM)) 
(—1)(a@ UB) N [M, OM] 
= (@Ua)N[M, 0M] 

( 


—1 
—1 


BO (aN [M,3M]) 
BA [A,A] 
Exercise 181. Show that if A and B are closed submanifolds of S” inter- 


secting transversally in finitely many points then they intersect in an even 
number of points. 


Exercise 182. Let M be a closed manifold and f : M —> M a smooth map. 
Let A C M x M be the diagonal and 


G(f) = {(m, f(m))} C M x M 


the graph of f. Show that if A - G(f) is non-zero then any map homotopic 
to f has a fixed point. Can you show that A - G(Id) equals the Euler 
characteristic of M, or more generally, that A - G(f) equals the Lefschetz 
number of f? 


Exercise 183. Think about how to modify the proof of Theorem 10.32 to 
handle the situation when A and B are only immersed, instead of embedded. 


A more ambitious exercise is the following, which says that the inter- 
section of submanifolds is identified with the cup product even when the 
dimensions are not complementary. 


Exercise 184. Show that if A and B are embedded, transverse, but a + 
b > m, then the intersection A N B is an oriented, closed submanifold of 
dimension m — a — b. Prove that the Poincaré dual of [A N B] is the class 
aU. Use the fact that AMD is the pull-back of the disk bundle D —> B 
over A N B, use naturality of the Thom class, and apply Corollary 10.33. 
(You might try the Z/2 version first, to avoid orientation issues.) 


10.8. Stiefel-Whitney classes 


Denote by uz the “universal” Thom class for the universal vector bundle 
over BO(k), Vk > BO(k). Recall that the inclusion of matrices 


A 0 
An (4 
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induces a map of vector bundles Vz; ® € — Vp which is an isomorphism 
on fibers and covers the natural map BO(k — 1) —> BO(k). The Thom 
isomorphism theorem implies that the cup product 


Py = Uug : H"(BO(k);Z/2) > H"**(MO(k);Z/2) 
is an isomorphism for all n. 


Proposition 10.34. The diagram 


H"(BO(k)) —*—> H™**(MO(k)) 


H"(BO(k—1)) aS H”+k-1(MO(k — 1)) 
commutes, where the left vertical map is induced by the inclusion 
BO(k — 1) — BO(k) 
and the right vertical map is induced by the composite of the inclusion 
H”™**®(MO(k)) > H”: (M (Vpk-1 ® £)) = H"**(SMO(k — 1)) 
and the suspension isomorphism 
S* : H™**(SMO(k —1))  H”*™*-1(MO(k — 1)). 
Proof. Notice that M(E €) = SM(E). Restricting to a fiber corresponds 
to the suspension $(D*,S*—!) = (D*+!, SF). It follows by naturality of the 


suspension isomorphism that the Thom class for E @ € is the suspension of 
the Thom class for E. 


If 


es. 
is a map of R*-vector bundles which is an isomorphism on each fiber (equiv- 
alently, E S f*(E')), then the Thom class pulls back, ug = f*(ug); this 
follows again by uniqueness of the Thom class and by restricting to fibers. 


Lary 


The corollary now follows from these observations and the fact that i 
i: BO(k — 1) > BO(k) is the map induced by inclusion, then i*(V;) 
Vk-—1 DE. 


IIe 
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Proposition 10.35. The homomorphism 
H”(BO(k); Z/2) > H”(BO(k — 1); Z/2) 


induced by the natural map BO(k — 1) — BO(k) is an isomorphism for 
Ve. 


Proof. Consider the fibration 
O(k — 1) — O(k) — S* 


taking a matrix in O(k) to its last column. This deloops twice (see Theorem 
6.40) to give a fibration 


S"! > BO(k — 1) > BO(k). 


The spectral sequence for this fibration (or the Gysin sequence) shows that 
the sequence 


-> H"-*(BO(k)) + H"(BO(k)) > H"(BO(k—1)) +H" BO(k)) + 
is exact. Thus ifn—k+1 < 0, H"(BO(k)) — H"(BO(k — 1)) is an 


isomorphism. 


The Stiefel-Whitney classes can now be defined using the Steenrod op- 
erations and the Thom isomorphism theorem. 


Definition 10.36. Define the nth (universal) Stiefel-Whitney class to be 
Wn = &,'(Sq"(ug)) € H"(BO(k); Z/2); 
where up € H*(MO(k);Z/2) denotes the Thom class and 
®, = Uug : H"(BO(k);Z/2) > H**"(MO(k); Z/2) 
denotes the Thom isomorphism. 


Proposition 10.34, Proposition 10.35, and naturality of the Steenrod 
operations imply 


Proposition 10.37. The restriction 
AH" (BO(k);Z/2) + H"(BO(k — r); Z/2) 
takes wn for BO(k) to wn for BO(k — r). 


Hence the notation wk is unambiguous. Notice that if n > k, then 
Sq" (ux) = 0, and so wn = 0 in H"(BO(k); Z/2) for n > k. 


10.8. Stiefel-Whitney classes 309 


Definition 10.38. The nth Stiefel-Whitney class of an R*-vector bundle 
E — B is the class 


Un(E) = fr(Wn) € H” (B; Z/2) 


where fg : B — BO(k) denotes the classifying map for E (see Theorem 
8.22). 


It follows immediately from their definition that the Stiefel-Whitney 
classes are natural with respect to pulling back bundles. In particular, if 
E and E’ are isomorphic bundles over B, then wn(E) = wy(E’) for all n. 
Moreover, since the wp are compatible with respect to the maps BO(k) > 
BO(k +1), 

Wn(E È €) = wn (E). 


In other words, the Stiefel-Whitney classes are invariants of the stable equiv- 
alence class of a vector bundle. 


Exercise 185. Show that a vector bundle E is orientable if and only if 
wı(E) = 0. (Hint: first relate Sq! to the Bockstein associated to the exact 


sequence 0 > Z 2 Z — Z/2— 0.) 


The Cartan formula (see Theorem 10.24) easily implies the following 
theorem. 


Theorem 10.39. The Stiefel-Whitney numbers of a Whitey sum of vector 
bundles satisfy 


wr(E @ F) = X wn(E) U wp_n(F). 


Exercise 186. Suppose that E and F are vector bundles over a finite- 
dimensional CW-complex so that Æ @ F is trivial (i.e. E and F are stable 
inverses. For example, take E to be the tangent bundle of a smooth compact 
manifold and F its normal bundle for some embedding in S”.) Use Theorem 
10.39 to prove that 


wi(F) = w (E), w(F) = w (E)? + we(E), w3(F) = w (E)? + w3(£), 
and, in general, that 
Wn(F) = `> S A i (BY? eri, 
i1 +2i2+  +kip=n 


The Stiefel-Whitney classes generate the cohomology ring of BO(k), as 
the following theorem shows. 
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Theorem 10.40. The Z/2-cohomology ring of BO(k) is a polynomial ring 
on the Stiefel-Whitney classes of degree less that or equal to k: 


H*(BO(k); Z/2) = Z/2[w1, w2,- +- , we] 
where w; € H*(BO(k);Z/2) denotes the ith Stiefel-Whitney class. 


Proof. (Use Z/2 coefficients.) First we show that that wp € H*(BO(n)) 
is non-zero if k < n. To see this it suffices by naturality to find one R”- 
bundle with wọ non-zero. let R! — E — S! denote the “Möbius band” 
bundle over St, i.e. the bundle with clutching function S? — O(1) the non- 
constant map. This bundle has w; Æ 0 (for example, it is not orientable). 
Thus w is non-zero in H!(BO(1)) and, since the restrictions 


H*(BO(n)) > H*(BO(n—1)) 
preserve the w; by Proposition 10.37, wı is non-zero in H!(BO(n)) for all 
n> 1. 
Since BO(1) = K(Z/2,1) = RP®™ and wı 4 0, H*(BO(1)) = Z/2[w)]. 
Let E — BO(1) be a bundle with wı(F) = wı. Then Theorem 10.39 (and 
induction) shows that 


k 
wkl F- @ FE) = w(F)*, 
k times 
which is non-zero in H*(BO(1)). Therefore wy € H*(BO(n)) is non-zero 
for all n > k. 

We prove the theorem by induction. The case n = 1 is contained in 
the previous paragraph. Let i: BO(n — 1) —> BO(n) denote the inclusion. 
The induced map i* : H*(BO(n)) — H*(BO(n — 1)) is surjective since by 
induction H*(BO(n — 1) is generated by the w; for i < n — 1, and these are 
in the image of i*. 

The fiber of i : BO(n — 1) — BO(n) is S"~'; in fact the fibration 
obtained by taking an orthogonal matrix to its last column 


O(n — 1) => O(n) => s™1 


deloops twice to give the fibration 
Ss”! > BO(n — 1) > BO(n). 


Consider the cohomology spectral sequence for this fibration. It has 
ES? = H?(BO(n)) & H1(S”71) which is zero if q 40 or n — 1. Hence 


pea — | E2" = HP(BO(n)) 8 HS") ifk<n, 
Eo ifk>n. 
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This leads to the exact sequence (this is just the Gysin sequence in coho- 
mology) 
-- > H*-1(BO(n)) > H*7!(BO(n — 1)) > 
H™1(5"-1) @ H*-(BO(n)) $> H*(BO(n)) > H*(BO(n—-1)) = --- 


which reduces to short exact sequences 

(10.18) 

0 > H"-1(5"-1) @ H*-1(BO(n)) “ H*(BO(n)) > H*(BO(n — 1)) 3 0 
since H*(BO(n)) — H*(BO(n—1)) is onto. The map labelled d,, in (10.18) 
is the differential dp, EY” ' > EYt™®. 


Taking k = n in the sequence (10.18) we obtain 
03 H”-1(g"-1) *, H"(BO(n)) > H"(BO(n— 1)) > 0. 


Since H"—-1($"~1) = Z/2, generated by the fundamental class [S"~+]*, and 
since wn € H"(BO(n)) is non-zero and in the kernel of the restriction 
H"(BO(n)) = H"(BO(n — 1)), it follows that dp([S"—"]*) = wn. 

Applying the sequence (10.18), the fact that d,({S"~']* Ua) = wnUa for 
a € H’-!(BO(n)), and induction competes the proof, since this sequence 
shows that any element in H*(BO(n)) can we written uniquely as a sum of 
classes of the form 


wil... wit! with i; + Qig +--+ (n— 1)in-1 =k 
and classes of the form 
da ([S”*]*)a = Wn 


for some a € H*-"(BO(n)). 


Exercise 187. Show that if E — B is an R*-vector bundle, then wg(E) is 
the image of the Thom class under the composite 


H*(E, Ep; Z/2) © H*(E;Z/2) 2 H*(B;Z/2) 
where z : B — E denotes the zero section. 
If E > B is an oriented R*-vector bundle, the class 
e(E) = 2*(i*(i))) € H*(B; Z) 


is called the Euler class of E and reduces to w(E) mod 2. Compare this 
with the definition we gave of Euler class in Section 7.11. 
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10.9. Localization 


Given a subset P of the set of prime numbers, let Zp) denote the integers 
localized at P. This is the subring of the rationals consisting of all fractions 
whose denominator is relatively prime to each prime in P; 


Zp) = {% | (r,s) = 1 and (s,p) = 1 for each prime p € P}. 


Thus 
Zc Zp) CQ. 


If P consists of a single prime p we write Z(p) = Zop). 


Definition 10.41. Given a set P of prime numbers, an abelian group A is 
called P-local if the homomorphism 


A > A 8z Zip), amagl 


is an isomorphism. 


If p is a prime and r > 0, 

Z/př ifpeP, 

0 if p g P. 

More generally, if A € Cp, then A & Zip) = 0. This is because if a € A, 


choose r > 0 relatively prime to each p € P so that ra = 0. Then r is 
invertible in Zp) and so for each z € Zip), 


a®@z=a®*=ra®s=0. 


Since Zp) is torsion free, it is flat as an abelian group (see Exercise 27), 
ie. the functor — @z Zip) is exact. In particular, if f : A —> BisaCp 
isomorphism, then tensoring the exact sequence 


0> ker f > A Å B —> coker f > 0 
with Z(p) and using the fact that 

ker f 8 Zip) = 0 = coker f 8 Zip) 
we conclude that 

f@1:A® Zip) > B8 Zp) 

is an isomorphism. This implies that if A and B are Cp-isomorphic then 
A ® Zip) is isomorphic to B @ Zp). Conversely, suppose that A and B 
are finitely generated abelian groups so that A 8 Z(p) is isomorphic to B® 


Zp). Then A and B have the same rank and their p-primary subgroups are 
isomorphic for p € P. Thus there is a Cp-isomorphism from A to B. 


The (relative) Hurewicz theorem mod C implies the following result, 
when applied to Cp. 
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Theorem 10.42. Let A, X be spaces such that H;(A) and H;(X) are finitely 
generated for each i, such that m(A) = ™(X) =0. 


Let f: A— X be a map with m2(X, A) = 0. Then the statements: 

1. fs: H(A; Zip) > Hi(X; Z py) is an isomorphism for i <n and an 
epimorphism for i =n, 

. A(X, A; Zp) = 0 fori <n, 

. H;i(X,A;Z) € Cp fori<n, 

. mi( X, A) € Cp fori<n, 

. mil A) > mi(X) is aCp-isomorphism fori < n and aCp-epimorphism 
fori=n, 


oF WwW N 


6. mi(A) 8 Zip) > mi(X) 8 Zip) is an isomorphism for i < n and an 
epimorphism for i =n, 


are equivalent, and imply that if i < n, then 1;(A) and m;(X) have equal 
rank and isomorphic p-primary components for each p € P. 


Proof. Since Z(p) is flat, the universal coefficient theorem (Corollary 2.35) 
implies that H (Y ; Z(p)) = Hk (Y ; Z)@Z py for any space Y and any k. Since 
X and A have finitely generated Z-homology it follows from the discussion 
preceding this theorem that the second and third assertions are equivalent. 
The long exact sequence in homology and homotopy for a pair and the 
relative Hurewicz theorem mod Cp imply that 1. through 7. are equivalent. 

The Hurewicz theorem mod Crg implies that 7;(A) and m;(X) are 
finitely generated for each i. Thus 6. and Equation (10.19) imply that 7;(A) 
and 7;(X) have isomorphic p-primary components and equal rank for i < n. 


An application of the universal coefficient theorem shows that a map 
f : A — X induces a Zp)-homology isomorphism in all degrees if and only 
if it induces a Zp)-cohomology isomorphism in all degrees. 
Theorem 10.42 can be used to construct a functor (called the localization 
of a space at P) 
Tk: { simply connected spaces with 
(P) : finitely generated homology 


so that: 


\ — {simply connected spaces } 


1. there exists a natural transformation from the identity functor to 
Lp), ® : Id > Lip); 

2. for each X, @ : X — Lp)(X) induces an isomorphism in Z(p)- 
homology, and 


3. Hs(L(p)(X); Zpy) = Hs(L(py(X); Z). 
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We write 
Lp)(X) = Xp). 


The space Xp) is a good enough approximation to X to compute the p- 
primary part of its homotopy groups for p € P, i.e. the p-primary part of 
TNn X is isomorphic to the p-primary part of m(X (py) for p € P and the 
q-primary part of t,(X(p)) = 0 for q ¢ P. In this manner one can study the 
algebraic topology of spaces one prime at a time, by taking P = {p}, and 
also the rational homotopy of a space, by taking P empty. 


Such a functor Lp) : X +> X(p) exists, and can be constructed by first 
constructing it for an Eilenberg—Maclane space K (m,n) and then using a 
Postnikov decomposition of an arbitrary space into K(7,n)s. 


We outline how to construct the localization functor Lp). For K (m,n) 
with 7 a finitely generated abelian group one just replaces 7 by 7 @ Z(p). 
The natural map 7 > 7®Zvp) defines a (homotopy class of) map K (r, n) > 
K(x ® Zp); n). Thus we define 


K(n,n)(p) = K(T 8 Zip), n). 


For a general space one constructs X(p) inductively by assembling the 
pieces of its Postnikov tower, pulling back its k-invariants using the Z(p) 
cohomology isomorphisms. Thus, if X has Postnikov system 


(Tn = naX), Xn, Pn O Xn-1, k” € H” (Xn; Tn-1)); 


then first define (X2)(p) = K(m2 @ Zp),2). Since X2 = K(m2,2), the 
homomorphism 72 — 72 ® Zp) induces a map X2 — (X2)(p). The fibra- 
tion pa : X3 — Xə is obtained by pulling back the path space fibration 
K(m3,3) > * > K(m3,4) via kt € H*(Xo;73) = [X2, K(m3,4)]. Since the 
map X2 — (X2)(p) induces an isomorphism 


(10.20) H‘ ((X2)(P); T3 ® Zp) > H (X2; T3 ® Z(p)) 


(using the universal coefficient theorem), it follows that there is a unique 
kip) E H+ ((X2) (P); T3 Q Zp)) so that the image of kip) via the homo- 
morphism of Equation (10.20) coincides with the image of kt under the 


coefficient homomorphism 
H‘ (X2; T3) > H*(X2; T3 D Zp). 


Inductively, if (Xx)(p) and fibrations (Xx)(P) > (Xk-1)(p) with fiber 


K (Tk ® Zip), k) classified by kip € HE+ ((Xp_1)(p)3 Tk ® Zp) have been 


defined for k < n, define kip € A"? (Xn) (py; Tn+18 Z(p)) to be the image 


of the (n + 2)-nd Postnikov invariant of X, k"*+?, under the composite 


H+? (Xn; Mnt1) > A"? (Xn; tn41 8 Zpy) = A"? ((Xn)(p); M41 @ Zep). 
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Then take (Xn41)(p) to be total space in the fibration pulled back from the 
path space fibration K(t+1 8 Zop n +1) > * > K(tm41 8 Zip) n + 2) 
using k(py € H"?((Xn) py; +1 @ Z(py) = [(Xn)(P), K (tn41 @Z(p), n+2)]. 


Notice that the construction also gives a map Xn — (Xn)(p) inducing 
the homomorphisms 7,(X) = nk(Xn) > 1%(Xn) D Zp) = Te((Xn) py) for 
all k < n. Thus if Xp) denotes the space determined by the Postnikov 
system (Xn) (p) with k-invariants kB) there is a map X — Xp) (this gives 
the natural transformation ®) so that the induced map mn(X) > tm(X(p)) 
coincides with 


T™(X) > m(X) 8 Zp), am agl. 


From Theorem 10.42 we conclude that X — X(p) induces an isomor- 
phism on homology with Zp) coefficients (and so also on cohomology with 
Zp) coefficients). The facts that localization is functorial and that X — 
Xp) defines a natural transformation ® :Id— Lp) can be proven by carry- 
ing out the construction we gave in a systematic fashion. 


Here are some examples with P = ¢ to show you why localization is 
useful. The space X() is usually denoted by X(9) and is called the rational- 
ization of X. 

From Proposition 9.25 it follows that if n is odd, the map S” — K(Z,n) 
generating H”(S”) induces an isomorphism on rational cohomology, and 


hence a homotopy equivalence S) > K (Q,n) = K(Z,n)(o). Therefore 


T(S”) @ Q = 7(K(Q,n)) = 0 for g Fn. 
This implies that 7;,(.S”) is finite for k An. 

For n even, S” — K(Q,n) induces an isomorphism in rational homology 
through dimensions 2n — 1. Hence mg( 9”) is finite for k < 2n—1, k # n. We 
can do better by taking E to be the homotopy fiber of the map K(Q,n) > 
K(Q, 2n) representing 12 € H?"(K(Q,n)). The map S? > K(Q,n) lifts to 
E since H?"(S";Q) = 0. The long exact sequence in homotopy shows that 


Alii ‘3 ifk=n,2n—1 


0 otherwise. 


Again, a simple application of the Leray—Serre spectral sequence for the 
fibration K(Q, 2n — 1) — E — K(Q,n) and Proposition 9.25 shows that 
H*(E;Q) = H*(S";Q); the isomorphism is induced by the map S$” —> E. 
Thus Sfo) = E and so 7 (S") QQ = mk(E). This shows that mg( S”) is finite 
for k An,2n — 1 and that the rank of 7;,(S”) is 1 for k =n or 2n — 1. 


These two calculations were obtained in Theorem 10.10 and Exercise 
165 by similar arguments; the point is that the argument using localization 
is conceptually much simpler since calculating with the Leray-Serre spectral 
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sequence using rational coefficients is easier than using integer coefficients; 
for example E}? = H?(B) & H%(F). Moreover, the rational cohomology of 
K(Q,n) is simple and so constructing rational Postnikov systems which do 
what we want is a more manageable problem than constructing an arbitrary 
Postnikov system. 

As a new example, consider the space CP”. The (rational) cohomol- 
ogy ring of CP” is a truncated polynomial ring and the cohomology of 
CP% is a polynomial ring. The inclusion CP” — CP® = K(Z,2) in- 
duces isomorphisms on (rational) cohomology through dimension 2n. Let 
c € H?(K(Q,2)) denote the generator. Think of +1 € H?"+?(K(Q, 2)) 
as a map tt : K(Q,2) — K(Q,2n + 2) and let E be its homotopy fiber. 
The map CP” — K(Q,2) lifts to E since H?"+?(CP") = 0. The spectral 
sequence for the fibration K(Q,2n+1) — E — K(Q, 2) and the calculation 
(9.25) shows that CP” — E induces an isomorphism on rational cohomol- 


ogy. 


Exercise 188. Prove this to see how easy it is. 


Using the long exact sequence in homotopy we conclude that 


Q ifk=2,2n+1, 


0 otherwise. 


m(CP") © Q = ™(E) = 


Since CP” is a finite complex this shows that 7,(CP"”) is finite for k # 
2,2n +1 and has rank 1 for k = 2 and k = 2n + 1. 


Another application is to Chern classes and Bott periodicity for the 
unitary group. First, we have the following complex analogue of Theorem 
10.40. 


Theorem 10.43. Let BU(n) denote the classifying space for U(n). Then 
The cohomology ring of BU(n)is a polynomial ring: 


H*(BU (n); Z) = Z[e1,c2,--+ , cr] 


where the generators cg have degree 2k. The inclusion U(n — 1) —> U(n) 
induces a map H*(BU(n)) — H*(BU (n — 1)) which preserves the cp. 


Exercise 189. Prove Theorem 10.43 using induction, and the multiplica- 
tive properties of the Leray—Serre spectral sequence for the fibration 


S?! _, BU(n — 1) > BU (n) 


obtained by delooping the fibration U (n — 1) + U (n) — $?"~! twice. You 
may use the proof of Theorem 10.40 as a guide, but the argument in this 
case is much simpler. 
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The class cg € H?*(BU(n);Z) is called the kth Chern class. Since 
isomorphism classes of C”-vector bundles are classified by homotopy classes 
of maps to BU(n), the Chern classes determine characteristic classes of 
complex vector bundles. By construction, cy, is a stable class, i.e. if Æ is 
a complex vector bundle and ec denotes the trivial 1-dimensional complex 
vector bundle, then c,(E@ec) is sent to c(E) by the map H*(BU(n+1)) > 
H*(BU(n)). 

Now consider the map BU(n) > [];_, K(Q, 2k) given by the product 
of the Chern classes, thinking of cg € H” (BU (n); Q) = [BU (n); K(Q, 2k)]. 
By the Künneth theorem and 9.25 this map induces an isomorphism on ratio- 
nal cohomology. Therefore the rationalization of BU (n) is just [];_, K(Q, 2k). 
Since Q(X x Y) = QX x QY, QZ =pt if Z is discrete, and QK(G,n) ~ 
K(G,n — 1), we see that 


n n—-1 
© BU(n)o) = V ([] K(Q,2k)) ~ ] [ K(Q, 2k) ~ Q x BU(n- 1). 
k=1 k=0 


In particular, letting n go to infinity we obtain a proof of the rational form 
of Bott periodicity: 


R(Q x BU) od Q x BU): 
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We finish this chapter with some comments on Thom’s computation of the 
unoriented bordism groups. An invariant of unoriented bordism is a homo- 
morphism w : Q — G for some abelian group G. Since 2M = (M x I), the 
group Q is a 2-torsion abelian group. Thus to construct bordism invariants 
one might as well restrict to constructing homomorphisms w : Q9 — Z/2. 
Thom computed 92 in this fashion for all n in his famous 1954 paper [40]. 
He did this by finding enough bordism invariants (the Stiefel- Whitney num- 
bers) wa : Q — Z/2 so that the sum 


Pwa : Nl = @Z/2 
Q a 
is an isomorphism. 
We will outline some of the ingredients in Thom’s arguments. 
Proposition 10.44. Let 
w =w? -w € H"(BO(n)), 
so ii + 2i2 +--+ nin =n. IfM is a smooth n-manifold then the number 
(w(TM),[M]) € Z/2 


is a bordism invariant. 
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Proof. Since the expression (w(T'M),[M]) is additive with respect to the 
sum in the bordism group (disjoint union), it suffices to show that if M is 
null-bordant, i.e. M = OW, then (w(TM), |M]) = 0. 


The tangent bundle of W and M are related by TM Ge = TW |m. Hence 
ifi: M C W denotes the inclusion, 


(w(TM),[M]) = 


since in the sequence H,41(W, M) 
ð takes the generator [W, M] to [M]. 


Definition 10.45. A partition of the positive integer n is an n-tuple of 
non-negative integers (71,--- in) so that i1 + 2ig +---+ nin =n. 
Given a partition (i1,--- ,2n) of n, the number 
(wit --- wir (TM), [M]) € Z/2 


is called the Stiefel-Whitney number associated to the partition (i1,--- ,%n). 
Thus to each partition œ = (i1,--- ,%n) of n we have associated the 
bordism invariant whose value on the manifold M is 
Wa(M) = (w7 --- wg (TM), [M]). 
Thom’s theorem is the following. 


Theorem 10.46. Let S denote the set of partitions of n so that i, = 0 
whenever k has the form 2f — 1. Then the map taking a manifold to its 
Stiefel-Whitney numbers induces an isomorphism 


Bacs Wa : 2° = Baes Z/2. 


In other words, the unoriented bordism class of a manifold is determined by 
its Stiefel-Whitney numbers, and given any partition a € S there exists an 
n-manifold M with we(M) 40, but wa(M) =0 for 8 +a. 


Thom proves this theorem by a method analogous to the example of 
BU o) we gave in the previous section. First, Thom finds sufficiently many 
examples of manifolds with the appropriate Stiefel-Whitney numbers, and 
then he uses these to define a map from the Thom spectrum to a prod- 
uct of Eilenberg-MacLane spectra K(Z/2). He shows this map induces an 
isomorphism on homology, using the Thom isomorphism to compute the 
cohomology of the Thom spectrum as a module over the mod 2 Steenrod 
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algebra. The Whitehead theorem then implies that the map is a homotopy 
equivalence, and so the Stiefel-Whitney numbers classify bordism. 
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10.11.1. Unstable homotopy theory. Unstable homotopy theory is much 
harder than the stable theory, essentially because 7,(X,A) # m,(X/A). 
There are some useful results; you should lecture on some or all of these. 


Since S”™ has a cell structure with only one 0-cell and one m-cell, the 
product S* x S” has a cell structure with 4 cells, a 0-cell e° x e°, a k-cell 
ef x e®, an n-cell e? x e”, and a (k + n)-cell e* x e”. Removing the top cell 


leaves the wedge 

SE x SP — (e€ x e”) = 9" v S”. 
Let a: S**"-1 — Sky S” denote the attaching map for the (top) (k+n)-cell 
of SE x S”. 


The map a can be used to construct interesting elements in mnX. 


Definition 10.47. Given f E€ aX and g E€ mnX, define the Whitehead 
product |f, g] E Tk}n-1X to be the (homotopy class of) the composite 


gktn-1 4, gk y gn IVa, y, 


For example, if k = n = 1, the attaching map for the 2-cell of a torus 
represents the commutator of the two generators, and hence the Whitehead 
product 7X x mı X — 7X takes a pair of loops to their commutator. Since 
m2(X) is abelian, the suspension map sx : 7X —> 71(QSX) = m2(X) takes 
any commutator to zero. More generally show (or look up) the following 
fact. 


Proposition 10.48. The suspension of the attaching map for the top cell 
of SF x 9”, 

Sa : S(SE+1) = S+ = SSF v S”), 
is nullhomotopic. Hence s,([f,g]) = 0 for any f € nkX,g € TmX, i.e. the 


Whitehead product |f, g] is in the kernel of the suspension homomorphism 
Tn+k—-1(X) = Tnk ô X. 


Thus Whitehead products produce decidedly unstable elements in nmmX. 
The map s : X — QSX (defined in Section 10.3) induces the suspension 
homomorphism sx : me( X) —> me(QSX) = 7415X. It can be studied in a 
large range (the “metastable range”) by using the EHP sequence: 
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Theorem 10.49. If X is an (n — 1)-connected space, there is an exact 
sequence 
T3n—2(X ) share T3n-1(SX ) TF T3n—1(SX A X) =r T3n-3(X) R 
-> K(X) > Wei (SX) > Tkl SX AX)>- 


The map s, is sometimes denoted “E” in the literature (from the German 
word “Einhängung” for suspension), the map mk+1(SX) > m41(SX AX) is 
usually denoted by “H” since it generalizes the Hopf invariant, and the map 
Tnk+1(SX AX) — Tk(X) is usually denoted “P” since its image is generated 
by Whitehead Products. Hence the name EHP sequence. 


Thus, in the range k < 3n—2, the EHP sequence gives some control over 
what the kernel and cokernel of the suspension map on homotopy groups is. 


An important special case of the EHP sequence is obtained by setting 
X = S”. The sequence is 


(10.21) T3n—2 8” —> 3n-19"t! => Rance —> 13n-35”" >- 


A proof of Theorem 10.49 can be found in [43] (although it is hard to 
reconstruct the argument since it is explained as a consequence of a more 
general result of James). The proof that (10.21) is exact as well as the 
material below on the Hopf invariant can be found in [36, Section 9.3]. 


After substituting m2,41$?"t! = Z a part of the sequence (10.21) can 
be written: 


H 
AmI” > Tanpi ST Ss Z > Tons S 


If n is even, Theorem 10.10 implies that the map H is zero and therefore 
TnS” — Tən+419”tt is onto. The Freudenthal suspension theorem implies 
that ton419"t! > Tən+28”T? = T9 is onto, and so we conclude that for n 
even, Tan S” —> ne is onto. 

If n is odd, then Exercise 165 shows that 7241S" /torsion= Z. Since 
Tən S” is finite the map H : mon41.9"t! —> Z is non-zero; it is called the Hopf 
invariant. 


The famous “Hopf invariant one” problem, solved by J.F. Adams, asserts 
that H is onto only for n+ 1 = 1,2,4, and 8; and in fact the Hopf fibrations 
are the only maps which have Hopf invariant one. The Whitehead product 
li,i] E€ Ton—19”t!, where i € mn41S"t! denotes the generator, has Hopf 
invariant 2. 

There are several other definitions of the Hopf Invariant for a map f : 
$2n+l — S”, and you should lecture on some of these. Here are two. 


1. Assume that f is smooth (this can always be arranged by a small 
homotopy) and let 29,21 € SPT! be two regular values of f. Let 
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Mo = f7! (zo) and Mı = f~+(a1). Then H(f) =Ik(Mo, Mı), where 
“Ik” denotes the linking number. 

2. Let X be the CW-complex obtained by attaching a (2n + 2)-cell to 
S”+1! using f as the attaching map. Then H4(X) = Z for q = 0,n+1, 
and 2n + 2, and is zero otherwise. Let en+1 E€ H"+1(X) and e2n42 € 
H?"+2(X) denote the generators. Then (€n41)? = H(f)ean+2- 


Chapter 11 


Simple-Homotopy 
Theory 


Two basic references for the material in this chapter are Cohen’s book [7] 
and Milnor’s article [28]. 


11.1. Introduction 


Whitehead’s theorem says that a map f : X — Y between CW-complexes 
is a homotopy equivalence if f, : mX — mnY is an isomorphism for all n. 
Thus homotopy groups and hence the tools of homotopy theory give impor- 
tant information about the homotopy type of a space. However, important 
questions in geometric topology center around distinguishing homeomor- 
phism types within a class of homotopy equivalent manifolds, to which the 
methods we have studied so far do not directly apply. 

For example, suppose W is a compact manifold with two boundary com- 
ponents: OW = Mp II M;. Suppose the inclusion Mp —> W is a homotopy 
equivalence. Is W homeomorphic to Mo x [0,1], and, in particular, is Mo 
homeomorphic to Mı? The answer to this question is provided by the s- 
cobordism theorem (see Section 11.7) which states that there exists a functor 


Wh: {Groups} — {Abelian groups} 


so that in the situation described above, an element T(W, Mo) E Wh(7W) 
is defined and vanishes if W is homeomorphic to Mo x [0,1]. Conversely, 
if the dimension of Mp is greater than 4 and 7(W, Mo) = 0, then W is 
homeomorphic to Mo x [0,1]. 
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Of course the point of this theorem is that the functor Wh has a functo- 
rial, geometric, and somewhat computable definition. (One could stupidly 
define Wh(z) = Z/2 for all groups m and define 7(W, Mo) to be 0 or 1 
according to whether or not W is homeomorphic to a product.) 


In this chapter we will give the complete definition of the Whitehead 
group Wh(7) and the Whitehead torsion 7. 


Exercise 190. Use the fact that Wh(1) = 0 to prove the generalized Poin- 
caré conjecture for n > 5: a closed manifold X which has the homotopy 
type of S” is homeomorphic to S”. (Hint: Remove two open disks; it can 
be shown that the complement has the homotopy type of a CW-complex. 
Assume this and apply the s-cobordism theorem. ) 


Another collection of examples is provided by lens spaces. We will use 
obstruction theory to give a homotopy classification of 3-dimensional lens 
spaces, and then use the machinery of simple-homotopy theory to prove the 
following theorem. 


Theorem 11.1. 


1. Three-dimensional lens spaces L(p,q) and L(p',q') are homotopy equiv- 
alent if and only if p = p' and there exists an integer b so that 
q = +b?q' mod p. 


2. Moreover, L(p,q) is homeomorphic to L(p,q’) if and only if p = p' 
and q = +(q’)*! mod p. 


In particular L(7,1) and L(7,2) are closed three-manifolds which have 
the same homotopy type but are not homeomorphic. Whitehead torsion 
must be a subtle and powerful invariant to make such a distinction. 


J.H.C. Whitehead developed the theory of simple-homotopy equivalence, 
a refinement of homotopy equivalence for finite CW-complexes which takes 
into account the cell structure. It was proven by Chapman that homeomor- 
phic finite CW-complexes are simple-homotopy equivalent. Hence simple- 
homotopy theory provides a weapon by which to attack homeomorphism 
problems that are impervious to the homotopy theoretic machinery devel- 
oped in the previous chapters. 

Suppose X,Y are finite CW-complexes. Then a cellular map f : X => Y 
is a homotopy equivalence if and only if the mapping cylinder of f deforma- 
tion retracts to X via a cellular map. 


Exercise 191. Prove this using obstruction theory. 
The geometric approach of simple-homotopy theory is to investigate 


when a pair (K, L) which admits a deformation retract of K to L admits a 
particular “simple” type of deformation. 
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In this chapter a finite CW-pair (K, L) will mean a CW-complex K with 
finitely many cells and a subcomplex L C K. Thus L is a closed subspace 
of K which is a union of cells. (See Definition 1.3 for the definition of a 
CW-complex.) We will also use infinite CW-pairs, but these will always be 
of the form (K, L) where (K, L) is a finite CW-pair, K —> K a covering 
space, and L the inverse image of L in K. 


Definition 11.2. If (K, L) is a finite CW-pair, we say K collapses to L 
by an elementary collapse, denoted K X€ L, if the following two conditions 
hold. 

1. K = LUe"! Ue” where the cells e”~! and e” are not in L. 


2. Write 0D” = $"-! = DY! Ugn-2 D" 1. Then there exists a charac- 
teristic map y: D” — K for e” so that 
(a) Ppr : D?! — K is a characteristic map for e”7 


(b) p(DE") CL. 


1 and 


Thus K is obtained by gluing D” to L along a map D"-' — L, where 
De c ðD” c D’. 


Note K can be viewed as the mapping cylinder of a map D®t —> L. 
Thus L is a deformation retract of K. 


Definition 11.3. 


1. One says that K collapses to L, or L expands to K, if there are 
subcomplexes K = Ko D Kı D- D Kn = L so that KN KX 
eN Kn. Write KN LorLZK. 

2. A map f : K — L is called a simple-homotopy equivalence if there 
exists a finite sequence of CW-complexes K = Ko, Ki,..., Kn = L 
so that f is homotopic to a composite Ko > Kı > Ko >- — Kn 
where each map K; — Ki+1 is either the inclusion map of an expan- 
sion, the deformation retraction of a collapse, or a cellular homeo- 
morphism. 
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Exercise 192. Prove that simple-homotopy equivalence is an equivalence 
relation. 


We now give two examples concerned with collapsing. Suppose L is a 
finite simplicial subcomplex of a triangulated open subset of Euclidean space. 
Then the regular neighborhood K = N(L) is the union of all simplices whose 
closure intersects L. This is an analogue of a normal bundle, but L does not 
have to be a manifold. It is not difficult to see that K N L. 


The second example is where K is the “house with two rooms” pictured 
below. Here K is a 2-dimensional CW-complex. To get to the large room 
on the lower floor, you must enter the house from the top through the small 
cylinder on the left. Similarly, one enters the upper room via the small right 
cylinder. Then it is not difficult to see that K is simple-homotopy equivalent 
to a point, but that K does not collapse to a point, i.e. some expansions 
are needed. 
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In this section we will define the Whitehead group and in the next section 
define torsion. Since there are two sections of algebra coming up, we will 
give you some geometric motivation to help you through. 


It will turn out that the question of whether a homotopy equivalence is 
simple can be understood in the following way. Assume f : L — K isa 
cellular inclusion, and a homotopy equivalence. Then if 7 = mL = ™K, 
the relative chain complex C,(K,L) (where K, L denotes universal covers) 
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is a free and acyclic Zr-chain complex, and has a Zr-basis labeled by the 
cells of K — L. 


Elementary collapses and changing base points change the cellular chain 
complex C,(K ; Ï), and so one wants to classify acyclic, based chain com- 
plexes over Zr up to some equivalence relation, so that C.(K f L) is equiv- 
alent to 0 if and only if K — L is a simple-homotopy equivalence. The 
main result will be that the chain complex C,(K, L) determines an element 
T(K,L) € Wh(7) which vanishes if and only if the map f is a simple- 
homotopy equivalence. 

Once the machinery is set up, other useful applications will follow from 
considering rings R more general than the integral group ring Zr. For 
example, if Zr — R is a ring homomorphism, it may be easier to work with 
the chain complex R®z,C, than to work directly with C}. This is especially 
true if R is a commutative ring or, even better, a field. 


The simplest acyclic, based chain complexes are of the form: 
636,264 —>0. 
Since this complex is based, ô is given by a matrix, which is invertible since 
(Cx, 0) is acyclic. 

Motivated by the previous discussion, we study invertible matrices over a 
(not necessarily commutative) ring R. We assume that all our rings are rings 
with 1. Unfortunately, two bizarre phenomena can arise when considering 
free modules over a ring R. 

e It may be the case that R” = R” with m # n. 
e It may be the case that M@ R™ = R”, but that M itself is not free. 


In this case we say the module M is stably free but not free. 


Fortunately, the first problem does not occur for group rings, because 
there is a homomorphism e : Zt — Z, $, agg > Do ag. Thus (Zr)™ & (Zr)” 
implies 

Z” = Z zr (Zr)” S Z zr (Za)” = Z” 
and so m = n. Henceforth 
We assume all rings have the property that R™ S R™ implies m =n. 


Thus we exclude rings like the endomorphism ring of an infinite-dimensional 
vector space. 
The second pathology does occur for certain group rings, so we cannot 


assume it away. It will be a thorn in our side in the next section, but we 
will deal with it. 


Definition 11.4. Denote by GL(n, R) the group of all n x n matrices over 
R which have a two-sided inverse. An inclusion GL(n, R) — GL(n + 1, R) 
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is defined by 


Let GL(R) = U, GL(n, R). Think of GL(R) as the group of all invert- 
ible infinite matrices which are “eventually” the identity. We will always 
identify an invertible n x n matrix with its image in GL(R). In particular, if 
A and B are invertible matrices, their product in GL(R) makes sense even 
if their sizes are different. 


We next define an important subgroup of GL(R), the subgroup gener- 
ated by elementary matrices. 


Definition 11.5. E(R) c GL(R) is the subgroup generated by the elemen- 
tary matrices, i.e. the matrices of the form: 

I+rEizy (#3) 
where J is the identity matrix, Ej; is the matrix with 1 in the ij spot and 
0’s elsewhere, and r € R. 


The effect of multiplying a matrix A by the elementary matrix I + rEj; 
on the right is the column operation which replaces the jth column of A by 
the sum of the jth column of A and r times the ith column of A. Multiply- 
ing A on the left by an elementary matrix performs the corresponding row 
operation. 


Recall that the commutator subgroup of a group G is the subgroup [G, G] 
generated by all commutators ghg~!h~! where g,h € G. This is the smallest 
normal subgroup of G such that the corresponding quotient group is abelian. 


Lemma 11.6 (Whitehead’s Lemma). The group generated by elementary 
matrices equals the commutator subgroup of GL(R) 


E(R) = (GL(R),GL(R)]. 


Proof. First, (J + rEij) ~! = I —- rEij, and 
0 ifj #k 
ij Exe = : ' a 
Ey ifj=k. 
Thus if i, j,k are distinct, 
I+rEy, = (I + rEg) (I + Ej) + rEg) (I + Eqn). 


So any n x n elementary matrix with n > 3 can be expressed as a commu- 
tator. Hence E(R) C [GL(R), GL(R)]. 


The opposite inclusion follows from the matrix identities 
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ABA—'!B7! 0 
0 I 


G Pi honne 


i=1 j=1 


which are valid for A € GL(m, R), B € GL(n, R), and X = (zij) anm x n 
matrix. The identities show that any commutator in GL(n, R) can be ex- 
pressed as a product of elementary matrices in GL(2n, R). All three iden- 
tities are easily checked; the last two are motivated by the elementary row 


l A 0 I X I 0 
operations one would do to transform A and € a to € e 


So E(R) is a normal subgroup of GL(R) with abelian quotient. 


Definition 11.7. 
Ky (R) = GL(R)/E(R) 


The quotient homomorphism GL(R) — Kı(R), A + [A] should be 
thought of as a generalized determinant function. 


Exercise 193. 

1. For a commutative ring R, there is a well-defined map Kı(R) > 
R*, [A] + det A, which is a split epimorphism. Here R* is the 
group of units of R, where a unit is an element of R with a two-sided 
multiplicative inverse. 

2. For a field F, show that K(f) = F* = F — {0}. 

3. Show that kK 1(Z) = {[(+1)]} S Z/2. 

Exercise 194. Show that Ky, is a functor from the category of rings with 
1 to the category of abelian groups. 


In fact, for every n € Z, there is a functor Kn, with the various K,,’s 
intertwined by Künneth Theorems. Composing Kpn with the functor taking 
a group 7 to its integral group ring Zr defines a functor 7 +> Kp (Zr) from 
the category of groups to the category of abelian groups. 


The following equalities in Kı (R) are useful in computations and appli- 
cations. They are reminiscent of properties of determinants. 
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Theorem 11.8. 


1. Let AE GL(R,m), BE GL(R,n), X be anm x n matriz, and Y an 
n xm matrix. Then 


Co alle a) fem 
E a)i a)l- esw 


2. Let P € GL(n, R) be the permutation matriz obtained by permuting 
the columns of the identity matrix using the permutation o € Sn. Let 
sign(o) € {+1} be the sign of the permutation. Then 


[P] = [(sign(0))] € K1 (R). 


9-669 


and the middle matrix is in F(R) as in the proof of Whitehead’s Lemma. 


Likewise 

A 0\_ (AB 0\(B 0 

0 B) \O0O I 0 B 
The last matrix is in E(R) as in the proof of Whitehead’s Lemma. The 
first equation in Part 1 above follows. The proof of the second equation is 


similar. 


For Part 2, note 


G o= Do G D 7): 


The last three matrices are in E(R), so we see the assertion is true for 
2 x 2 matrices. For a general 2-cycle ø, the same method shows that P 
is equivalent to a diagonal matrix with 1’s down the diagonal except for a 
single —1. By Part 1, this is equivalent to the 1 x 1 matrix (—1). 


Proof. Note 


Every permutation is a product of 2-cycles so the result follows. 


Theorem 11.8 shows that the group operation in the abelian group 
Kı(R) = GL(R)/E(R) can be thought of either as matrix multiplication 


([4], [B]) > [AB] 


aae- (S B) 


or as block sum 
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The group operation in Kı (R) will be written additively. Hence 


i4)+(]=[48]=|(¢ B) 


Definition 11.9. Define the reduced K -group 
Ki(R) = Ki(R)/[(-1)]. 


Using this group will allow us to use unordered bases for free modules. 


Exercise 195. Let 7: Z — R be the unique ring map from the integers to 
R taking the 1 of Z to the 1 of R. Show that K (R) is the cokernel of the 
induced map Kı(Z) > Kı (R). 


Now we switch to group rings. For a group ring, the map i : Z —> Zr 
is split by the augmentation map e€ : Zt — Z, X agg ++ Jag. Hence 
Kı (Zr) = Z/2 ® Ki(Zn). 

If X is a CW-complex with fundamental group 7 and universal cover 
X, then C,(X) is a free Zr-chain complex with generators corresponding to 
the cells of X. However, the generators are not uniquely determined by the 
cells, in addition one must choose an orientation and a lift of the cell to the 
cover. In other words, generators are determined only up to a multiple tg 
where g € m. This helps motivate the definition of the Whitehead group. 


Definition 11.10. Let E, be the subgroup of GL(Zr) generated by E (Zr) 
and 1 x 1 matrices (+g), where g € m. Then the Whitehead group of 7 is 


Wh(r) = GL(Zr)/E, = Kı (Zr) {|(+9)] : g € T}. 


The elements that we mod out by are represented by matrices of the 
form 


Eg 


1 for gET. 


The Whitehead group is a functor from groups to abelian groups. There is 
a short exact sequence of abelian groups 


0 > {+1} x r® > Kı(Zr) > Wh(z) > 0, 


where m% = q/[n, 7]. The reason for injectivity is that the composite of the 
maps 
{+1} x n® > Ki(Zn) > Ki (Z[n™]) san Z[n™|* 


is the inclusion. 


The elements of the subgroup +r = {+g : g € 7} of (Zr)* are called 
the trivial units of Zr. The ring Zr might contain other units, depending 
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on what r is. To some extent the existence of nontrivial units is measured 
by the nontriviality of the Whitehead group, but the only precise statement 
in this direction is that if 7 is abelian and Zr contains nontrivial units, then 
the Whitehead group Wh(z) is nontrivial. This uses that the determinant 
map Kı(R) — R* is a split epimorphism for a commutative ring. 

Here are three interesting examples. 

1. Let Z/5 have generator t. Then in Z[Z/5], 

(1—¢+@)¢4+0? -t4) =1. 


Thus 1 —¢-+?? is a nontrivial unit and the Whitehead group is non- 
trivial. It can be shown that Wh(Z/5) is infinite cyclic with this unit 
as generator. 


2. It is easy to see that Z[Z] has only trivial units (exercise!). It can be 
shown that Wh(Z) = 0. 


3. This next example due to Whitehead is a nontrivial unit which rep- 

resents the zero element of Wh(z). 

Let m = (x,y | y? = 1) = Z+Z/2. Let a = 1 — y and b = z(1 + y) 
in Zr. Notice 1 — ab is a nontrivial unit, since (1 — ab)(1 + ab) = 1. 
However we will show |(1 — ab)] is zero in the Whitehead group. It 
can be shown that Wh(r) = 0. 

Note that (1 — y)(£(1 + y)) = £ + zy — yx — yzy #0 and (z(1 + 
y))(1—y) =2(1 — y?) = 0. So ab £0 and ba = 0. 

Then 


a ERIEN 


Thus one must stabilize (i.e. include the 1 x 1 matrices into the 
2x2 matrices) before 1— ab becomes “trivial”, i.e. becomes a product 
of elementary matrices. 


The actual computation of Whitehead groups can be a difficult business, 
involving number theory in the case of finite groups and geometry in the 
case of infinite groups. We mention a result and a conjecture. The result, 
due to Bass-Milnor-Serre, is that Wh(Z/n) is a free abelian group of rank 
[n/2] + 1 — d(n) where d(n) is the number of positive divisors of n [4]. The 
conjecture (proven in many cases) is that Wh(7) = 0 when 7 is a torsion-free 
group. 

The next lemma will enable us to remove the dependence on base points 
when we move to a geometric context. In particular, it shows that the 
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assignment X — Wh(7,X) gives a well-defined functor from the category 
of path-connected spaces to the category of abelian groups. 


Lemma 11.11. If f : m — r is the inner automorphism given by f(g) = 
xgx™t for some x € n, then the induced map on Whitehead groups fy, : 
Wh(z) — Wh(z) is the identity map. 


Proof. The automorphism f induces f : Zr — Zr by the formula 


IÈ n9) = So ngege! = e(S>ngg)e, 


which in turn induces a group automorphism f : GL(n, Zr) — GL(n, Zr) 
by A (xI)A(a—!I). Hence, 


f.[A] = [xI - A- afd] 
= [xI -xt - Al since Wh(r) is abelian 
= [A]. 


This is reminiscent of the fact that an inner automorphism of 7 induces 
the identity on H,(7), pointing out an analogy between the two functors 
from groups to abelian groups. 

We conclude this section with a remark about matrices over noncommu- 
tative rings. If f : M — M’ is an isomorphism of R-modules and if M and 
M' have bases {b1,..., bn} and {b),...,0/,} respectively, we wish to define 
[f] € Kı (R) to be [F], where F is a matrix representative of f. There are 
several ways to define a matrix for f, and the result depends on whether we 
are working with right or left R-modules. 

For our main application, the modules we take are the the cellular n- 
chains on the universal cover of a CW-complex X. These are right Zr- 
modules. For that reason we consider right R-modules and define the matrix 
of a map f : M — M’ of right based R-modules to be (fij) where 


CP E f 
i=l 


With this definition, assigning a matrix to a map of right based R-modules 
(—) : Homg(M, M”) —> M,,(R) 


is an homomorphism, i.e. (f +g) = (f) + (g) and (fg) = (f)(g) and taking 
the equivalence class defines a homomorphism 


Isor(M, M’) > Ki(R), f= (fip). 
We will write [f] = [(fij)] € A1(R). 
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11.3. Torsion for chain complexes 


We next make the transition from matrices to acyclic, based chain com- 
plexes. A based R-module is a free, finite-dimensional R-module with a 
specified basis. A chain complex C, over a ring R is bounded if there exists 
an N so that C, = 0 for |n| < N, bounded below if there exists an N so 
that Cn = 0 for n > N, based if each Cn is based and C, is bounded, free if 
each Chn is free, projective if each Cn is projective, finite if ® Chn is finitely 
generated, and acyclic if the homology of C, is zero. We will often write 
C instead of C,. As above we assume that the ring R has the property 
that R” = R” implies that m = n. For example, a group ring Zr has this 
property since it maps epimorphically to Z. 

Let Kı(R) = K,(R)/[(—1)] where (—1) € GL(1, R). An isomorphism 
f : M' —> M of based R-modules determines an element [f] € Kı(R). 
(The reason that we use Ki rather than Kı is that it is both messy and 
unnecessary for us to fuss with ordered bases.) 


We wish to generalize [|f] is two ways. First, we wish to replace M and 
M' by chain complexes. Given a chain isomorphism f : C’ — C between 
based chain complexes, define the torsion of f by 


T(P) = X CD" Ufa: Cr > Cn] € (BR). 
The second way we will generalize [f] is to consider f : M' > M as a acyclic, 
based chain complex 
es MSs Ste 
Then we will have [f] = +7(f). 


The following theorem gives an axiomatic characterization of the torsion 
T(C) of a acyclic, based chain complex. Its proof will be an easy consequence 
of Theorem 11.14 discussed below. 


Theorem 11.12. Let C be the class of acyclic, based chain complexes over 
R. Then there is a unique map C > Kı(R),C + T(C) satisfying the follow- 
ing axioms: 

1. If f:C — C" is a chain isomorphism, then T(f) = 7(C’) — 7(C). 

2. (C OC’) =7(C) + 7(C’). 

3. TOC, UO si 0) = (-1)"""[f]. 
Definition 11.13. For an R-module M and an integer n, define the ele- 
mentary chain complex E(M,n) 
0 iftAnn-1 


E(M,n); = 
(isn); Faa 
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and with all differentials zero except ôn = Id: E(M,n)n > E(M,n)n-1. A 
simple chain complex is a finite direct sum of elementary chain complexes 
of the form E(R*",n). 


For example, if K collapses to L by an elementary collapse, then C(K, L) 
is an elementary chain complex with M = R = Zr. If K collapses to L, 
then C(K, L) is a simple chain complex. 


Note that a simple chain complex is a acyclic, based complex. It is of 
the shape pictured below. 


Re M, phn Rin-2 J$, pkn 
D ® ® ® 
id. Rent Rkn-1 id. Rr- Rkn-3 dd, 


Theorem 11.14. 


1. Let f: C — C bea chain isomorphism between simple chain com- 
plexes. Then T(f)=0 € Ky(R). 


2. Let C be a finite, free, acyclic chain complex. There are simple chain 
complezes E and F and a chain isomorphism f: E => C9 F. 


Corollary 11.15. Let C be a acyclic, based chain complex. If E, F, E’, 
F' are simple chain complezes and if f: E — C 9 F and g: E! — C 9 F' 
are chain isomorphisms, then T(f) = T(g). 
Proof. Consider the three chain isomorphisms 
f=f@ldp: EOF’ —-CoOFoF' 
p=IdcOs:COFOF -COF' OF 
g=90ldr:E' OF -COF'OF 
where s : F @ F’ > F' ẹ F is the obvious switch map. We then have 


0=r(g 1 opo f) by Theorem 11.14, Part 1 
= 79") +7(6) + 7(f) 
= —T(g)+7(f) Theorem 11.8, Part 2 shows that 7(p) = 0. 


We can now use the previous theorem and corollary to define torsion. 


Definition 11.16. Let C be a acyclic, based complex. Define the torsion 
of C by 
T(C)=r(f: E-COF) 


where E, F are simple chain complexes and f is a chain isomorphism. 
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Exercise 196. Prove Theorem 11.12 assuming Theorem 11.14 and Corol- 
lary 11.15. 


What remains is to prove Theorem 11.14. We strongly advise you to 
put down this book and prove the theorem by yourself, assuming (at first), 
that all stably free modules are free. 


Welcome back! The proof that we give for Part 1 is the same as you 
found, but the proof we will give for Part 2 uses the fundamental lemma 
of homological algebra and is much slicker and less illuminating that the 
inductive proof you figured out. 


We separate out Part 1 as a Lemma. 


Lemma 11.17. Let f : C — C’ be a chain isomorphism between simple 
chain compleres. Then T(f) =0 € Ki (R). 


Proof. Write 
Cn = E(R*,n)y, @ E(R*+1,n+1)n = Cl. 


It is easy to see using that f is a chain map that the block matrix form of 


Ín : Ca > C, is 
An 0 
Bn An+1 


Then 
T(f)= So(-1" > yl definition of r(f) 
= X (-1)”([An] + [An+1]) by Theorem 11.8 
= 0. 


Before we prove Part 2 we need some preliminaries. 


Definition 11.18. A chain contraction s : C — C for a chain complex C 
is a sequence of maps sn : Cn > Cn41 satisfying On+1Sn + Sn—10n = Idc,- 


A chain contraction is a chain homotopy between the identity map and 
the zero map. If C has a chain contraction then H.(C) = 0. 
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Proposition 11.19. Let s : C — C be a chain contraction. Let By, = 
O(Cn41) Cie. 

1. Cn = Bn © s(Bn-1). 

2. 0: s8(B,) — Bn is an isomorphism with inverse s : Bn > s(Bn). 


3. C is isomorphic to the direct sum of chain complexes ®,E(By,n+1). 


Proof. Consider the short exact sequence 
C25 2C, 2 Ra, 


The formula x = 0s(x)+s0(z) is valid for all z. So 0s(x) = x—sO(x) = x 
for x € Bn and for s(y) with y € Bn, s0s(y) = s(y) — sd0(y) = s(y). This 
shows that this short exact sequence is split by s,_1 : Bn-1 — Cn, proving 
the first and second assertions. 


The map 
Ch = Bn ® s(Bn-1) > Bn ® Bn-1 = E(Bn,n+1)n 8 E(Bn-1,2)n 
a P b a 9 ob 


is an isomorphism by the second assertion. It is easy to check that this is a 
chain map. 


Lemma 11.20. 


1. If C is projective, acyclic, and bounded below, then C has a chain 
contraction. 


2. If C is finite, free, and acyclic, the modules s(Bn) are stably free for 
alln. 


Proof. 


1. By reindexing if necessary, assume that C, = 0 for n negative. Then 
by the fundamental lemma of homological algebra (Theorem 2.22), 
the identity and the zero map are chain maps from C to C inducing 
the same map on Ho, hence are chain homotopic. 

2. By Proposition 11.19, Cnh = Bn ® Bn-1. Using induction on n, one 
sees Bẹ is stably free for all n. 


Proof of Theorem 11.14. We have already proven Part 1. 

Let C be a finite, free, acyclic chain complex. Then there is a chain 
contraction s : C — C by Lemma 11.20, and hence C is chain isomorphic 
to ®nE(Bn,n+1) by Proposition 11.19. Now for every n there is a finitely 
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generated free module Fp so that Bn ® Fn is free. Give it a finite basis. Then 
C ®(@nE(Fn,n+1)) is chain isomorphic to the simple complex nE (Bn ® 
Fr,n+1). 


Exercise 197. Show that for a acyclic, based chain complex C with a chain 
contraction s, that s +0: Coda —> Ceven is an isomorphism and [s + 0] = 
T(C) E€ K,(R). Here Coda = ® Coi+1 and Coven = OC;. This is called 
“wrapping up” the chain complex and is the approach to torsion used in [7]. 


An isomorphism of based R-modules f : M — M ‘ determines an ele- 
ment |f] € Kı(R). We generalized this in two ways: to r(f) for a chain 
isomorphism between based chain complexes, and to 7(C) for an acyclic, 
based chain complex. We wish to generalize further and define 7(f) for 
f:C— C a chain homotopy equivalence between based complexes. We 
need some useful constructs from homological algebra. 


Definition 11.21. Let f : C — C’ be a chain map between chain com- 
plexes. Define the algebraic mapping cone of f to be the chain complex 
C(f) where 


C(f)n = Cn-1 ® Cy, 


B= (P y) Cn + Cas 


Define the algebraic mapping cylinder of f to be the chain complex M(f) 
where 


= 0° 0 
ð= | -id 0 0):M(f\n > M(f)n-1- 
fog 


For a chain complex C', define the cone on C 
Cone(C) = C(Id: C > C), 
the cylinder on C 
Cyl(C) = M(Id:C > C), 


and the suspension of C, which is the chain complex SC where (SC), = 
Cn-—1 and Osc(x) = —Oc(x). Note H,(SC) = Hn- (C). 

If the chain complexes involved are based, then C(f), M(f), Cone(C), 
Cyl(C), and SC have obvious bases. 
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All of these constructions are interrelated. There are short exact se- 
quences of chain complexes 


(11.1) 0-C’—C(f) + SC 0 
(11.2) 0—-C- M(f) -~C(f) -90 
(11.3) 0 — C — M(f) > Cone(C) — 0. 


Here is some geometric motivation. If f: X — Y is a cellular map 
between CW-complexes, and f, : C4(X) — C,(Y) is the associated cellular 
chain map, then the mapping cone C(f), the mapping cylinder M (f), the 
reduce cone CX, and the reduced suspension SX all have CW-structures. 
One can make the following identifications 


C(fx) = Cx(C(f), pt) 
M(fx) = C.(M(f)) 
Cone(C,.(X)) = C.(CX, pt) 
Cyl(C,(X)) = C(I x X) 
S(Cx(X)) = Cx(SX, pt). 


The exact sequence 11.1 gives a long exact sequence in homology 
we Ha (C) > A,(C") > H,(C(f)) > Hn- (C) > ++ 


and one can check easily that the map H (C) — H,(C’) is just the map 
induced by f. In particular, if f induces an isomorphism in homology, then 
C(f) is acyclic. 


Definition 11.22. A chain map f : C — C’ is a weak homotopy equivalence 
if it induces an isomorphism on homology. If f is a weak homotopy equiv- 
alence between finite, based chain complexes, then C(f) is a finite, acyclic, 
based chain complex. Define 


T(F) =7(C(f)). 
Exercise 198. If f : C — C’ is a chain isomorphism of finite, based com- 


plexes, we unfortunately have two different definitions of the torsion r(f): 
as X (—1)”[fn : Cl, > Cn] and as r(C(f)). Show that they coincide. 


The justification for the term weak homotopy equivalence is given by 
the following algebraic analogue of Whitehead’s theorem. 


Exercise 199. If f : C — C’ is a weak homotopy equivalence between 
acyclic, projective chain complexes which are bounded below, then C(f) 
has a chain contraction and f is a chain homotopy equivalence, i.e. there is 
a chain map g : C’ — C so that f og and go f are homotopic to identity 
maps. 
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Theorem 11.23. Let 
(ee Cero ET E 
be a short exact sequence of acyclic, based chain complexes. Assume the 
bases are compatible, which means that for every n, the basis of Cn is of the 
form 
{i(b),7(b)),... i(0;,), C1, C3, es de eu Ch 
where 
{b1, bb... KF CC, 
is the given basis for Cl, and 


{plah pehea plen] CCR 
is the given basis for C}. Then T(C) = 7(C’) +7(C”). 
Lemma 11.24. Let 
o-c' eao 
be a short exact sequence of free chain complexes which are bounded below. 


If i is a weak homotopy equivalence, there is a chain map s : C — C” which 
splits i. Hence C = C'@C". 


Proof. The algebraic mapping cone C(7) is free, acyclic, and bounded be- 
low. Hence there is a chain contraction 


Ce a Cn) = Cn-1 OC, > Cn-1 (i) = Cn-2 ® Ge 
$12 $22 


It is easy to see that so; = 0 and that sy2 : C — C’ is a chain map which 
splits 7. 


Proof of Theorem 11.23. Let f : C — C" C" be the chain isomorphism 
given by Lemma 11.24. Since f is a chain isomorphism, 


t(f) =7(C’ C”) —7(C) 
= 7(C") + 7(C”) — 7(C) 
On the other hand, since the bases are compatible, then the matrix of fn is 


l i 3 ok $ P F. ; 
6 a in block matrix form after partitioning each basis into its ’ part 


and its ” part. But such a matrix is trivial in A(R) by Theorem 11.8. 


Corollary 11.25. If f : C — C’ is a chain map of acyclic, based chain 
complexes, then T(f) = 7(C’) — 7(C). 
This follows from Lemma 11.23 and the short exact sequence 11.1. 


We wish to prove homotopy invariance and additivity of torsion. The 
next lemma is a key ingredient. 
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Lemma 11.26. If C is a based chain complex, then Cone(C) is a acyclic, 
based chain complex with trivial torsion. 


Proof. Cone(C) is finite with an obvious basis; we will show Cone(C) is 
acyclic by induction on the total rank ` dim C;. If the total rank is 1, 
both assertions are clear. 

Suppose Č is a based chain complex of total rank n > 1. Let b bea 
basis element of C of minimal degree. Let C’ = {--- — 0 — Rb—0--- —} 
be the corresponding subcomplex of C and let C” = C/C" be the quotient 
complex. There is a short exact sequence of finite complexes 


0-0 => C "o0 


with compatible bases. It is easy to see there is a short exact sequence of 
finite complexes 


0 — Cone(C’) — Cone(C) — Cone(C”) — 0 


with compatible bases. By induction, Cone(C’) and Cone(C”) are acyclic 
with trivial torsion. By the long exact sequence in homology, Cone(C) is 
acyclic, and by Theorem 11.23, Cone(C) has trivial torsion. 


Theorem 11.27. Let C and D be based chain complexes and let f,g:C — 
D be weak homotopy equivalences which are chain homotopic. In symbols, 


fxg:C ŠD. 
Then T(f) = 7T(g). 


Proof. Let s = {sn : Cn — Dn+1} be a chain homotopy from f to g 
satisfying sO + ðs = f — g. Then F = (s f g) : Cyl(C) — D is a chain 
map. There is a short exact sequence 

0 — C(f) — C(F) — Cone(C) — 0 


of chain complexes. Then 7(f) = T(F) by Lemma 11.26 and Theorem 11.23. 
Likewise T(g) = T(F). 


Exercise 200. Let X and Y be finite complexes and f and g be cellu- 
lar homotopy equivalences from X to Y which are homotopic. Show that 
the mapping cylinder of f is simple-homotopy equivalent to the mapping 
cylinder to g. 


Finally, there an additivity property of torsion. 


Theorem 11.28. Let f : C — C’ and g : Œ! — C" be weak homotopy 
equivalences between based chain complexes. Then 


T(go f) =T(F) rg): 
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The idea is to convert g to an inclusion and analyze what happens. To 
this end we need a definition and a lemma. 


Definition 11.29. A chain map f : C — C” between based complexes is 
a based injection if for all n, the map f : Cn — C/, is an injection and f 
applied to the basis of C, is a subset of the basis of C/,. 


Lemma 11.30. 


1. Let g : C! — OC" be a based injection which is a weak homotopy 
equivalence. Then T(g) = T(C”/C’). 

2. Let f: C — C' and g : C! — C" be weak homotopy equivalences 
between based chain complexes. If g is a based injection, then 


(go f) =7(f) +rT(C"/0"). 
Proof. We prove Part 2 first. There is a based injection 
(È L) Cn = CuO, > C90) = Cae Ok 
This is part of a short exact sequence of chain complexes 
0+ C(f) CUS f) = 0"/C' +0 


with compatible bases. The result follows by Theorem 11.23. Part 1 is a 
special case of Part 2 taking f = Id and applying Theorem 11.23 and Lemma 
11.26. 


Proof of Theorem 11.28. As advertised, we convert g to an inclusion and 
consider chain maps 


c £4 co" M(g). 


Then 
T(C — M(g)) = T(g 0 f) + 7(M(g)/C”) by Lemma 11.30 
= T(g0 f) + 7(Cone(g)) by 11.3 
=rT(go f) by Lemma 11.26. 


Finally, we consider the chain maps 


CL M(g). 


and see 
T(go f) =7(C > M(g)) we just proved this 
= 7(f) +7(M(qg)/C’) by Lemma 11.30 
T(f) + 7(C(g)) by 11.2 
TCF) +7(9). 
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Perhaps the homotopy invariance and additivity of torsion are analogous 
to the homotopy invariance and functoriality of homology. 


11.4. Whitehead torsion for CW-complexes 


Let K be a finite CW-complex. Assume that K is connected. Let zo E€ K 
and let m = mı(K, xo). We identify m with the group of covering transfor- 
mations of the universal cover K — K in the usual way. We have seen (in 
Chapter 5) that C,(K) is a free Za-chain complex. A basis of this chain 
complex is obtained by choosing a lift ë C K for each cell e of K, and 
choosing an orientation of e or, equivalently, é. The set of lifts of cells of K 
with the chosen orientations defines a basis over Za for the free Zr-chain 
complex C,(K). 

Now suppose that f : K — L is a homotopy equivalence of finite CW- 
complexes. We can homotop f to a cellular map g: K — L, which in turn 
defines a weak homotopy equivalence of based Za-chain complexes 


gx : CLK) > C(L). 


Hence we have all the data needed to define torsion as in the previous 
section. Define 


T(f) =7(g) € Wh(7) = K,(Zr)/ ET. 


The main geometric result of simple-homotopy theory is the following. 


Theorem 11.31. Let f: K — L be a homotopy equivalence of finite CW- 
complexes. Define the torsion T(f) as above. 


1. The torsion T(f) is well-defined, independent of choice of orienta- 
tions, lifts, base point xo, identification ofm with the group of covering 
transformations, and cellular approximation g. 


2. If f is a simple-homotopy equivalence, then T(f) = 0. 
3. If r(f) =0, then f is a simple-homotopy equivalence. 


Proof. We give complete proofs of Part 1 and 2, but only the vaguest of 
sketches for the proof of Part 3. 
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Changing the lift and orientation of a cell replaces € by + yé for some 
y Er. Thus the torsion changes by the change of basis matrix 


1 


= 0 € Wh(z). 


U 
TT 
2 


1 


The choice of base point and the identification of 7 with the group of covering 
transformations is dealt with by Lemma 11.11 which says that conjugation 
in m induces the identity map on Wh(z). Independence of the choice of 
cellular approximation follows from Theorem 11.27, the homotopy invariance 
of torsion. 


Next we need to show that if f : K — L is a simple-homotopy equiv- 
alence then 7(f) = 0. Now f is a simple-homotopy equivalence if f is 
homotopic to a composite Ko — Kı —> K2 —> --- — Kn where each map 
Ki — Kj41 is either the inclusion map of an elementary expansion, the 
deformation retraction of an elementary collapse, or a cellular homeomor- 
phism. We analyze the pieces. A cellular homeomorphism clearly has trivial 
torsion. If i: A < B is the inclusion map of an elementary collapse then 
(i) = T(C(is : C.(A) © C,(B))) which is 7(C,(B, A)) by Lemma 11.30. 
But C,(B, A) is a elementary chain complex so has trivial torsion. Finally, 
if d: B — A is the associated deformation retract, then 


7(d) = T(d; : C.(B) > C,(A)) 


= T(dx O ix) — Thix) additivity of torsion 
= (Ido, 5) — T(tx) homotopy invariance of torsion 
The composite Ko > Kı — Kə —> --- — Kn must have trivial torsion since 


all the pieces do. Thus 7(f) = 0. 


For the proof of Part 3, suppose that f : K — L is a cellular map between 
finite complexes with trivial torsion. Then f factors as K => M(f) > 
L. The second map is a collapse map and hence is a simple-homotopy 
equivalence and has trivial torsion. By the additivity of torsion, r(K — 
M(f)) = 0, and it suffices to show that this map is a simple-homotopy 
equivalence. 


Recycling our notation, we will assume K is a subcomplex of L and 
that the torsion of the inclusion map is trivial. The first step in showing 
that K — L is a simple-homotopy equivalence is cell-trading |7, 7.3]. If e 
is a cell of L — K of minimal dimension (say k), one constructs a a simple- 
homotopy equivalence L — L’ rel K so that L’ has one less k-cell than L, 
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one more (k + 1)-cell, and for i 4 k,k +1, the number of i-cells of L and 
of L’ are the same. By a simple-homotopy equivalence h : L — L’ rel K, 
we mean that K is a subcomplex of both L and L’ and that h restricted to 
K is the identity. By continuing to trade, one reduces to proving that an 
inclusion 7: K — L with trivial torsion is a simple-homotopy equivalence 
when the cells of L— K all are in two adjoining dimensions, say n and n+1. 
Then the chain complex C(L, K) is described by a matrix! We can stabilize 
the matrix, if desired, by making expansions. Since the torsion is zero, we 
may assume that the matrix is a product of elementary matrices. There 
is a technique called cell-sliding [7, 8.3] (changing the attaching map of an 
(n + 1)-cell) which gives a simple-homotopy equivalence L — L’ rel K so 
that the matrix in the chain complex is replaced by the matrix multiplied 
by an elementary matrix. Thus one reduces to the case where K — L has 
the chain complex 


O(L, K) = {--- 30 Zir” Zin" 3 0 +--+} 


in which case there is one last technique, cell-cancellation [7, 8.2], which 
says that K — L is a simple-homotopy equivalence. 


Two finite CW-complexes are said to have the same simple-homotopy 
type if there is a simple-homotopy equivalence between them. Homeomor- 
phic CW-complexes could have drastically different CW-structures. Do they 
they have the same simple-homotopy type? A fundamental theorem of 
Chapman implies that simple-homotopy type is a homeomorphism invariant: 


Theorem 11.32 (Chapman [6]). If f : X — Y is a homeomorphism be- 
tween finite CW-complezes then f is a simple-homotopy equivalence. 


It follows that the torsion of a homotopy equivalence f : X — Y between 
finite CW-complexes depends only on the underlying topological spaces. 


How does simple-homotopy theory apply to manifolds? Typically, a 
smooth manifold is given the structure of a simplicial complex (and hence a 
CW-complex) by constructing a triangulation. This triangulation is unique 
up to subdivision, and it is not difficult to show [28] that the identity map 
between a complex and a subdivision has trivial torsion. Thus compact 
smooth manifolds have a well-defined simple-homotopy type. A deep theo- 
rem of Kirby-Siebenmann shows that this theory also applies for topological 
manifolds (Hausdorff spaces which are locally Euclidean). They show that 
a compact topological manifold has a canonical simple-homotopy type. 


In the next section we will define Reidemeister torsion for certain fi- 
nite CW-complexes. This will be an interesting and computable invariant 
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of simple-homotopy type. If two manifolds have different Reidemeister tor- 
sions, by Chapman’s theorem they cannot be homeomorphic. 


11.5. Reidemeister torsion 


Suppose that (C, ð) is a finite, based (with basis {b;}) chain complex, not 
necessarily acyclic, over a ring S. Let f : S — R be a ring homomorphism. 
Then (C &s R,3 Q Idr) is a finite, based (with basis {b; ® 1}) chain complex 
over S. 

If (C, 0) is acyclic with chain contraction s, then (C &s R,O ® Idp) is 
acyclic since it has the chain contraction s®Idr. The torsions are related 
by 

T(C 8s R) = fT (C) 
where fa : K,(S) —> Kı(R) is the induced homomorphism. However, in 
many interesting cases it may happen that C &s R is acyclic although C is 
not, so that T(C &s R) may be defined even though 7(C') is not. 


Moreover, if R is a commutative ring, or better yet, a field, then the 
determinant defines a homomorphism (an isomorphism if R is a field) 
det : Kı(R) — R*/ +1 (see Exercise 193). 


Definition 11.33. Let C be a based chain complex over a ring S, and 
f: S — R bearing homomorphism to a commutative ring. Suppose that 
C &s R is acyclic. Then 

Ar(C) = det(7(C Qs R)) E€ R*/ +1 


is called the Reidemeister torsion of C with respect to f : S — R. Since 
Ar(C) is a unit in R we use multiplicative notation for Reidemeister torsion. 


Let X be a CW-complex. Let R be some ring, which for our purposes 
may be taken to be commutative. Suppose 
p: nı X > R, 


is a ring homomorphism. The chain complex 


Cx (X) IZrı x R 
was used in Chapter 5 to define homology with twisted coefficients H,(X; R). 
A choice of lifts and orientations of cells makes this a based (right) R- 
complex. If it happens to be acyclic, then the torsion r € K1(R) is defined, 
and so we can take the Reidemeister torsion 
ARX) = Ar(Ca(X)) € R* 
to be the determinant of 7. 


The following exercise shows how to remove the dependence of Ar on 
the choice of lifts, orientation, and ordering of cells. 
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Exercise 201. Let G C R* be the subgroup generated by —1 and det(p(y)) 
for y € mı(X), where p : ZnıX — R is the given ring homomorphism. 
Show that the Reidemeister torsion Ar(X), taken in R*/G, is well defined, 
independent of the choice of lifts, orientation, or ordering of cells. 


We usually abuse notation and consider Reidemeister torsion as an ele- 
ment of R*, and omit mentioning that it is only well-defined up to multi- 
plication by an element of G. 


The disadvantage of Reidemeister torsion is that it requires a map p so 
that C,(X) zr S is acyclic. Perhaps for a given X, no useful map exists. 
The advantage is that when p does exist, the Reidemeister torsion gives an 
invariant of the space. The following proposition is a corollary of Corollary 


11.25. 


Proposition 11.34. Let f: X — Y be a homotopy equivalence between 
finite, connected CW-complexes. Let n = mı X = mıY. Suppose p: Zr > R 


is a ring homomorphism to a commutative ring so that C,(X) Z7 R and 


C.(Y) @z2 R are acyclic. Then 
pxT(f) = Ar(Y) — Ar(X) € R*/G. 


Thus Reidemeister torsion is an invariant capable of distinguishing simple- 
homotopy type for homotopy type, and of showing two homotopy equivalent 
spaces are not homeomorphic. In the next section we apply this idea to lens 
spaces. 

Reidemeister torsion can also lead to interesting invariants, for example, 
the Alexander polynomial of a knot. Let K C S? be a knot, that is, a 
smooth submanifold of 9° diffeomorphic to St. Let X = S? — N(K), where 
N(K) is an open tubular neighborhood of K. Alexander duality implies 
that Hı(X) S Z, and so every knot has a canonical (up to multiplication 
by +1) homomorphism a: 7X — H,X > Z. 

Let R = Q(t), the field of rational functions. Then define p : ZmX — 


Q(t) by 
LOS ea 


It turns out (see the exercise below) that the chain complex 


C=C,(X) @z7,x Q(t) 


is acyclic. Its Reidemeister torsion Agy)(X) is a nonzero rational function 
and is well defined up to sign and powers of t. Moreover Aqq) (X) is always 
of the form 


Agay (X) = t- 1)/Ax(t) 
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for some polynomial A, (t) € Z[t]. This polynomial is called the Alerander 
polynomial of K. It is a useful invariant for distinguishing isotopy classes of 
knots. 


Exercise 202. Let u C X bea meridian of the knot K, that is, the bound- 
ary circle of a small embedded disk in 9° intersecting K transversely in one 
point. Show that the inclusion u — S° induces an isomorphism on integral 
homology. Conclude that H,.(X, u; Z) = 0 and so the cellular chain complex 
C,(X, u) is acyclic. 

Let s : C,(X, u) —> C,(X,) be a chain contraction. Lift s to a map 
8: CX, ft) @zn,x Q(t) > (X, ft) @zn,x Q(t) and show that 50 — 08 is 
a chain isomorphism. Conclude that C,(X, ñ) Zn (X) Q(t) is acyclic. The 
long exact sequence for the pair (X, ñ) then shows that C,(X) @zn,x Q(t) 
is acyclic. 


11.6. Torsion and lens spaces 


In this section we will use Reidemeister torsion to classify 3-dimensional 
lens spaces up to simple-homotopy and prove Theorem 11.1. The homotopy 
classification differs from the simple-homotopy classification, but the simple- 
homotopy classification is the same as the homeomorphism classification, the 
diffeomorphism classification, and the isometry classification. 

Let (p,q) be a pair of relatively prime integers, with p > 0. For con- 
venience let r denote an inverse for q mod p, so rg = 1 mod p. There are 
many descriptions of L(p,q). We will give a description which makes the 
cell structure on its universal cover easy to see. 

Let X = St x D? be the solid torus, which we parameterize as the subset 
{(21, 22)| Ja] = 1,|z2| < 1} c C?. The quotient of X by the equivalence 
relation (21,22) ~ (21,22) if |z2| = 1 is the 3-sphere S. In fact the map 
f: X — S? defined by 


f (21, 22) = (41/1 — |22]?, 22) 


defines a homeomorphism from X/ ~ to S? c C?. 
Write ¢ = e?7/P and let Z/p act on X by 


(21, 22) +9 = (216, 226%) 
where Z/p is written multiplicatively as (g | g? = 1) (we use a right action to 
be consistent with the previous sections). This defines the free Z/p-action 
on S = X/~ 
(w1, w2) - g = (wil, w26%). 
The map f : X — S° is an equivariant map. By definition the quotient 
space $°/(Z/p) is the lens space L(p, q). 
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We use the description X/ ~ to construct an equivariant cell structure 
on S3. Let čo be the image under f of the point (1,1) € X. We take the 
0-cells of S to be the p points ĉo, éog,--- ,é9g?~1. Notice that 


éog” = f(A, 1g") = F(C”, 0) = FL, 6%"). 


Next, let ĉ& be the image under f of the arc {(1,e”) |0<0< ary and 


take as 1-cells the translates é,é,9,--- ,é:g?~'. Then 
dep =f OF 1) 
(11.4) = f(1,¢%) — f(1,1) 
z čo(g” ~~ 1), 


since qr = 1 mod p. 
Let č be f(1 x D?). We take as 2-cells the translates of ē by g, 
€2, €29, pete Seog? Then 


dé = f({(1, e) | 0< 6 < 27} 
(11.5) =6,+é)g+---+ég? 1 
= (L+g+---+g?""). 
For the 3-cells, consider the solid cylinder 
[0,22] x D? = {e | € [0, 7 ]} x Dc X. 
This is homeomorphic to a closed 3-ball. Its image in S° 
f((0, 2] x D’) = ([0, 7] x D®)/~ 


is a “lens”, also homeomorphic to a closed 3-ball. 


(0, 22] x D? f({0, 22] x D?) 


350 11. Simple-Homotopy Theory 


We let č be the 3-cell f((0, 2z] x D?). Then 
čz = f({¢} x D?) — f({1} x D’) 
= f({G} x (D7¢%)) — FAL} x D?) 
= f(({1} x D?)¢) — f({1} x D?) 
= €2(g — 1). 


f 
11.6 
(11.6) f 


Thus we have described a Z/p-equivariant cell structure for 99; this 
defines a cell structure on L(p,q) with one 0-cell e9, one 1-cell e1, one 2-cell 
e2, and one 3-cell e3. We calculated the Z[z]|-chain complex for the universal 


cover L(p, 4) = 9° of L(p,q) to be 
(11.7) 0 — Zn(é3) 28 Z(G)  Za(&) “4 Zr(čo) — 0 


with 03 = g — 1, 02 =1+g4+g7+-:-+ gt, and 0; = g" — 1. 

Notice that the map from the lens to L(p, q) is a quotient map which is 
a homeomorphism on its interior. Therefore L(p, q) can be described as the 
identification space of the lens, where the left 2-disk in the boundary of the 
lens is identified with the right 2-disk by a 2T twist, 


Exercise 203. Draw a picture of this cell structure on $° for p = 5 and 
q = 2 by thinking of S? as R3 — {oo}. Label the i-cells &, gé’,--- , gt. 


Exercise 204. Show that L(2,1) is the real projective plane. Show that 
L(p,q) is the union of two solid tori. 


Since mı(L(p,q)) = Z/p, if L(p,q) is homotopy equivalent to L(p’, q") 
then p = p'. The following theorem gives the homotopy classification of 
3-dimensional lens spaces. 


Theorem 11.35. Suppose f : L(p,q) —> L(p,q') takes g to (g')*, where g, g' 
are the generators of ™(L(p,q)),7(L(p,q’)) as above. Assume (a,p) = 1, 
so that f induces an isomorphism on fundamental groups. Then 

1. qdeg(f) = q'a? mod p. 

2. f is a homotopy equivalence if and only if deg( f) = +1. 


/ 


Moreover, if there exists an integer a so that a?q' = +q mod p, then 
there is a homotopy equivalence f : L(p,q) —> L(p,q’) whose induced map 
on fundamental groups takes g to (g')*. 


Proof. Let L = L(p,q), L’ = L(p,q’). First note that f, : mL —> mL’ is 
an isomorphism since (a,p) = 1 implies (g’)* generates Z/p = mı L’. Using 
the cellular approximation theorem and the homotopy extension property, 
we may assume that f is cellular. Denote the the cells of L’ by e. 
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Recall that the group of covering transformations of a universal cover 
p: X — X is identified with the fundamental group of X by taking the 
covering transformation h : X — X to the loop pla), where a is a path in 
X from Žo to h(Z). Since & is a path in 9° from é; to ĉ1g" by (11.4), e1 
(which is a loop since there is only one 0-cell in L) represents g” in mL. 
Similarly e/, represents (g’)" in mL’. 

Because f is cellular and takes g to (g’)* on fundamental groups, it 
follows that the loop f(e1) represents (g/)” = (g/)"%%", and so the chain 
map fx: Ci(L) > Ci (L’) takes e1 to (dar)e}. 

Lift f to f : L > L’, so that f(&) = čo. Then since f(e1) wraps q'ar 
times around ej, f(é1) lifts to a sum of q'ar translates of ê}. Precisely, 


f(@) =& +&(g’)” +--+ (gy Gard 


(11.8) os Nr! yr! (q'ar—1) 
=é€(1+(g)" +--+) ). 


To avoid being confused by isomorphic rings, write 
A = Z[Z/p] = 2[e)/(e — 1). 
Identify Z[7,L] with A using the isomorphism determined by g +> t°, and 
identify Z[7,L’| with A via g' +> t. With these identifications, the equivari- 


ant chain complexes of L(p, q) and L(p,q’) and the chain map between them 
are given by the diagram 


a a a 

0 ~A + A + AA ~ 0 
|» |: fi fo 

0 >A a A a A a A > 0 


where the differentials in two chain complexes are given by multiplication 
by an element in A as follows. 


03 =t* -—1 

O= 1E H + (UP bH14te- +e 
ð =t -1 

ô =t-—1 

3=1+t+ HP! 

ə =t" =, 


These equations follow from Equations (11.4), (11.5), and (11.6) and the 
identifications of A with Z[71L] and Z[71L’). 
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Since f(é) = é and f takes g to (g’)*, it follows that fo =Id. From 
Equation (11.8) we conclude that 


fi=it poar gr (d'ar—1) 


Now f102 = Oh fo, ie. (L+t+---+#1)f, =(1+t+---+271)fo. This 
implies that 
(11.9) f2 = fit €(1 —#) for some £ € A. 

Similarly we have that f20d3 = ô; fs ie. fo(t* — 1) = (t— 1)fs, and 
therefore (t — 1)(t@-! + ---+1) fo = (t —1)f3. Hence 
(11.10) fg = (tt +---+1)fot+ Bl +t+---+#7") for some 6 € A. 


Let £ : A  Z be the augmentation map defined by map )? nit’ ony. 
Then H3L = ker 03 = span(1+t+---+t?~!) & Z. The isomorphism is 
given by 

(1+t+- +t!) -am ela). 
(Check that this indeed gives an isomorphism. Facts like this come from the 
identity (1 +t +--+ t711 — t) = 0 in Z[Z/p].) 
Similarly 


H3L/ = ker 05 = span(1 +t +- +7!) S Z. 


Thus, deg f = n if and only if fg(+t+---+é7!) =n(1+t+---+e7}). 
Now 
fod tt+---+ 01) = e(fa)(Lt+et+--- +2) 


and, using the computations above, 


elfa) = eltt +t+---+1)fo+8-(l+t+---+t)) 
= ae(f2) +e(8)-p 
= ae(fi+€(1—t))+e(8)-p 
= ae(fi)+e(@)-p 


a: q'ar + elb): p. 


In these equations, € and 8 are the elements defined in Equations 11.9 and 
11.10. Thus the degree of f equals a? - q/r + é(() -p and in particular the 
degree of f is congruent to a2q/r mod p. 

The covers L > L, L! — L’ both have degree p. Since the degree 
multiplies under composition of maps between oriented manifolds, it follows 
that pdeg f = pdeg f, and so deg f = deg f = a?q'r + e(8)p, proving the 
second assertion. 
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If deg f = deg f = +1, then since Å & S? & L’, the map f : S 3 $8 
is a homotopy equivalence. Thus f : L — L’ induces an isomorphism on 
all homotopy groups and is therefore a homotopy equivalence by Theorem 
6.71. 


It remains to prove 3. Define a map on the 1 skeleton f : L® — L 
so that the induced map on fundamental groups takes g to (g’)*. Since 
((g’)*)? = 1, f extends over the 2 skeleton. The obstruction to extending 
over the 3-skeleton lies in H?(L;72L'). Notice that mı L’ acts trivially on 
mL! for all k, since the covering transformations S? — S? have degree 1 
and so are homotopic to the identity. Thus the results of obstruction theory 
(Chapter 7) apply in this situation. 

Since maL’ = maS? = 0, H3(L;72L') = 0 and so this obstruction van- 
ishes. Hence we can extend over the 3-skeleton; since this does not alter the 
map on the 1-skeleton we obtain a map f : L —> L’ so that f.(g) = (g')*. 


If a2q'r = +1 mod p, then f has a degree +1 mod p. We assert that f 
can be modified so that the resulting lift f is replaced by another equivariant 
map f’ such that deg f’ = deg f +p. This is a formal consequence of the 
technique used to extend f over the 3-skeleton in obstruction theory; we 
outline the construction in this specific case. 


Let x € L, and redefine f on a neighborhood of x as indicated in the 
following figure. 


aaa = 
/ collapse \ / 
ee eS p 


L LVS 


Here h : S? — L’ is a degree +p map (e.g. take h to be the universal 
covering). Denote by f’ this composition of the collapsing map L > Lv S° 
and f V h. There are many ways to see that the degree of f’ equals the 
deg(f) +p. Notice that since f is only modified on a 3-cell, f and f’ induce 
the same map on fundamental groups. 


If a?q'r = +1 mod p, then repeating this modification as needed we 
can arrange that deg f = +1, and so f is a homotopy equivalence. This 
completes the proof of Theorem 11.35. 
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Exercise 205. 


1. Show that L(5,1) and L(5,2) have the same homotopy and homology 
groups, but are not homotopy equivalent. 


2. Show that L(7,1) and L(7,2) are homotopy equivalent. Show that 
any homotopy equivalence is orientation preserving, i.e. has degree 
1. Is this true for any pair of homotopy equivalent lens spaces? 


Having completed the homotopy classification, we turn now to the simple- 
homotopy classification. This is accomplished using Reidemeister torsion. 
The chain complex of the universal covers of a lens space L = L(p,q) is 
not acyclic, since it has the homology of $°. We will tensor with C to turn 
them into acyclic complexes and compute the corresponding Reidemeister 
torsion. Thus we need a ring map Z[Z/p] — C. 

Let € = e2™/P € C. Let p: Z(Z/p| — C be the ring homomorphism 
defined by 

Ay =<: 
Note that h(1+t+---++¢?~') = 0, and that if p a, then ° £ 1. 

In this notation we assumed Z/p had the generator t. Let g be the gen- 
erator of mı L, and chose an isomorphism 7,L ~ Z/p so that g corresponds 
to t° where (a,p) = 1. Let Ds = C,(L)@z,,C. This is a based complex over 
the complex numbers with basis of the form e ® 1 where e is an (oriented) 
cell of L. Since L has one cell in each dimension d = 0, 1, 2, 3, 


C ifn=0,1,2,3, 
Dy, = 
0 otherwise. 


Moreover, from the chain complex (11.7) one easily sees that 


a_ ar_y 
peir 6S oe 6 ES 


and hence D, is acyclic. 


The following diagram exhibits a chain isomorphism of D, with an ele- 
mentary complex. 


+T ar 1 
(Ges Gg 6 — 
| a—] Id gor —1 Id 
Id 0 Id 


0 -C -C =C -C -0 
and so the Reidemeister torsion is 
Ac(L) = (¢ = 1)(¢%" — 1) 


(recall that we are using multiplicative notation). Notice that the Reide- 
meister torsion takes its values in C*/ + {1,¢,--- ,C?71}. 
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Now suppose f : L(p,q) > L(p,q’) is a homotopy equivalence which 
takes g to (g’)* for some a so that (a, p) = 1. Then if we choose the isomor- 
phism mı L’ © Z/p so that g’ corresponds to t, we have 


Ac(L') = (¢-1)(¢" ~ 1). 
If f is a simple-homotopy equivalence, T(f) = 0. so by Proposition 
11.34, Ac(L) and Ac(L’) are equal in the quotient C* / + {1,¢,--» ,CP74}. 


We summarize this conclusion (and the conclusion of Theorem 11.35 for 
convenience) in the following proposition. 


Proposition 11.36. If f : L(p,q) —> L(p,q) is a simple-homotopy equiva- 
lence which takes the generator g € mL to (g')* € mL’, then 


1. a2q! = +q mod p. 
2. For each p™ root of unity C £1, there exists an s € Z/p so that 


(C° - 1)" -1) = G°- 1)" -1) 


where r and r’ are determined by the equations rq = 1 mod p and 
on pe 


rq =1 mod p. 


Example of L(7,1) and L(7,2). Let L(7,1) = L and L(7,2) = L’. Then 
the equation a? = +2 mod 7 has only the solutions a = 3, a = 4. We have 
r= 1 and r = 4. 

Exercise 205 shows that L and L’ are homotopy equivalent. Suppose 
that L and L’ were simple-homotopy equivalent. 


1. If a = 3, then for each seventh root of unity Ç there exists an s € Z 
with 


Ce Se SiC a). 
This implies that 
I= IPS (eid 
Note that |¢? — 1| = |¢f — 1]. But we leave it to you as an exercise to 


show |¢° — 1| = 2cos(bm/p), and we will allow the use of a calculator 
to show |¢ — 1| 4 |¢3 — 1]. 


2. If a = 4 the equation reads: 
Cal ate(C= D(C =i). 


For similar reasons as in the first case this is impossible. 


Thus L(7,1) is homotopy equivalent but not simple-homotopy equiv- 
alent to L(7,2). Theorem 11.32 implies that L(7,1) and L(7,2) are not 
homeomorphic. 
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We will now give the simple-homotopy classification for 3-dimensional 
lens spaces. The proof will rely on a number-theoretic result about roots of 
unity. 


Theorem 11.37. If f : L(p,q) — L(p,q') is a simple-homotopy equiva- 
lence, with f.(g) = (g')%, then L(p,q) is homeomorphic to L(p,q') and either 


a=+1 and q = +q'mod p 


or 


a = +q and q = +(q')~'mod p. 


In particular, q = +(q')~tmod p. 


Proof. Suppose that f : L(p,q) — L(p,q’) is a simple-homotopy equiva- 
lence. Proposition 11.36 shows that for any p*™} root of unity ¢ Æ 1 there 
exists an s with 


(67 — 1)(6" — 1) = #6°(G — 1)(6" — 1). 
Note that |¢*|? = 1 and for any z, |C? — 1|? = (¢ — 1)(¢-* — 1). Thus 
Sa Pee eS ee Sica 1): 
For each j so that 0 < j < p and (j,p) = 1 define 


mj = #{x € {a, —a, ar, —ar}|x = j mod p} 


and 


nj = #{x € {1,-1,7',-1}|x = j mod p}. 
Then clearly $2; mj = 4 = 7, nj. 
Let aj = mj — nj. Then 
(a) diay =0. 
(b) aj = mj — nj = Mmp-j — Np—j = Ap—j- 
(© ILE - 9 =1. 
A theorem of Franz (for a proof see [19]) says that if aj is a sequence of 


integers so that (a), (b), and (c) hold for all p** roots of unity ¢ 4 1, then 
aj = 0 for all j. 


Thus m; = nj for each j. It follows that either 


1. a = £ı and ar = £2r' mod p for some c; € {+1}, or, 


2. a = ır" and ar = £2 mod p for some c; € {+1}. 
The first part of the theorem follows from this and the facts that rq = 1 
mod p and r’q' = 1 mod p. 

The homeomorphism h : S? — S? taking (w1, we) to (w1, W2) is equi- 
variant with respect to the actions (w1, w2)g = (wi, w2¢1) and (w1, w2)g = 
(w1, w2¢71). This implies that L(p,q) and L(p,—q) are homeomorphic. 
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The homeomorphism k : S? — 9? taking (w1, w2) to (w2, w1) is equi- 
variant with respect to the actions (w1, w2)g = (wi, w2¢1) and (w1, w2)g = 
(w13, w2¢). The quotient space of the Z/p action (w1, w2)g = (wiC!, w2¢) 
is the same as the quotient space the Z/p action (w1, w2)g = (wid, wc"), 
since p and q are relatively prime and (w1¢%, wo¢) = (wi¢?, we(¢2)"). This 
implies that L(p,q) and L(p,r) are homeomorphic (where r = q~! mod 
p). Thus if L(p,q) and L(p,q’) are simple-homotopy equivalent they are 
homeomorphic. 


Proof of Theorem 11.1. The homotopy classification was obtained in 
Theorem 11.35. Theorem 11.37 shows that if q! = +q™! then L(p,q) and 
L(p,q’) are homeomorphic. 


If q! 4 +q*! then L(p,q) and L(p,q’') are not simple-homotopy equiv- 
alent, and so by Chapman’s theorem (Theorem 11.32) L(p,q) and L(p,q’) 
are not homeomorphic. 
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Finally, we end this chapter with the statement of the s-cobordism theorem, 
a fundamental result of geometric topology. 


Theorem 11.38 (s-cobordism theorem). Let W be a smooth {respectively 
piecewise-linear, topological} compact manifold of dimension 6 or more whose 
boundary consists of two path components Mo and Mı. Suppose that the in- 
clusions Mo — W and Mı — W are homotopy equivalences. Let T(W, Mo) € 
Wh(z) denote the Whitehead torsion of the acyclic, based Z|[nriW] -complex 
C.(W, Mo) $ 

Then W is diffeomorphic {respectively PL-homeomorphic, homeomor- 
phic} to Mo x [0,1] if and only r(W, Mo) = 0 vanishes. 


A good exposition of the proof in the smooth case is given in [18] and 
in the PL-case in [34]. The topological case is much harder and is based on 
the breakthroughs of Kirby and Siebenmann [20] for topological manifolds. 
The theorem is false in the smooth case if W has dimension 5 even by results 
of Donaldson [9], and is true in the topological case in dimension 5 for many 
fundamental groups (e.g. 7W finite) by work of Freedman-Quinn [11]. 


The method is of proof of the s-cobordism theorem is to develop han- 
dlebody structures on manifolds. A handlebody structure is an enhanced 
analogue of a CW-decomposition. Provided the dimension of the manifold 
is high enough, then handles can be manipulated in a manner similar to the 
way cells are manipulated in the proof of Theorem 11.31, and the proof of 
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the s-cobordism theorem proceeds using handle-trading, handle-sliding, and 
handle-cancellation. 


11.8. Projects for Chapter 11 


11.8.1. Handlebody theory and torsion for manifolds. Discuss han- 
dlebody theory for smooth (or PL) manifolds and use it to indicate how tor- 
sion can be useful in the study of diffeomorphism (or PL homeomorphism) 
problems for manifolds. In particular, discuss how handlebody structures 
relate Theorems 11.31 and 11.38. 
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homogeneous space, 149 
homology 
of a group, 185, 261 
with coefficients in a module, 13 
with coefficients in a spectrum, 212 
with local coefficients, 98, 102, 104, 105 
homology theory 
connective, 233 
generalized, 213 
coefficients, 212, 229, 231 
reduced, 228 
unreduced, 231 
ordinary, 19, 229, 231 
homotopy cofiber, 139 
homotopy extension property, 127 
homotopy fiber, 139 
homotopy group, 111, 144 
long exact sequence of a fibration, 145 
of spheres, 276-279, 294, see also 7,,S™ 
relative, 153 
long exact sequence, 154 
stable, 203, 211 
homotopy lifting property, 115 
homotopy problem, 165 
Hopf 
bundle, 82 
degree theorem, 108, 148, 153, 162, 200 
fibration, 146, 196 
invariant, 320 
horseshoe lemma, 39 
HP”, 149 
Hurewicz 
fibration theorem, 92, 115 
map, 5, 161, 232 
relative, 161 


theorem, 6, 102, 153, 162, 164, 186, 204, 
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injective module, 32 
intersection 
form, 71, 72 
definite, 73 
pairing, 71 
invariants, 108 


J-homomorphism, 201, 204 
stable, 204, 208 


k-invariant, 145, 193, 314 
K-theory, 31, 233, 234 

algebraic, 31, 216, 329 
Kı, 329 


K(m,n)-space, 168, see also Eilenberg-MacLane 


space 


Kronecker pairing, 14, 43, 46, 48, 62, 67, 


179, 301 
Kx, 136 
Kiinneth theorem, 53, 56, 175, 239 


£, 279 

Laurent polynomial, 96 

lens space, 82, 101, 324, 348-357 

lifting problem, 166, 189 

limt, 110 

limit, 109 

linking form, 74 

local coefficients, 83, 88, 95-108 
constructed from a fibration, 120 

localization, 312 

locally trivial bundle, 79, 80 

long exact sequence of homotopy groups 
of a fibration, 145 
of a pair, 154 

loop space, 121, 190 

looping, 279 


manifold, 70, 72, 101, 195 
framed, 196 
mapping 
cone, 132 
algebraic, 338 
cylinder, 131 
algebraic, 338 
mapping path 
fibration, 124 
space, 124 
My, 131 
Mobius strip, 81 


n-conected space, 162 
n-simple 

pair, 161 

space, 159, 169 
n-skeleton, 4 
NDR-pair, 128, 129 
non-degenerate base point, 136 
normal bundle, 195 


obstruction cocycle, 169-171, 190 
obstruction theory, 165-183 
QyY, 121 
OS (X), 216 
orbit space, 77 
orientable 

manifold, 90, 101, 299 
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vector bundle, 90 
orientation, 214 

character, 101 

double cover, 101 

of a manifold, 299-306 

of a vector bundle, 296 

sheaf, 102, 105 


p-primary subgroup, 268, 277 
path space, 120 
free, 121 
path space fibration, 120 
Py, 124 
me, 204, 207 
Tn S™, 148, 197, 201, 204, 259, 260, 276-279, 
294 
Tn(X, xo), 6, 144, see also homotopy group 
Poincaré duality, 71, 101, 102, 226 
Poincaré—Hopf theorem, 192 
Poincaré—Lefschetz duality, 71, 102 
Pontrjagin-Thom construction, 196, 204, 210, 
222, 227 
Postnikov system, 178, 192, 314 
primary obstruction 
to constructing a homotopy, 177 
to extending a map, 176 
to lifting, 190 
principal bundle, 84-86 
projective module, 29 
projective space, 148, 149 
pullback construction, 91, 109, 116 
Puppe sequence, 144 
pushout construction, 109, 130-132 
PyY, 120 


quotient map, 114 


rational homotopy, 314 
rationalization, 315 
Reidemeister torsion, 346 
representation, 96, 107 
resolution 

projective or injective, 32 


s, 279 
s-cobordism theorem, 323, 357 
Serre 

class of abelian groups, 267 

exact sequence, 250 
Shapiro’s lemma, 100 
signature 

of a manifold, 74 

of a symmetric form, 72 
simple space, 159 
simple-homotopy equivalence, 324, 325, 343 
simple-homotopy type, 345 
simplicial complex, 6 


geometric realization of, 6 
slant product, 63 
smash product, 137 
Spanier—Whitehead duality, 212, 217, 234 
spectral sequence, 237 
Atiyah—Hirzebruch, 228, 229 
cohomology, 254 
collapse of a, 241 
convergence of, 240, 242, 254, 255 
first quadrant, 241 
homology, 240 
Leray—Serre, 239, 257 
Leray—Serre—Atiyah—Hirzebruch, 242, 255, 
266 
relative, 265 
spectrum, 168, 211, 221 
coefficients of, 213, 225 
Q-spectrum, 233 
sphere, 211, 232 
spin structure, 214 
splicing lemma, 34 
split surjection or injection, 17, 30 
stable G-structure, 215 
stable k-stem, 204, 207 
stably free module, 327 
Steenrod 
algebra, 287 
squares, 288 
Stiefel manifold, 149, 150 
complex, 152 
Stiefel-Whitney 
class, 101, 192, 306-311, 318 
number, 317, 318 
structure group, 78, 83 
reducing, 89 
suspension, 202, 228, 279 
Freudenthal theorem, 153, 164, 203, 260, 
281 
of a chain complex, 338 
of a cohomology operation, 284 
of a framed manifold, 197, 202 
reduced, 137 
unreduced, 82 
SX, 137 


tangent bundle, 81 
T(C), 335, 339, see also Whitehead torsion 
T(f), 334, see also Whitehead torsion 
tensor product, 8, 12, 97 
of chain complexes, 52 
6r+l(g), 169 
Thom 
class, 297 
isomorphism theorem, 226, 296 
space, 220, 295 
spectrum, 217, 219, 221, 227, 232 
topological group, 77 
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Tor®, 24, 42 
total space 
of a fiber bundle, 78 
trace of a homotopy, 199 
transgression, 279, 289 
triangulation of a space, 7 
trivial bundle, 81 
tubular neighborhood, 195, 198 
twisted 
cohomology, 98 
homology, 98 


universal coefficient theorem, 44, 46—48 


vector bundle, 81, 83 
complex, 81, 214 
stable equivalence of, 207 
vertical homotopy, 126 


Wang sequence, 254 

weak homotopy equivalence, 163, 185 
of a chain complex, 339 

wedge product, 137 

Whitehead 
group, 323, 331 
lemma, 328 
theorem, 163, 164, 188, 270, 323 
torsion, 334, 335, 339, 343 

Wh(), 331, see also Whitehead group 


[X,Y], 134, 156 
LX, Y]o, 134, 156 


Y/, 121 


zig-zag lemma, 18 


